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Preface

Poisson structures naturally appear in very different forms and contexts. Symplec-
tic manifolds, Lie algebras, singularity theory, r-matrices, for example, all lead to a
certain type of Poisson structures, sharing several features, despite the distances be-
tween the mathematics they originate from. This observation motivated us to bring
the different worlds in which Poisson structures live together in a single volume,
providing a multitude of entrances to the book, and hence to the subject. Thus, the
idea of the body of the book, Part II, was born.

It is well known, i.e., it is commonly agreed upon by the experts, that results and
techniques which are valid for one type of Poisson structure ought to apply, mutatis
mutandis, to other types of Poisson structures. When starting to write Part I of the
book, we soon realized that not everything could be derived from the general con-
cept of a Poisson algebra, so we faced the challenge of presenting the concepts and
the results in detail, for the algebraic, algebraic-geometric and geometric contexts,
without copy-pasting large parts of the text two or three times. But as the writing
moved on, both the algebraic and geometric contexts kept imposing themselves; fi-
nally, each found its proper place, appearing as being complementary and dual to
the other, rather than a consequence or rephrasing, one of the other. It added, unex-
pectedly, an extra dimension to the book.

It was pointed out by one of the referees that the main applications of Poisson
structures should be present in a book which has Poisson structures as its main
subject. This was quite another challenge, giving rise to the third and final part of
the book, Part I1I, undoubtedly an important addition.

Several years were necessary for this project, a big part was done at Poitiers,
when the three of us were appointed to the “Laboratoire de Mathématiques et Ap-
plications”. We were spending long hours together in what our colleagues called
The Aquarium (for an explanation of the name, look up “poisson” in a French dic-
tionary). When two of us moved away from Poitiers, we sometimes worked to-
gether in other places, which always offered us a pleasant and stimulating working
atmosphere. Thus, we are happy to acknowledge the hospitality of our colleagues
from the mathematics departments at the universities of Poitiers, Antwerp, Coimbra,
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viii Preface

Saint-Etienne and at the CRM in Barcelona and the Max-Planck Institute in Bonn.
Each one of us was partially supported by an ANR contract (TcChAm, DPSing and
GIMP, respectively), which made it possible to keep working on a blackboard, rather
than seeing each other on a computer screen.

‘We learned Poisson structures from our teachers, friends and collaborators: Mark
Adler, Paulo Antunes, Pantelis Damianou, Rui Fernandes, Benoit Fresse, Eva Mi-
randa, Joana Nunes da Costa, Marco Pedroni, Michael Penkava, Claude Roger,
Pierre van Moerbeke, Yvette Kosmann-Schwarzbach, Hervé Sabourin, Mathieu
Stiénon, Friedrich Wagemann, Alan Weinstein, Ping Xu and Marco Zambon. The
multitude of different points of view on the subject, which we learned from them,
have given a quite specific flavor to the book. Even if a book cannot replace what one
learns through lectures, discussions and collaborations, it is our hope that this book
may further transfer what we learned from them and that it invites other researchers
to explore the subject of Poisson structures, which turns out to be as diverse and rich
as the colorful fauna and flora which inhabit the bottom of our oceans.

April 1, 2012 Camille Laurent-Gengoux, Anne Pichereau and Pol Vanhaecke
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Introduction

Poisson structures appear in a large variety of different contexts, ranging from string
theory, classical/quantum mechanics and differential geometry to abstract algebra,
algebraic geometry and representation theory. In each one of these contexts, it turns
out that the Poisson structure is not a theoretical artifact, but a key element which,
unsolicited, comes along with the problem which is investigated and its delicate
properties are in basically all cases decisive for the solution to the problem.

Hamiltonian mechanics and integrable systems. A first striking example of this
phenomenon appears in classical mechanics. Poisson’s classical bracket, which is
given for smooth functions F and G on R*" by

L (JF dG JG 8F>
F,G} := — -, 0.1)
tral Z{ (9% dpi  9qi Ipi
allows one to write Hamilton’s equations of motion
. OH ) 0H )
qi:api7 pi:_aqi7 l:1,...,r7 (02)

associated to a Hamiltonian H = H(q, p), in a coordinate-free manner, treating po-
sitions ¢; and momenta p; on an equal footing. Indeed, using (0.1), the equations of
motion (0.2) can be written as

qi:{qi»H}7 pi:{pi;H}7 i:l,...,r. (03)

For every solution ¢ — (g(t), p(t)) to these differential equations, it follows from
(0.1) and (0.3) that

d

g a0, p(0) ={F.H}(q(t),p(t)), (0.4)

for all smooth functions F on R?",
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Xvi Introduction

In differential geometrical terms, the Poisson bracket defines an operator which
associates to every smooth function H on R?" a vector field .2 on R*". In terms
of local coordinates, the vector field 2y is given by (0.3) and the variation of a
smooth function F on R?" along any integral curve (¢(¢), p(t)) of the vector field
Zy is given by (0.4). In fact, when the function H is the Hamiltonian (the energy)
of the system, the integral curves of 2z describe the time evolution of the system.
Thus, the equations of motion of classical mechanics come along with an associated
Poisson bracket; for simple systems, such as systems of particles with a classical
interaction, the Poisson structure is the above one, but for constrained and reduced
systems, the Poisson bracket takes a more complicated form.

The role which the Poisson structure plays in solving the problems of classi-
cal mechanics was known partly to Poisson, who pointed out that the vanishing of
{F,H} and {G,H} implies the vanishing of {{F,G},H}. In mechanical terms, this
means in view of (0.4) that the Poisson bracket of two constants of motion is again a
constant of motion. Since constants of motion are a great help in the explicit integra-
tion of Hamilton’s equations, Poisson’s theorem brings to light the Poisson bracket
as a tool for integration.

A strong amplification of this fact is the Liouville theorem, which states that r
independent constants of motion H; = H,H,,...,H, of (0.3) suffice for integrat-
ing Hamilton’s equations by quadratures, under the hypothesis that these functions
commute for the Poisson bracket (are in involution). A yet further amplification is
the action-angle theorem, which states that in the neighborhood of a compact sub-
manifold, traced out by the flows of the (commuting!) vector fields Z%,, there exist
(S')" x R"-valued coordinates (0y,...,6,,p1,...,p,) in which the Poisson bracket
takes the canonical form (0.1), namely

{rGH=2 26, dp;  96; dp;

i=1

4 <8F G 8G8F>

and such that the functions Hy, ..., H, (including the Hamiltonian H) depend on the
coordinates py,...,p, only. According to (0.2), Hamilton’s equations take in these
coordinates the simple form

OH )

1 &pl b pl a el ) l b ) r b
which entails that the p; are constant and hence that the 6; are affine functions of

time (since H does not depend on 6, ..., 0,).

Thus, in a nutshell, the equations of motion of classical mechanics come with a
Poisson bracket, the Poisson bracket is decisive for their integrability and it permits
us to construct coordinates in which the problem (including the Poisson bracket)
takes a very simple form, from which the solutions and their characteristics can be
read off at once.
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Abstraction and generalization. Before giving another example of the key role
played by Poisson brackets, we explain the algebraic and geometric abstraction of
the classical Poisson bracket (0.1). It is well known that Poisson’s theorem is ex-
plained by the Jacobi identity

{{F,G},H}+{{G,H} ,F}+{{H,F},G} =0, 0.5)

valid for arbitrary smooth functions F,G and H on R?". It is however noteworthy
to point out that Jacobi discovered this identity only thirty years after Poisson an-
nounced his theorem. Taking arbitrary smooth functions x;; = —x;; defined on a
non-empty open subset of R, with coordinates xi,...,xy, the skew-symmetric bi-
linear operation {-, -}, defined on smooth functions by

& 9F 9G
{F,.G}:= ) 5 s o (0.6)

ij=1

satisfies the Jacobi identity if and only if the functions x;; satisfy the identity

This fact was observed by Lie, who also pointed out that under the assumption of
constancy of the rank (which he assumes implicitly), there exist local coordinates
1y sqr,Ply---sPry21,-- 525, Where d = 2r + s, such that (0.6) takes the form

" (JF G JG JF
ra-g (2%,
i=1

dqi dp; dq; Ip;

which is formally the same as (0.1), but on a d = 2r + s dimensional space, with s of
the variables being totally absent from the bracket. An important class of examples
of brackets (0.6), satisfying (0.5), is defined on the dual g* of a (finite-dimensional)
Lie algebra g, where the bracket is directly inherited by the Lie bracket. Many im-
portant facts about the Poisson bracket on g*, such as the relation to the coadjoint
representation of the adjoint group G of g, were observed by Lie and were rediscov-
ered and further expanded by Berezin [21], Kirillov [105, 106], Kostant [117] and
Souriau [185].

It was pointed out by Lichnerowicz in [126] that, in abstract differential geomet-
rical terms, a Poisson structure on a smooth manifold M is a smooth bivector field 7
on M, satisfying [, 7t]s = 0, where [-,|s stands for the Schouten bracket (a natural
extension of the Lie bracket of vector fields to arbitrary multivector fields). It im-
plies that for every open subset U of M, the bilinear operation {-, -}, defined for
F,GeC*(U) by

{F,G}, (m) := (dF NdnG,Tp) | 0.7)

for all m € M, satisfies the Jacobi identity, hence defines a Lie algebra structure
on C=(U).
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Moreover, this Lie algebra structure on C*(U) and the associative structure
on C*(U) (pointwise multiplication of functions) are compatible in the sense that

{FGvH}U :F{GvH}U+G{FaH}U )

forall F,G,H € C=(U).

It is from here easy to make the algebraic abstraction of the notion of a Poisson
structure, leading to the notion of a Poisson algebra. For concreteness, we give the
definition in the case of a vector space ./ over a field F of characteristic zero (one
may think of R or C). Two products (bilinear maps from o7 to itself) are assumed
to be given on <7, one denoted by “-”, which is assumed to be associative and com-
mutative, while the other one, denoted by {-,-}, is assumed to be a Lie bracket. The
triple (7, -,{-,-}) is called a Poisson algebra if the two products are compatible in
the sense that

{F-G,H}=F -{G,H}+G-{F,H} , (0.8)

for all F,G,H € /. It is clear that in the case of a Poisson manifold (M, ), for
each open subset U of M, the triple (C*(U),,{-,-},) is a Poisson algebra, where -
stands for the pointwise product of functions and {-,-} stands for the Lie bracket
defined by (0.7).

Deformation theory and quantization. We now come to a second striking exam-
ple of Poisson structures making an unexpected appearance, and playing next a very
definite role in the statement of the problem and in its final solution. We give a purely
algebraic, but very simple and natural, introduction to the problem. In this approach,
one speaks of “deformation theory”. A physical interpretation of the problem will
be given afterwards; one then speaks of “quantization” or of “deformation quanti-
zation”.

We start with a commutative associative algebra <7 = (7, -). The reader may
think of the example of the polynomial algebra o7 = Flxj,...,x;|. We suppose that
the product in .o/ is part of a family of associative (not necessarily commutative)
products, say we have a family x; of bilinear maps

x A XA — A

(a,b) > ax b ©.9)

such that, for each fixed r € I, the product *; is associative, with x being the original
associative commutative product on &7, i.e., (7, -) = (&, %¢). We refer to the family
of associative products x, on &7 as a deformation of o7 . It is assumed that the family
depends nicely on ¢, in a way which we do not make precise here. We consider, for
every t € F, the commutator of x,, which is defined for all a,b € o/ by

[a,b],:=axb—bxa.



Introduction Xix

Since ; is associative, the commutator [-, -], satisfies for each 7 € F the following
identities, valid for all a,b,c € </

lax b,c], =a* [b,c],+a,c], % b,

[[avb]z ’CL + [[bvc]t 7a]t + Hc7a]t ,bL =0.

(0.10)

Consider the skew-symmetric bilinear map {-,-} : &/ X &/ — </, which is defined
fora,b € o/ by

d

{a,b} := T la,b], = & o (axib—bx a) .

Then the first equation in (0.10) implies that {-,-} satisfies the Leibniz prop-
erty (0.8), while the second equation in (0.10) implies that {-,-} satisfies the Jacobi
identity. Combined, it means that («7,-,{-,-}) is a Poisson algebra. Thus, a fam-
ily of deformations of a given commutative associative algebra leads naturally to a
Poisson bracket on this algebra! In the particular case of the associative algebras of
operators of quantum mechanics, in which ¢ is a multiple of Planck’s constant 7, the
operators become in the limit # — 0 commuting classical variables and the above
procedure yields a Poisson bracket on the algebra of classical variables.

The main problem of deformation theory is to invert this procedure; in the context
of physics, this is called the quantization problem or, more precisely, the problem
of quantization by deformation. In its algebraic version, the first question is whether
given a Poisson algebra (o7, -, {-,-}) there exists a family of associative products *
on &7, such that (7, -) = (&, %0) and such that {-, -}, obtained from *, by the above
procedure, is a Poisson bracket on <. The second question is to classify all such de-
formations, for a given (<, -, {-,-}). The physical interpretation of these questions
is that, starting from the algebra of classical variables, which inherits from phase
space a Poisson bracket, as explained above in the context of mechanical systems,
one wishes to (re-)construct the corresponding algebra of quantum mechanical op-
erators.

A mathematical simplification of this problem is to ask whether the above pro-
cedure can be inverted formally. Stated in a precise way, this means the following.
Let («7,-,{-,-}) be a Poisson algebra and consider the vector space <7 [[V]] of for-
mal power series in one variable v, whose coefficients belong to .o7. Let . denote
an associative product on <7[[v]], i.e., an F[[v]]-bilinear map from <7[[v]] to itself,
which is associative. Given a,b € &7, we can write

u*(avb) - Z Hk(aab) vk )
keN

which defines bilinear maps y; : o/ X &/ — o for i € N. By definition, p, is a formal
deformation of («7,-,{-,-}) if to(a,b) = a-b and y;(a,b) — i (b,a) = {a,b}, for
all a,b € o/. The main question, stated formally, is then if every Poisson algebra
(#,-,{-,-}) admits a formal deformation L.
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Consider for example R?”, with coordinates (x1,...,X2,) = (q1,---,Grs P1,-- -+ Pr)-
The Moyal product is the R[[v]]-bilinear product on C*(R?")[[v]], which is given for
F,G € C=(R*) by

oFF kG vk
,LL*(F, G) = Z Z Jil’jl h .Jik’jk 8x,~1 . ..8)61' 8le ...8xj F ’

KEN 1<y, j1yeeeslis k<21

where J is the skew-symmetric matrix of size 2r, given by J := ( ?l %’) The
—Ar

Moyal product, also called the Moyal-Weyl product, defines an associative product
on C(R?")[[]], whose leading terms satisfy io(F,G) = FG and

.ul(FaG)i.ul(GvF) = Z
=

C (8F 0G JG JF )

dq;jdp; 9q;dp;) "
where the latter right-hand side is the Poisson bracket (0.1). This shows that the
classical Poisson bracket admits a formal deformation.

It was shown by De Wilde and Lecomte in [57] that the Poisson algebra of an
arbitrary symplectic manifold (regular Poisson manifolds of maximal rank) admits
a formal deformation. A geometrical proof of their result, which also works in the
case of arbitrary regular Poisson manifolds, was given by Fedosov [73]. Finally, it
was Kontsevich [107] who proved, using ideas which come from string theory, that
the algebra of functions on any Poisson manifold admits a formal deformation. He
proved in fact a quite stronger result, which says that for a given Poisson manifold
(M, ), the equivalence classes of formal deformations of the algebra of smooth
functions on M are classified by the equivalence classes of formal deformations of
the Poisson structure 7.

Summarizing, when one deforms a commutative associative algebra, a Poisson
structure shows up and it plays a dominant role in the entire deformation process.

The examples. The main idea which led us to the writing of this book, and to its ac-
tual structure, is that Poisson structures come in big classes (families) where roughly
speaking each class has its own tools and is related to a very definite part of mathe-
matics, hence leading to specific questions. As a consequence, the main part of the
book (about half of it) is Part II, dedicated to six classes of examples. They make
their appearance in six different chapters, namely Chapters 6-11, as follows.

e Constant Poisson structures, such as Poisson’s original bracket (0.1), are accord-
ing to the Darboux theorem the model (normal form) for Poisson structures on real
or complex manifolds, in the neighborhood of any point where the rank is locally
constant. Regular Poisson manifolds and symplectic manifolds (such as cotangent
bundles and Kahler manifolds) are the main examples, which exhibit even in the
absence of singularities some of the main phenomena in Poisson geometry, which
distinguish it from Riemannian geometry and show its pertinence for classical and
quantum mechanics. Constant and regular Poisson structures are studied in Chap-
ter 6.
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e Linear Poisson structures are in one-to-one correspondence with Lie algebras and
many features of Lie algebras are most naturally approached in terms of the canon-
ical Poisson bracket on the dual of a (finite-dimensional) Lie algebra, the so-called
Lie—Poisson structure. The coadjoint orbits, for example, of a Lie algebra are the
symplectic leaves of the Lie—Poisson structure, showing on the one hand that they
are even dimensional, and on the other hand that they carry a canonical symplectic
structure, the Kostant—Kirillov—Souriau symplectic structure. Linear Poisson struc-
tures appear also on an arbitrary Poisson manifold (M, ) at any point x where the
Poisson structure vanishes: the tangent space T,M inherits a linear Poisson struc-
ture, the linearization of 7 at x. It leads to the linearization problem, which inquires
if 7w and its linearization at x are isomorphic, at least on a neighborhood of x. Linear
Poisson structures and their relation to Lie algebras are the subject of Chapter 7.

e Many Poisson structures of interest are neither constant nor linear (or affine). In
fact, while the basic properties of the latter Poisson structures can be traced back to
(known) properties of bilinear forms and of Lie algebras, new phenomena appear
when considering quadratic Poisson structures (i.e., homogeneous Poisson struc-
tures of degree two) and higher degree Poisson structures, which often turn out to
be weight homogeneous. A prime example of this is the transverse Poisson struc-
ture to an adjoint orbit in a semi-simple Lie algebra. Moreover, this Poisson structure
arises in the case of the subregular orbit from a Nambu—Poisson structure, defined
by the invariant functions of the Lie algebra. Higher degree Poisson structures are
studied in Chapter 8.

e In dimension two, every bivector field is a Poisson structure, yet many questions
about Poisson structures on surfaces are non-trivial. For example, their local clas-
sification has up to now only been accomplished under quite strong regularity as-
sumptions on the singular locus of the Poisson structure. In dimension three, the
Jacobi identity can be stated as an integrability condition of a distribution (or of
a one-form), which eventually leads to the symplectic foliation. A surface in C?
which is defined by the zero locus of a polynomial ¢ inherits a Poisson structure
from the standard Nambu—Poisson structure on C3, with ¢ as Casimir. In the case
of singular surfaces C?/G, where G is a finite subgroup of SL;(C), this Poisson
structure coincides with the Poisson structure obtained from the canonical symplec-
tic structure on C2 by reduction. Thus, rather than being trivial, Poisson structures in
dimensions two and three form a rich playground on which a variety of phenomena
can be observed. Poisson structures in dimensions two and three are discussed in
Chapter 9.

e In a Lie-theoretical context, a linear Poisson structure, different from the canoni-
cal Lie—Poisson structure, often pops up. This Poisson structure appears on the Lie
algebra g at hand, so that the dual g* of g comes equipped with a Lie algebra struc-
ture, or it appears on g*, so that g is equipped with a second Lie algebra structure.
The underlying operator, which relates either of these Lie structures with the orig-
inal Lie bracket on g is in the first case an element r € g ® g, called an r-matrix,
while it is in the second case a (vector space) endomorphism R of g, called an R-
matrix. These structures appeared first in the theory of integrable systems, but are
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nowadays equally important in the theory of Lie—Poisson groups (see the next item)
and of quantum groups. In the context of Lie algebras which come from associative
algebras, r-matrices and R-matrices also lead to a quadratic Poisson structure on
the Lie algebra, which plays an important role in the theory of Lie—Poisson groups;
they also lead to a cubic Poisson structure, whose virtue seems at this point still very
mysterious. Poisson structures coming from r-matrices or R-matrices are the subject
of Chapter 10.

e A Poisson-Lie group is a Lie group G, equipped with a Poisson structure 7 for
which the group multiplication G x G — G is a Poisson map. The Poisson struc-
ture 7 leads to a Lie algebra structure on the dual of the Lie algebra g of G, making g
into a Lie bialgebra, a structure generalizing the structure which comes from an r-
matrix. Conversely, every finite-dimensional Lie bialgebra is obtained in this way
from a Poisson—Lie group, a result which extends Lie’s third theorem (every finite-
dimensional Lie algebra is the Lie algebra of a Lie group). Poisson-Lie groups have
many applications, for example in the description of the Schubert cells of a Lie
group. Poisson—Lie groups are discussed in Chapter 11.

Theoretical foundations. The examples (Chapters 6—11) are preceded by a first
part (5 chapters) with a systematic exposition of the general theory of Poisson struc-
tures. We used two principles in the writing of these chapters. The first one is that we
wanted to develop both the algebraic and geometric points of view of the theory. In
fact, there has for the last decade been an increasing interest in the algebraic aspects
of Poisson structures, while of course geometrical intuition underlies all construc-
tions and the vast majority of examples. In the algebraic context, we have a Poisson
algebra, whose underlying space is an F-vector space, where [ is an arbitrary field
of characteristic zero. In the geometric context, we have a Poisson manifold, where
the manifold is either real or complex. In between the algebraic and geometric con-
texts, Poisson varieties appear, whose underlying object can both be viewed as a
variety or as a finitely generated algebra. Throughout this first part, the reader will
experience that although most of the results are formally very similar in the alge-
braic and in the geometric setting, their concrete implementation (including proofs
of the propositions) is quite different and needs to be worked out in detail in both
settings.

The second principle which we used was to keep the prerequisites in (commu-
tative and Lie) algebra and in (differential and algebraic) geometry to a minimum.
Thus, for example, when we describe Poisson structures geometrically as bivector
fields, we explain the notion of a bivector field by first recalling the notion of a vec-
tor field, rather than simply saying that a bivector field is a section of the exterior
square of the tangent bundle to the manifold. Similarly, while the basic facts about
Lie groups and Lie algebras are supposed to be known, the interplay between Lie
groups and Lie algebras is recalled in detail, as it is further amplified in the presence
of Poisson structures. We added an appendix at the end of the book with some facts
on multilinear algebra (tensor products, wedges, algebra and coalgebra structures)
and an appendix which recalls the basic facts about differential geometry. The ob-
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jects and properties which are recalled in these appendices are used throughout the
book.

Chapters 1 and 2 contain the basic definitions and constructions. A good famil-
iarity with these chapters should suffice for reading a good part of any other chapter
of the book. Chapter 3 deals with multi-derivations and their geometrical analog,
multivector fields, and with Kahler forms, which are the algebraic analogs of dif-
ferential forms. Chapter 4 deals with Poisson cohomology and Chapter 5 is devoted
to reduction in the context of Poisson structures. At the end of each of these five
chapters, we give a list of exercises, so that the reader can test his understanding of
the theory.

Applications. The third part of the book contains the two major applications, which
we discussed above: integrable systems are discussed in Chapter 12, while de-
formation quantization is detailed in Chapter 13. They are however not the only
applications which are given in the book. In fact, we end each example chapter
(Chapters 6-11) with an application of the class of Poisson structures, studied in
that chapter.

What is absent from this book. The main topic about Poisson structures which is
absent from this book is what should be called “Poisson geometry”. By this we mean
the global geometry of Poisson structures, which involves the integration of Poisson
brackets, Poisson connections, stability of symplectic leaves and related topics. For
this, we refer to [51, 53, 74].

Equally absent from this book are the many generalizations of Poisson structures.
Quasi-Poisson structures and Poisson structures with background are not only math-
ematically speaking very interesting, see [112], they have in addition non-trivial ap-
plications in physics, see [119, 162, 176], and are themselves a particular case of
Dirac structures [48, 89]. The theory of quantum groups, initiated in the seminal
ICM talk [59] by Drinfel’d, has several connections with the topics which are de-
veloped in this book, but adding several chapters to the book would not have been
sufficient to give a fair account of this subject; we simply refer to the excellent books
[40, 103].

Equally absent from this book is the theory of Lie algebroids, introduced by
Pradines [171], which are both a particular case and a generalization of Poisson
manifolds. In particular, after the pioneering work of [47], the problem of the in-
tegration of Poisson manifolds, which claims that symplectic Lie groupoids are to
Poisson manifolds what Lie groups are to Lie algebras, has gained a long attention.
For a definite solution of this problem, given by Cranic and Fernandes, see [49, 50].

The notes and the references. When writing the history of the theory of Poisson
brackets, giving each of the main results in the theory and examples the “right”
credit is a challenge which is beyond the scope of this book. We claim no originality
in this book, but since none of the proofs which are given are copy-and-paste proofs
from existing proofs, we did not think it was necessary to cite the proof in the lit-
erature which is closest to the proof that we give. Also, many properties of Poisson
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structures, and many examples, have been through a long series of transformations
and generalizations, think for example of Weinstein’s splitting theorem or the Pois-
son and Poisson—Dirac reduction theorems; structuring the long list of important
intermediate results which led to the final results is certainly interesting from the
epistemological point of view, but this was not our main focus when writing the
book.

However, at the end of each chapter, we have put a section called “Notes”, in
which we indicate some references, including the main references which we know
of, for further reading on what has been treated in the chapter. These notes are also
used to situate, a posteriori, the treated subjects in the scientific literature and to trace
some of their historical developments. Finally, the notes are also used to indicate
some further connections to other fields of mathematics or physics. Since Poisson
structures are a very active field of research, it is clear that the list of connections
with other fields is not exhaustive.



Part I
Theoretical Background



Chapter 1
Poisson Structures: Basic Definitions

In this chapter, we give the basic definitions of a Poisson algebra, of a Poisson
variety, of a Poisson manifold and of a Poisson morphism.

Geometrically speaking, a Poisson structure on a smooth manifold M associates
to every smooth function H on M, a vector field 2y on M. In the context of a me-
chanical system, this vector field yields the equations of motion, when H is taken
as the Hamiltonian. The Poisson bracket is demanded to be a Lie bracket, which
amounts to demanding that Poisson’s theorem is valid, namely that the Poisson
bracket of two constants of motion is itself a constant of motion.

Algebraically speaking, one considers on a (typically infinite-dimensional) vec-
tor space .o/ two different algebra structures: (1) a commutative, associative multi-
plication, (2) a Lie bracket. It results in the following definition:

Poisson algebra := Comm. assoc. algebra + Lie algebra + Compatibility.

The compatibility between the two algebra structures is precisely what allows us
to associate to elements of .7, derivations of <7, derivations being the algebraic
analogs of vector fields.

Poisson algebras and their morphisms are defined in Section 1.1. In Section 1.2,
respectively Section 1.3, we introduce Poisson varieties, respectively Poisson man-
ifolds, and their morphisms. Sections 1.2 and 1.3 can be read independently and
in either order; the reader is invited to discover, by comparing them, up to which
point Poisson varieties and Poisson manifolds can be treated uniformly, and how
quickly the techniques and results diverge, past this point. In Section 1.4 we spe-
cialize the results of Sections 1.2 and 1.3 to the case of Poisson structures on a
finite-dimensional vector space; such a space can indeed be viewed as an affine
variety or as a manifold, depending on the choice of algebra of functions on it.

Throughout the present chapter, we fix a ground field F of characteristic zero,
which the reader may think of as being R or C, especially in the context of varieties.

C. Laurent-Gengoux et al., Poisson Structures, 3
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4_1, © Springer-Verlag Berlin Heidelberg 2013
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4 1 Poisson Structures: Basic Definitions

1.1 Poisson Algebras and Their Morphisms

In this section we introduce the general notions of a Poisson algebra and of a mor-
phism of Poisson algebras. The Hamiltonian operator, which associates to an ele-
ment of the Poisson algebra a derivation of the Poisson algebra, will be introduced
and its basic algebraic properties will be given.

1.1.1 Poisson Algebras

We start with the algebraic notion of a Poisson algebra over a field F which, as we
have already said, is always assumed to be of characteristic zero.

Definition 1.1. A Poisson algebra is an F-vector space <7 equipped with two mul-
tiplications (F,G) — F - G and (F,G) — {F, G}, such that

(1) (&7,-)is a commutative associative algebra over I, with unit 1;
(2) (#,{-,-}) is a Lie algebra over F;
(3) The two multiplications are compatible in the sense that

{F-G,HY=F-{G,H}+G-{F,H} , (1.1)

where F,G and H are arbitrary elements of .27
The Lie bracket {-,-} is then called a Poisson bracket.

Poisson brackets are often constructed on a given commutative associative algebra
o/ = (& ,-). The algebra of regular functions on an (affine algebraic) variety is a
typical example of this, leading to the notion of Poisson variety (Section 1.2); see
Section 1.3 for the case of real or complex Poisson manifolds. On .7, one considers
then a skew-symmetric bilinear map {-,-} : & X & — &/, which satisfies condi-
tion (1.1). It will be a Poisson bracket on <7 as soon as the Jacobi identity

{F7{G7H}}+{Gv{HaF}}+{Ha{FaG}}:0 (1.2)

is verified for all triples (F, G, H) of elements of <7. In order to shorten the formu-
las, (1.2) is often written as

{F,{G,H}}—&-O(F,G,H):O,

and similarly for other formulas which involve sums over three terms with cycli-
cally permuted variables. The algebraic terminology which expresses (1.1) is that
for every H € of the linear map F — {F,H} is a derivation of <. Namely, a linear
map ¥V : of — o is called a derivation of </ (with values in <) if

VY (FG)=F¥(G)+G ¥ (F), (1.3)
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for every F,G € o/. We have written FG for F - G, a convenient shorthand which
we will use freely in the sequel. We denote by X! (.<7) the Lie algebra of derivations
of <7, where the Lie bracket [-,-] on X!(.7) is given by the commutator of deriva-
tions. A bilinear map P : &7 X o/ — o7 is called a biderivation of o (with values
in &) if
P(FG,H)=FP(G,H)+GP(F,H),
P(H,FG)=FP(H,G)+GP(H,F),

(1.4)

for every F,G,H € o/. Our biderivations will always be defined by a skew-
symmetric bilinear map P : o/ X @/ — o/; we say then that P is a skew-symmetric
biderivation of <. For such a biderivation, it is convenient to enclose its arguments
in square brackets; thus, when P is a skew-symmetric biderivation, we write the first
equation in (1.4) as

P[FG,H] = F P[G,H] +GP|F,H| ;

by the skew-symmetry of P, this formula is of course equivalent with the second
equation in (1.4). Square brackets will also be used to enclose the arguments of
a general skew-symmetric multi-derivation, a notion which will be introduced in
Section 3.1; in particular, we will also use square brackets to enclose the argument
of a derivation, writing ¥ [F] for ¥ (F) when ¥ is a derivation of <7

The F-vector space of skew-symmetric biderivations of .7 is denoted by X2(.«7).
As recalled in Appendix A, a skew-symmetric bilinear map on .2¥ can be viewed as
a linear map on A2/ = &/ A @/; we therefore often abbreviate y : & x &7 — & to
v iAo — o ory: .o/ N — . According to Definition 1.1, a Poisson bracket
on &/ is in particular a skew-symmetric biderivation of .«

1.1.2 Morphisms of Poisson Algebras

We now turn to the notion of a morphism between two Poisson algebras (defined
over the same field ). Since a Poisson algebra is an algebra in two different ways,
it is natural to demand that a morphism of Poisson algebras be a morphism with
respect to both algebra structures.

Definition 1.2. Let (<7%,-;,{-,-};), i = 1,2, be two Poisson algebras over IF. A linear
map ¢ : .o/ — o/ which satisfies, for all F,G € 7],

) ¢(F1G)=0(F)20(G);

@ o({F,G}) ={0(F),0(G)},,

is called a morphism of Poisson algebras.

It is clear that if ¢ : @/} — % is a morphism of Poisson algebras and ¢ is bijective,

then ¢! : % — @ is also a morphism of Poisson algebras. We say then that ¢ is
an isomorphism of Poisson algebras.
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As we will see in the case of Poisson manifolds and of Poisson varieties, one is
often led to morphisms of the associative algebras which underlie the two Poisson
algebras. In this case, we only have to consider condition (2) in the above definition,
which says that ¢ is a morphism of Lie algebras.

When one deals with subalgebras or ideals of Poisson algebras, it is important
to distinguish which multiplication (maybe both) is considered. Our convention is
that subalgebra and ideal refer to the associative multiplication, Lie subalgebra and
Lie ideal refer to the Lie bracket, and Poisson subalgebra and Poisson ideal refer to
both. This means that a vector subspace Z# C & is a Poisson subalgebra of &7 =
(%,-,{',-}) if

B-BCHA and {B, B} C A, (1.5)

while a vector subspace .# C < is a Poisson ideal of < if
I C I and {F, 4} C 7. (1.6)

In the first case, %8 becomes itself a Poisson algebra, when equipped with the restric-
tions of both multiplications to % and the inclusion map 1 : &8 — <7 is a morphism of
Poisson algebras. In the second case, <7 /.# inherits a Poisson bracket from 27, such
that the canonical projection p : & — o/ /. is a morphism of Poisson algebras. We
will come back at length to the notions of Poisson subalgebra and Poisson ideal in
Chapter 2, when we have developed sufficient concepts and tools to illustrate these
notions geometrically.

In view of Definitions 1.1 and 1.2 we get, for a fixed field F, a category whose
objects are the Poisson algebras over F and whose morphisms are the morphisms of
Poisson algebras.

1.1.3 Hamiltonian Derivations

The biderivation property of the Poisson bracket leads to a fundamental operation
which allows one to associate to elements of .7, derivations of 7 in the case of a
real Poisson manifold M, it allows us to associate to a function on M, a vector field
on M (see Section 1.3). This operation, which we introduce now, corresponds in the
Hamiltonian formulation of classical mechanics to writing the equations of motion
for a given Hamiltonian (see Section 6.1).

Definition 1.3. Let (<7, -,{-,}) be a Poisson algebra and let H € <. The derivation
2y ={-,H} of o is called a Hamiltonian derivation and we call H a Hamiltonian,
associated to 2. We write

Ham («7,{-,-}) :={%2u |H € &}

for the F-vector space of Hamiltonian derivations of .7, so that we have an F-linear
map
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Z . of — Ham(,{-,-})

(1.7)
H o 2y=1{ H}.

An element H € &/ whose Hamiltonian derivation is zero, 2y = 0, is called a
Casimir and we denote

Cas( . {-,-}):={He | Zu=0}

for the F-vector space of Casimirs. When no confusion can arise, we write Ham(.«7)
for Ham(«7,{-,-}) and Cas(«) for Cas(«/,{-,-}). It is clear that Cas(/) is the
center of the Lie algebra (<7, {-,-}).

The defining properties of the Poisson bracket lead to the following proposition.
Proposition 1.4. Lez (<7 ,-,{-,-}) be a Poisson algebra.

(1) Cas() is a subalgebra of (< ,-), which contains the image of F in </, under
the natural inclusionav— a- 1;

(2) If & has no zero divisors, then Cas(<7) is integrally closed in <7 ;

(3) Ham(<) is not an o -module (in general); instead, Zrc = F Zc+ GZF, for
every F,G € <;

(4) Ham(«) is a Cas(&)-module;

(5) The map o/ — X' (/) which is defined by H v+ — 2y is a morphism of Lie
algebras; as a consequence, Ham (<) is a Lie subalgebra of X' (7 );

(6) The Lie algebra sequence

0 —> Cas(«) HdﬁHam(@%) —0

is a short exact sequence.

Proof. Properties (1)—(4) follow from the biderivation property (1.1), while proper-
ties (5) and (6) follow from the Jacobi identity (1.2) for {-,-}. We only show (2).

Let F be integral over Cas(/), thatis F € & and there exists a monic polynomial
p(X) € Cas(«)[X], such that p(F) = 0. We need to show that F' € Cas(). Let p
be the monic polynomial of smallest degree such that p(F) = 0. If deg(p) = 1, then
F € Cas(«/) and we are done. Let us suppose therefore that r := deg(p) > 1. For
every element G € & we have by the derivation property that 0 = {p(F),G} =
p'(F){F,G}, where p’ denotes the derivative of p. Now p'(F) # 0, as p’/r would
otherwise be a monic polynomial of degree r — 1, such that p’(F)/r = 0. Since .« is
without zero divisors, {F,G} = 0. As G is arbitrary, this shows that F is a Casimir
of /. O

1.2 Poisson Varieties

When o7 is an algebra of functions on some variety or manifold, the properties of
a Poisson bracket on ./ get a geometrical meaning, leading to many interesting



8 1 Poisson Structures: Basic Definitions

constructions, which can often be generalized to arbitrary Poisson algebras. In this
section, we consider affine varieties, see the next section for the case of (real or
complex) manifolds.! The reader, unfamiliar with affine varieties, may on his first
reading of this section think of the affine variety M as being the affine space F¢,
where d € N*, equipped with the algebra of polynomial functions Flxj,...,x,].

1.2.1 Affine Poisson Varieties and Their Morphisms

We use the convention that an affine variety is an irreducible algebraic subset M
of an affine space F¢, where algebraic subset means that M is the zero locus of
a family of polynomials (in d variables). It conforms to the American convention,
see e.g. [93, Ch. I.1]; in the French literature, affine varieties are usually not as-
sumed to be irreducible. Given an algebraic subset M C F¢, one considers the prime
ideal .# of F[xy,...,x4] which consists of all polynomial functions, vanishing on M.
Then F[xy,...,x4]/# becomes a finitely generated (commutative associative) alge-
bra, which can be considered as an algebra of functions on M, since the evalua-
tion of elements of Flxj,...,x,]/-# at points of M is well-defined. This algebra of
functions on M is denoted by % (M) and is called the affine coordinate ring of M.
For F € Fxy,...,x,] we denote its projection in .% (M) = F|xy,...,x4]/-% by F or
by Fj,,, the latter notation being justified by the fact that F can be viewed as the
restriction of F to M. Since M is irreducible, .% (M) has no zero divisors. Elements
of .# (M) are called regular functions on M, although the name polynomial function
is also used, especially when M = F.

Thus, the vector space of regular functions on an affine variety is naturally
equipped with a first algebra structure: the structure of a commutative associative
algebra. The extra datum of a Poisson bracket on this algebra leads to the notion of
an affine Poisson variety.

Definition 1.5. Let M be an affine variety and suppose that % (M) is equipped with
aLiebracket {-, -} : % (M) x % (M) — % (M), which makes (% (M),-,{-,-}) into a
Poisson algebra. Then we say that (M, {-,-}) is an affine Poisson variety, or simply
a Poisson variety. The Poisson bracket on .7 (M) is usually referred to as a Poisson
structure on M.

In the case of a Poisson structure on F¢, the Poisson bracket of two functions can be
computed from the following standard formula; see Section 1.2.2 for the case of a
general affine Poisson variety.

Proposition 1.6. Ler {-,-} be a Poisson bracket on of = F|xy,...,x4]. For all func-
tions F and G in <7, their Poisson bracket is given by

d JoF 9G
{F,G} :lsz:‘l {xl-,xj}g—xia—xj. (1.8)

! As we said in the introduction to this chapter, Sections 1.2 and 1.3 can be read independently.
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Proof. The proof is based on the standard argument that two biderivations (or p-
derivations, in general) of some commutative associative algebra <7 are equal as
soon as they agree on a system of generators for .o7. Since we will use this argument
several times, we spell it out in detail. Both sides of (1.8) are bilinear in F' and G,
so it suffices to show (1.8) when F and G are monomials in x1,...,x;. f ForGisa
monomial of total degree 0, then the right-hand side in (1.8) is obviously zero, but
also the left-hand side is zero, because constant functions are Casimirs (item (/) in
Proposition 1.4). Also, the fact that (1.8) holds when F and G are both monomials of
degree 1, is clear. Suppose now that (1.8) holds when deg(F) +deg(G) < n, for some
n > 2; we show that it holds for all F and G such that deg(F) +deg(G) =n+ 1. Let
F and G be non-constant monomials, such that deg(F) + deg(G) = n+ 1. By skew-
symmetry, we may assume that deg(F) > 1. There exist monomials F, F, € <7,
with deg(F) < deg(F) and deg(F») < deg(F), such that F = F} F>. Since {-,-} is a
biderivation and in view of the recursion hypothesis, we have that

{F, G} = {Fle,G} =F {Fz,G}+F2 {FhG}

0F 8G 0F; 0G
=h 21 {xl’xl} - +F Z {x,,xj} axl. a_xj
i,j !
JF 0G
_ ”2‘1 {xl,xj} o ax .

This proves (1.8) for arbitrary polynomials F and G. 0O

We now turn to the notion of a Poisson morphism of Poisson varieties.

Definition 1.7. Let (M;,{-,-},) and (M,{-,-},) be two Poisson varieties. A mor-
phism of varieties ¥ : M; — M, is called a Poisson morphism or a Poisson map if

the dual morphism
U2 y(Mz) — y(Ml)

is a morphism of Poisson algebras.

Recall (see e.g. [182, Ch. 1.2.3]) that for a morphism of varieties (also called a
regular map) ¥ : M| — M, the dual morphism ¥* is (well-)defined by ¥*(F) :=
Fo', forall F € % (M), so that the first condition in Definition 1.2 is automatically
satisfied:

Y*(FG)=(FG)oW¥ = (FoW¥)(Go¥)=(¥"F)(¥*G) .
In this case, the second condition, which says that
P (y(MZ)v { ) }2) - (y(M1)7 { ) }l)
is a morphism of Lie algebras, can also be written as

{F.G},oW ={Fo¥,Go¥},, forall F,Ge.7(M).
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When N is a subvariety of M, which amounts to saying that the inclusion map 1 :
N — M is a morphism, then N is said to be a Poisson subvariety if N admits a
Poisson structure such that 1 is a Poisson map. See Section 2.2.

Combining Definitions 1.5 and 1.7 we get, for a fixed F, a category whose objects
are (affine) Poisson varieties and whose morphisms are Poisson maps.

1.2.2 The Poisson Matrix

In this section, we show how a Poisson structure on an affine variety can be encoded
in a matrix. We first consider the case of a Poisson structure {-,-} on the affine
space P (with its algebra of regular functions .«7 := F[xy,...,xy]). The d? structure
functions x;; € &/, which are defined for 1 <i,j <d by x;; := {xi,xj}, satisfy

Xij = —Xji, (19)
d 0x;; 0X i OXki
J J ki

—-— = i— | =0 1.10

for all 1 <1i,j,k <d.Formula (1.10) is obtained by writing the Jacobi identity (1.2)
for the triple (x;,x;,x) in the form

{xij, 2} + {xjexi} + {xwixj} =0,

and by using (1.8).

If we view the structure functions x;; as the elements of a (skew-symmetric) d x d
matrix X, then the Poisson bracket may, according to (1.8), also be expressed in a
compact form by

{F.G} =[dF]" X [dq],

where [dF] is the column vector which represents dF, the differential of F, in the
natural basis (dxy,...,dx), i.e., the i-th component of [dF] is 3_5 The matrix X €
Mat,(<7) is called the Poisson matrix of (<7 ,{-,-}).

A natural question is: given a skew-symmetric matrix X = (x;;) € Maty (%),

where o/ = Flxy,...,x,4], does the corresponding skew-symmetric biderivation, de-
fined for F,G € </ by

4 9F 9G
{F6} ,z,z=’1xw Jx; 0x;

define a Poisson structure on <7, i.e., does it satisfy the Jacobi identity? For F,G
and H in o/, the biderivation property and the fact that second order derivatives
commute, imply that

a dxij OF dG dH
{{F.G} ,H}+ O (F,G,H) = w’kzjzlxgkg_wa_%a_)ﬁa_n

+O(F,G,H) (1.11)
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SR 9xij .\ JF 3G oH
£ 5w

X

so that the Jacobi identity is satisfied for all triples of elements of & = F[x1,...,x4]
if and only if (1.10) holds, i.e., if and only if the Jacobi identity holds for every triple
(xi,xj,xk), with 1 <i< j<k<d.

Summarizing, we have the following proposition.

Proposition 1.8. If X = (x;;) is a skew-symmetric d x d matrix, with elements in
o =Fxy,...,x4], then
d  9F IG
(F,G}= Y x; 2= 22 (1.12)
1.71.2:‘1 ! 9x; dx;
defines a Poisson bracket on <f (with Poisson matrix X) if and only if every triple
(xi,xj,x¢), with 1 <i < j < k < d, satisfies the Jacobi identity

{{xxi} ot +{{xn o} + (Lot ox ) =0,

which amounts to the condition

d 8xi,- 8x,'k axk,'
Z ()C[ka— +x£i8_)6g +ng8—x£> =0.

=1 X

An analogous result is valid when <7 is the algebra of regular functions on an affine

variety,
o ::F[xl,...7xd]/f s

where .7 is a prime ideal of F[xy,...,x4]. For F € F[xi,...,x4], let us denote the
coset F +.# by F. Then Xi,...,%; are generators of ./ and . is the set of all
relations between these generators. We suppose that we are given a skew-symmetric
d x d matrix X, whose elements belong to /. We can write X = (X;;), where the
elements x;; € Fxy,...,x4], which we choose such that x;; = —xj;, are of course
not unique. Let us consider the skew-symmetric biderivation {-, -}, of F[xy,...,x,4],
defined for F,G € F[xi,...,x4] by

& 9F G
{F.G}, i}éleé;gég; (1.13)

We would like to define a skew-symmetric biderivation {-,-} of & by setting
{F,G} := {F,G},, forall F,G € F[xi,...,xq]. The problem is that, in general, this
is not well-defined. Namely, for every K € .# one has that K = 0, so that a necessary
condition for the bracket {-, -} on &7 to be well-defined, is that for every K € .# and
1<i<d,

& 0K
{Xi,K}():;xiijjE]. (1.14)
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Notice that this condition is independent of the chosen elements x;; € Fxi,...,x,4],
which represent ;;.

e When condition (1.14) holds for every K € .# and for every i with 1 <i <d,
then {Flxi,...,x4], .7}, C &, since {-,-}, is a biderivation. It follows that {-,-}
is well-defined. Also, {-,-} is a skew-symmetric biderivation since {-,-} is one.
Since {-,-} is well-defined,

{{F,G} H} ={{F.G},.H},,
for all F,G,H € F[xi,...,x,4], so that {-,-} is a Poisson bracket on .27 if and only if
{{FvG}OaH}0+{{GaH}O7F}0+{{HaF}OvG}O S ja

for all F,G,H € F|xy,...,x4]. Since {-,-}, is a skew-symmetric biderivation, this
amounts to checking that

{{xixibo oo + g oxido + {{oxido xitg € 7

for every 1 <i < j < k < d. Again, notice that this condition is independent of the

chosen elements x;; € Flxy,...,x4], which represent ¥;;.

e Suppose that {-,-} is a Poisson bracket on o = Flxy,...,x4]/-#. We can
choose elements x;; € Flxi,...,x4] such that xji = —x;; for all i and j, and such
that X;; = {X;,%;}. Define a skew-symmetric biderivation {-,-}, on F[x,...,x/]

by (1.13). Since {x;,-} is a derivation of .27, we have that
& oK & 0K ———
0={%,K} = XX} =—= ) xij=— ={x,K}¢
e T

for every K € .#, so that condition (1.14) holds. This means that {-,-}’, defined
for all F,G € </ by {F,(_}}/ := {F, G}, is a biderivation of <7, which coincides
with {-,-} on a system of generators (X1,...,%;) of <. Thus, {-,-} = {-,-} and
we can compute the Poisson bracket {F ,(7} by using (1.13), as in the case of a
polynomial algebra.

We summarize these results in the following proposition.

Proposition 1.9. Let M be an affine variety in B, with algebra of regular functions
.Qf:F[xl,...,xd]/f s

where .7 is the ideal of Fxy, ... ,x4] of polynomial functions vanishing on M, and let
X = (Xij) be a skew-symmetric matrix with coefficients in <f . Picking representatives
xij €Flxi,...,xq] of Xij, with x;j = —xj;, define a skew-symmetric biderivation {-,-},
of Fxi,...,x4] by

. OJF IG
{F,.G}:= Y 5 s o, (1.15)

i,j=1
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If, for every 1 < j < d and for every K € .7,

4 oK
Zig—xixijef, (1.16)

and, forevery 1 <i< j<k<d,

{{xxi}o oo + gt xido + {{oxido xito € 7 (L.17)

then a Poisson bracket {-,-} on </ is defined by setting {F,G} := {F,G},, for all
F,G € /. Conditions (1.16) and (1.17) are independent of the chosen representa-
tives xij of the elements of the matrix X. Also, the Poisson bracket {-,-} on </ is
independent of this choice of representatives.

Conversely, given a Poisson structure {-,-} on <, the Poisson bracket {F ,(_7} of
any two elements F and G of o/ can be computed from (1.15), namely
_ a JF 9G
F,G;= XiyXj§ = = 1.18
{F.G} Z:‘ {835} dx; dx;’ (1.18)

i,j=1
where F and G are arbitrary polynomials which represent F and G.

As in the case of & = Fl[xi,...,xy], the matrix X = ({%;,X;}) is called the Poisson
matrix of (M,{-,-}), with respect to Xj,...,X;. Notice that, even if the Lie algebra
(#(M),{-,-}) is in general infinite-dimensional, the Poisson bracket of arbitrary
elements of .7 (M) is, in the case of an affine variety M C F¢, completely determined
by the Poisson matrix X, i.e., by the brackets between all pairs of elements of an
arbitrary set of generators of .% (M), as is seen from the explicit formula (1.18).

1.2.3 The Rank of a Poisson Structure

In this section, we introduce the rank of a Poisson structure at a point of a Poisson
variety. Our definition is based on the fact that for a Poisson variety (M,{-,-}) the
rank of its Poisson matrix at a point does not depend on the chosen generators for
the algebra of regular functions on M.

Lemma 1.10. Let (M, {-,-}) be an affine Poisson variety and let m € M. The rank
of the Poisson matrix X = ({)"ci,)‘c j}) evaluated at m, is independent of the chosen
generators Xy, ..., %q of F (M).

Proof. Tt suffices to show that if X1,...,%; are generators of .% (M) and X is an
arbitrary element of .% (M), then the matrices

X(m):= ({%,%;} (m)i<ijea  and  X'(m):= ({x, %} (m))o<i j<a »
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have the same rank. Since Xy can be written as a polynomial in the generators
X1,...,%q of F(M), say Xo = F(X1,...,Xq), we have in view of (1.18),

d
{550} () = 3 55} <m>§—i<m> ,

and so the zeroth column of X’(m) is a linear combination of the other columns of
X'(m), i.e., of the columns of X (m). Thus, X’(m) and X (m) have the same rank. O

Definition 1.11. For a Poisson variety (M, {-,-}) and a point m € M, the rank of the
Poisson matrix of {-,-} with respect to an arbitrary system of generators of .% (M),
evaluated at m, is called the rank of {-,-} at m, denoted Rk, {-,-}. The maximum
maxy,ey Rk, {-,-} is called the rank of {-,-}, denoted Rk{-,-}. A point m € M is
said to be a regular point of (M,{-,-}), if Rk,, {-,-} = Rk{-,-}, otherwise it is said
to be a singular point of (M, {-,-}). The set of singular points of (M,{-,-}) is called
the singular locus of (M, {-,-}).

A more intrinsic definition of the rank of a Poisson structure can be given in terms of
the (Zariski) cotangent space to M at m. Recall that this vector space is intrinsically
defined as .#,,/ .#,2, where .7,, denotes the ideal of .# (M), consisting of all functions
which vanish at m; its dual space is the (Zariski) tangent space to M at m. We
denote the tangent space to M at m by T,,M, while the cotangent space is denoted
by T»M. Taking generators of .% (M) which vanish at m, the ideal .#,, corresponds
to elements of .% (M) “without constant term”, so that .# (M) /.%,, ~F, in a natural
way (i.e., by evaluation at m). A point m of M where the dimension of 7;,M attains
its minimal value is called a smooth point of M. The smooth points of M form a
Zariski open subset of M and the dimension of 7;,M in a smooth point m of M is
called the dimension of M, denoted dimM.

By the biderivation property (1.1), we have that { .92, .%,, } C .%,,. Therefore, the
bracket {-,-} induces for every m € M a well-defined skew-symmetric bilinear map:
Im  In  FM)
Ton ' —5 X — —
g g2 Im

~TF. (1.19)

The bilinear map 7, is closely related to the Poisson matrix of {-,-} at m.
Namely, let Xi,...,%; be generators of .7 (M), so that X| — X1 (m),...,Xg — X4(m)
generate the ideal .#,. If we express the bilinear map 7, in terms of the — possi-
bly linearly dependent — equivalence classes [¥; — %;(m)] € .#,,/.#.2, then the matrix
which we get has entries

ﬂm([)_ci —)"ci(m)], [)_Cj —)"cj(m)]) = {)_Ci —)"c,-(m),)'cj —)"cj(m)} (m) = {Xi,)?j} (m) R

i.e., the resulting matrix is nothing but the Poisson matrix of {-,-}, with respect to
X1,..-,X%4, evaluated at m. It follows that the rank of {-,-} at m can also be defined
as the rank of the intrinsically defined bilinear form 7, on 7;M.

The main properties of the rank are given in the following proposition.
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Proposition 1.12. Ler (M, {-,-}) be an affine Poisson variery.

(1) Foreverym € M, the rank of {-,-} at m is even;
(2) The rank of {-,-} is at most equal to the dimension of M;
(3)  Foreverys €N, the subset M) of M, defined by

5 i={meM|Rk,{-,-} > 2s}

is open; in particular, the subset of points m € M such that Rk, {-,-} =
Rk{-,-} is open and dense in M.

Proof. Writing . (M) as ]F[xl, xd]/ﬂ the Poisson matrix of {-,-} atm € M is
the skew-symmetric matrix X (m {x,,x j} ))1<i,j<d> Whose rank is even. This
shows (/). Consider the open subset R C gl of all d x d matrices of rank greater
than or equal to 2s. Since M(y) is the inverse image of R by the continuous map

X:M— g[d

K (1.20)
m o= ({551 (M), <, ey

it is open; since the topology which is considered here is the Zariski topology, these
open subsets are dense as soon as they are non-empty. This yields the proof of (3).
Finally, let m be an arbitrary point of M and denote the rank of {-,-} at m by 2r.
Consider a point m’ of M), which is a smooth point of M; such a point exists
because M|,y and the set of smooth points of M are both dense subsets of M. At
such a point 77/, the dimension of the (co)tangent space coincides with the dimension
of M, so that

Rk, {-,-} <Rk, {-,-} < dim (.7, /f):dimM.

Since, in this formula, m € M is arbitrary, Rk{-,-} < dimM, which is the content
of (2). O

A more geometric interpretation of the rank will be given in the next section, when
we consider Poisson structures on manifolds.

1.3 Poisson Manifolds

In this section, we introduce the notion of a Poisson structure on a (real or complex)
manifold. Our definitions and constructions are more geometric than in the previ-
ous section. A geometric approach to Poisson structures is in the case of manifolds
not only more natural, but in the case of complex manifolds it is even obligatory,
because a complex manifold cannot be replaced by its algebra of (global) functions,
as the latter may consist of constant functions only. Thus we will use the geomet-
ric analog of a skew-symmetric biderivation, which is a bivector field. We will at
the beginning of this section only shortly recall the basic terminology and notations
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from differential geometry which we will use, referring the reader who needs more
details to Appendix B at the end of the book.

1.3.1 Bivector Fields on Manifolds

We consider both real manifolds and complex manifolds, since many constructions
in Poisson geometry apply in the same way if all manifolds are considered real or
if they are all considered complex; we will therefore make simple statements such
as “Let M and N be two manifolds and let ¥ : M — N be a map”, which the reader
may specialize to “Let M and N be two differentiable manifolds and let ¥ : M — N
be a smooth map” or to “Let M and N be two complex manifolds and let ¥ : M — N
be a holomorphic map”. Similarly, dim M stands for the real or complex dimension,
according to the context, % (M) stands for the appropriate algebra of functions, F
stands for R or C, and so on. In both cases, the coordinates, real or complex, will be
denoted by x = (x1,...,x4), where d = dimM.

For m € M the tangent space to M at m is denoted by 7,,M. Elements of 7,,M
are by definition pointwise derivation at m, i.e., they are linear forms on the vector
space of all function germs at m, satisfying, for all functions F' and G, defined on a
neighborhood of m in M,

Om(FuGm) = F(m) 6yGm + G(m) 6y Fy, ;

in this formula, F,, stands for the germ of F at m. The dual space to T,,M is the
cotangent space, denoted 7,;M. The canonical pairing between T,,M and T,;M is
denoted by (-,-). A map ¥ : M — N between manifolds leads for every m € M
to a linear map T,,'¥' : T,yM — Ty (,,)N, called the rangent map of ¥ at m. Upon
identifying the tangent spaces to [F with I, the tangent map leads to the differential
of a function; specifically, if F is a function on M, then we view the differential of
F at m, denoted d,,F as a linear function on 7;,M, that is, as an element of 7,/ M.
We denote by X!(M) the .# (M)-module of vector fields on M and for ¥ € X!(M)
and m € M we denote by ¥}, the value of ¥ at m (which is an element of 7;,M). We
often use (and define) vector fields on M through their action on (local) functions:
when U is a non-empty open subset of M and ¥ is a vector field on M (or on U)
then ¥/ [F] denotes the function on U, defined by

V[F]:U—F

m s VFy . 1.21)

We also write ¥, [F] for ¥, F,, so that

VulF] =V [F](m) = {dnF, V) - (1.22)
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Notice that we use square brackets to denote the action of a vector field on a func-
tion, as we did in the case of a derivation; this notation will be extended to bivector
fields in this section, and to multivector fields in Chapter 3.

We now come to the definition of a bivector field on a manifold. To do this, we
first introduce the notion of a pointwise biderivation.

Definition 1.13. Let M be a manifold and let m € M. A bilinear map

Fm(M Fm(M

~ ~

is a pointwise biderivation of % (M) at m, if for all functions F, G and H, defined in
a neighborhood of m in M,

m(FmeaHm) = F(m) Bm(vaHm) + G(m) Bm(Fm7Hm) ,

B
We will usually consider pointwise skew-symmetric biderivations. Given two point-
wise derivations J,, and &,, at m, we construct a pointwise skew-symmetric bideriva-
tion at m by
BmFm 6me
(5m/\€m)(FmaGm) = 5
EmbFn  €nGm

for all functions F and G, defined in a neighborhood of m. It follows easily from the
Hadamard lemma (Lemma B.2) that the basic pointwise skew-symmetric bideriva-

: i
tions (a—xl)m A\

biderivations at m; therefore, we denote the latter space by N2 T.M.

(aix,)m span the vector space of all pointwise skew-symmetric

The passage from pointwise skew-symmetric biderivations to bivector fields is
similar to the passage from pointwise derivations to vector fields, detailed in Ap-
pendix B. Namely, we consider a map P which assigns to every point m of M an ele-
ment P, of A>T, M. We say that P is a (smooth) bivector field on M, if for every open
subset U of M, and for all functions F,G € .% (U), one has that P[F,G] € .Z (U),
where P[F,G] is the function on U, which is defined by

P[F,G](m) := Py(Fu,Gn) ,

for every m € U. We also write P,[F,G] for P,(F,,Gy,). Clearly, P is a (smooth)
bivector field as soon as P[x;,x;] € % (U) for some collection of coordinate charts
(U,x) which cover M, and for all i, j, with 1 < i < j < d. Notice that, as we did
for vector fields, we enclose the arguments of a bivector field in square brackets.
Just like vector fields, bivector fields can be restricted to open subsets; the same
notation will be used for P and each of its restrictions to open subsets. The coordi-
nate expression for a bivector field on a coordinate chart (U, x) takes the following
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form:? 5 5

P= P[xi,xj]—/\— . (1.23)

1 <i<2; <d 8x,- 8x j

In differential geometric terms, one often refers to bivector fields as being (skew-
symmetric) tensors (of type (2, 0)), which refers to the fact that they are . (M )-linear
objects. In view of the biderivation property for a bivector field, this may seem
absurd, but the point is that, as a tensor, a bivector field acts on a pair of differential
one-forms, rather than on a pair of functions. To explain this, notice that the value
of a bivector field P on two elements F and G of % (M), at m € M, depends on the
differentials d,,F" and d,,G only. Indeed, (1.23) yields

d
PIF.Glm) = 3, Plasxlm) 2 (m) 9 () (129
ij=1 i J

where g—fl(m) is the i-th component of d,F, and similarly for g—xG](m) in view

of (1.22), ; ] .
<de, (a_>m> = S Flln) = S )

The fact that P[F,G](m) depends on d,,F and d,,G only, implies that we can define
a skew-symmetric .% (M)-bilinear map from Q' (M), the .% (M)-module of differ-
ential one-forms on M, to % (M): simply put

P(dF,dG) := P[F,G] .

We will in the sequel usually make no distinction between the bivector field P and
the (2,0)-tensor P, and denote both by the same letter P. Note also that the tensorial
interpretation, or equivalently (1.23), implies that we may specialize P to points
m € M, giving a skew-symmetric, [F-bilinear form

Py :TMXT:M—F, (1.25)

which is the differential geometric analog of (1.19). As in the algebraic case, P,
totally determines the bivector field P at m.

Just like for vector fields, we can also define the pushforward W, P of a bivector
field P by a diffeomorphism ¥ : M — N between two manifolds. The bivector field
W, P on N is defined by setting®

('P*P)‘I‘(m) = /\2(TmlP)P7

forallme M.

2 See (B.8) for the coordinate expression of a vector field, of which (1.23) is a direct generalization.

3 For a linear map ¢ : V — W between two vector spaces, the linear map A%¢ : A2V — AW is
defined by (A2¢)(v Aw) := ¢ (v) A ¢(w), for all v,w € V. See Appendix A for details and general-
izations.
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Remark 1.14. Vector fields on a manifold M can be defined as sections of its tan-
gent bundle, TM, the vector bundle over M, whose fiber over m € M is the vector
space T,,M. Similarly, bivector fields on M can be defined as (smooth or holomor-
phic) sections of A2 TM — M, where the latter vector bundle has as fiber over m € M
the vector space A2 T, M.

1.3.2 Poisson Manifolds and Poisson Maps

We are now ready to define the notion of a Poisson structure on a (real or complex)
manifold M. The idea is that a bivector field = on M leads for every open subset U
of M to a skew-symmetric product on % (U), which is demanded to make .7 (U)
into a Poisson algebra.

Definition 1.15. Let 7 be a bivector field on a manifold M. We say that 7 is a Pois-
son structure on M if for every open subset U of M, the restriction of 7 to U makes
Z(U) into a Poisson algebra. We then call (M, ) a Poisson manifold.

The Poisson structure 7 of a Poisson manifold (M, ) will often be denoted by {-,-},
in particular the Poisson bracket 7[F, G] of two functions F, G, defined on an open
subset U of M, will usually be denoted by {F,G}. The notation {F,G} for n[F,G]
will be referred to as the bracket notation.

Let (U,x) be a coordinate neighborhood of a d-dimensional Poisson manifold
(M, ). On U, the bivector field 7 can, according to (1.23), be written as

J 9
T= {x,',xj'}a—Xi/\a—xj, (1.26)

1<i<j<d

so that the matrix X := ({x;,x;}), <i,j<q €Ncodes the restriction of 7 to U. This
matrix X, whose elements belong to T (U), is called the Poisson matrix of @ with
respect to the coordinates xp,...,x4. It is the differential geometric analog of the
Poisson matrix, introduced in Section 1.2.2 in the context of affine Poisson varieties.
Evaluating the Poisson matrix X at m € M, we get the matrix of the skew-symmetric
bilinear map 7, : ;M x T,yM — IF, defined by the Poisson structure at m.

Proposition 1.16. Let T = {- -} be a bivector field on a manifold M of dimension d.
Then 7 is a Poisson structure on M if and only if one of the following equivalent
conditions holds.

(i) For every open subset U of M and for all functions F,G,H € % (U), the
Jacobi identity holds:

{{F,G} ,H}+{{G,H} ,F}+{{H,F},G} =0; (1.27)

(ii)  For some collection of coordinate charts (U,x) of M which cover M and for
all functions F,G,H € % (U), the Jacobi identity (1.27) holds;
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(iii)  For some collection of coordinate charts (U,x) of M which cover M and for
alli, j,kwith 1 <i< j<k<d thefollowing equality holds:

d 8, 8 8 ;

where x;j := {xi,xj},for 1<i,j<d;
(iv)  For some collection of coordinate charts (U,x) of M which cover M and for
all i, j,kwith 1 <i< j<k<d, the Jacobi identity holds:

{xix; o+ {{xg,x b x4+ {{oexid .} =0. (1.29)

Proof. Clearly, (i) holds if and only if 7 makes every .7 (U) into a Poisson algebra,
hence 7 is a Poisson structure if and only if (i) holds. (ii) is a consequence of (i), by
specialization. The equivalence of (ii) and (iii) follows from the fact that

{{F.G},H}+ O (F,G,H)
4 x;dF 9G OH

= Y xu==
Iy dx; dx; 8xj ka

+ O (F,G,H) (1.30)

JdF dG JH

i Z(ka—+©( )>8_x,8—x,8—xk’

where we used (1.26) to compute the Poisson brackets. Notice that this computation
shows that the value of (1.30) at a point m € U depends only on F,G and H in a
neighborhood of m, in other words on the germs F;,, G, and H,,. Therefore, if the
Jacobi identity holds on a coordinate neighborhood (U, x), then it will hold on every
open subset V C U, which leads to the implication (ii) = (i). The equivalence of
(iii) and (iv) is clear because (1.28) is just (1.29) written out explicitly, using (1.26).
O

Remark 1.17. In the case of a real manifold, every germ is the germ of a globally
defined function, hence it suffices to verify the Jacobi identity for all triples of func-
tions on M. For complex manifolds, this is not sufficient, see Remark B.4.

We now turn to the notion of a Poisson map between two Poisson manifolds.

Definition 1.18. A map ¥ : M — N between Poisson manifolds (M, ) and (N, x’)
is called a Poisson map if for all open subsets U C M and V C N, with W (U) C V, the
induced map W* : # (V) — % (U), which is defined for all F € .7 (V) by W*(F) :=
F o', is a morphism of Poisson algebras, i.e., for all functions F,G € #(V),

{Fo¥,Go¥} ={F,G} oV, (1.31)

where {-,-} :==mand {-,-} :=
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The condition that ¥ : M — N be a Poisson map can be written directly in terms
of the bivector field, without reference to local functions on N, as shown in the
following proposition.

Proposition 1.19. Let ¥ : M — N be a map between two Poisson manifolds (M, 1)
and (N, ). Then 'V is a Poisson map if and only if

N(TY)r =1, (1.32)
ie, NH(T, W)y = 77:q, for everym € M.

Proof. Let F and G be functions, defined on a neighborhood of ¥(m) in N, and
let (U,x) be a coordinate chart for M around m, so that  can be written on U as

_ 9 A D
T =Xi<jXij g N I

AT, ) 70 [F, G 1<l_<zj<dA2(T,,ll]r' (x,] ( )/\(%j)n) [F,G]

d
2 x"f""”m‘f’(a—m)n”m“”(axj)m””]
E)
ox

1<i<j<d
) /\(8> [FoW,GoV|
L/ m axj m

Y, xij(m )<

1<i<j<d

={Fo¥,Go¥}(m),

where we have set, as usual, {-,-} := 7. Setting {-,-} := 7/ we clearly have that
Ty [F. Gl = {F, G} (¥(m)) ,

s that A*(7,¥) T = Wy, if and only if {F oW, G oW} (m) = {F,G}' (¥ (m)) for
all functions F and G, defined in a neighborhood of ¥(m). This proves that ¥ is a
Poisson map if and only if A>(T¥)r =n'. O

In the context of Poisson manifolds, one calls the Hamiltonian derivation 2y,
associated to a function H € .% (M), the Hamiltonian vector field, associated to H.
One says then that H is a Hamiltonian function, corresponding to this vector field.
More generally, a vector field ¥ is called a locally Hamiltonian vector field, if every
point m € M belongs to a neighborhood U on which ¥ is Hamiltonian, i.e., there
exists H € .Z (U) such that ¥ = 2y on U; such a function is called a local Hamilto-
nian of ¥. According to (1.26), the (local) Hamiltonian vector field 2y, associated
to H € % (U), is given in a coordinate chart (U, x) by

JH d
X = Z {xi,xj} =— 2% O (1.33)

i,j=1

It follows that the first order differential equation, which describes the integral
curves of 2y in a coordinate chart (U, x), is given by
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dx; d oH .
— ={x,H} = {xixj}=—, i=1,...,d. (1.34)
dt =1 8xj

Besides the Cas(M)-module Ham(M) of Hamiltonian vector fields on M, we will
also consider the vector space Ham,, (M), which consists of all tangent vectors of
the form (Zy) > Where H is an arbitrary function, defined on some neighborhood
of m. Elements of Ham,, (M) are called Hamiltonian vectors at m.

Definition 1.20. For a Poisson manifold (M, ) and a point m € M the integer Rk 7,,,,
which is also the rank of every Poisson matrix of 7 at m, is called the rank of & at m,
denoted Rk, 7. One says that (M, ) is a regular Poisson manifold when its rank is
constant (independent of m € M), and that the rank is locally constant at m, when it
is constant on some neighborhood of m in M. The rank of r is said to be maximal at
m € M, when it coincides with the dimension of M. The maximum max,,cy Rk, 7
is called the rank of m, denoted Rkm. A point m € M is said to be a regular point
of (M, m), if Rk, 1 = Rk, otherwise it is said to be a singular point of (M,{-,-}).
The set of singular points of (M, &) is called the singular locus of (M, ).

The main properties of the rank are given in the following proposition.
Proposition 1.21. Let (M, t) be a Poisson manifold and let m € M.

(1) Rk« is even and is equal to dimHam,, (M);
(2) Foreverys €N, the subset M) of M, defined by

M5 :={m e M |Rk,, 7 > 2s}

is open (and dense in the complex case); in particular, the subset of points
m € M such that Rk,, t = Rk is open.

Proof. The rank of m at m is the rank of the bilinear map ,,, so it is the dimension
of the image of the linear map T,)M — T,,M, defined by & — m,(&,-). In turn,
the latter equals the dimension of Ham,, (M), since every & € T*M can be written
as d,, F, for some function F, defined in a neighborhood of m. Also, since 7, is
skew-symmetric, its rank is even. This shows (/). The set R of d X d matrices of
rank greater than or equal to 2s is an open subset of gl;. Let m be a point in My and
let (x1,...,x4) be local coordinates on a neighborhood U of m. The restriction to U
of M(y) is open since it is the inverse image of R; by the continuous map X : U — gl
defined by m — ({xi,x;} (m)) 1<i,j<q- This yields the proof of (2). O

In the real case, the rank of a Poisson structure does not necessarily attain its maxi-
mum on a dense open subset. This is shown in the following example.

Example 1.22. Let ¢ be a smooth function on R? which is positive on the interior
of the unit disk and which is zero elsewhere. Then the rank of the Poisson structure
on R?, which is defined by the bivector field ¢ d/dx A d/dy, is of rank 2 only on
the inside of the disk.



1.3 Poisson Manifolds 23

To finish this section, we show that the flow of a (locally) Hamiltonian vector field
leaves the Poisson structure invariant.

Proposition 1.23. Let (M, x) be a Poisson manifold. The Lie derivative of © with
respect to every (locally) Hamiltonian vector field is zero. As a consequence, the
flow of each (locally) Hamiltonian vector field preserves the Poisson structure.

Proof. Let U be an arbitrary open subset of M and let F,G € .#(U). We need to
show that the bivector field %y 7, which is the Lie derivative of @ with respect
to ¥, vanishes on the pair (F,G). To do this, we use the classical formula for the
Lie derivative of a tensor; in the case of a bivector field P, this formula is given by

ZyP[F,G]:= ¥ [P[F,G]| - P[V[F],G] — P[F,V[G]], (1.35)

for all F,G € .%(U) (see Section 3.3.4 for generalizations). For P:= = {-,-} and
¥ = 2y, with H € % (U), this yields

Loy wlF,G] = Zul{F,G}] —{ZulF],G} — {F, Zu[Gl}
= {{F7G},H}—{{F,H},G}—{F,{G,H}} )

whose vanishing is equivalent to the Jacobi identity (1.2). O

A vector field ¥ is called a Poisson vector field if taking the Lie derivative with
respect to ¥ kills the Poisson structure, i.e., if .2y = 0. Proposition 1.23 implies
that all Hamiltonian vector fields are Poisson vector fields. This property will be
reformulated in cohomological terms in Section 4.1.

Remark 1.24. For a Poisson algebra (<7, -, ) one says that a derivation ¥ of (7, -)
is a Poisson derivation if the Lie derivative of 7 with respect to ¥ vanishes. One
has as in Proposition 1.23 that all Hamiltonian derivations are Poisson derivations;
there is, however, no interpretation of Poisson derivations in terms of flows, since
the notion of a flow does not make sense for derivations of algebras, in general.

1.3.3 Local Structure: Weinstein’s Splitting Theorem

This section deals with Weinstein’s splitting theorem, which states that, in the neigh-
borhood of a point where the rank of the Poisson structure is 2r, the Poisson mani-
fold is a product of a symplectic manifold of dimension 2r, and a Poisson manifold
which has rank zero at the origin. It implies the Darboux theorem, which states that
all symplectic manifolds of the same dimension are locally isomorphic, “there are
no local invariants in symplectic geometry”, as well as a generalization to regular
Poisson manifolds.

Theorem 1.25 (Weinstein’s splitting theorem). Let (M, 1) be a (real or com-
plex) Poisson manifold, let m € M be an arbitrary point and denote the rank
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of m at m by 2r. There exists a coordinate neighborhood U of m with coordi-
nates qiy...,qr,Pls---»Pry21,-- -, 2s, Centered at m, such that, on U,

8
n= Z e + Y dulz &Ze (1.36)

8p, 1<k<t<s

where the functions ¢ys are (smooth or holomorphic) functions, which depend
on 7= (z1,...,25) only, and which vanish when z = 0. Such local coordinates
qly---3qr,P1y-- -5 Pry21,-- -5 2s are called splitting coordinates, centered at m.

Proof. We use induction on r. For the case r = 0, it is clear that for every Poisson
manifold (M, x) and for every point m such that the rank of 7 at m is zero, an
arbitrary system of local coordinates (z1, .. .,z4), centered at m, works (d := dimM).
Let r € N* and assume that Theorem 1.25 holds true for every Poisson manifold, at
every point where the rank is 2(r — 1). Let (M, ) be a Poisson manifold and let
m € M be a point for which Rk, 7 = 2r. We will show that the theorem holds for
(M, ) at m.

Since Rk,, © > 0, there exists a function p on a neighborhood of m, whose Hamil-
tonian vector field %), does not vanish at m € M; we may suppose that p(m) = 0.
Since Z),(m) # 0, there exists by the straightening theorem (Theorem B.7) a sys-
tem of coordinates (g,y5,...,y;) on a neighborhood U’ of m, centered at m, such
that 2, = d/dq. Writing {-,-} = m, it follows that

2 :
lop} =2yl =51 =1, (20 2}] = 2ipg=-21=0 and 2ly] =0,

fori=2,...,d, on U'. Writing .27 in terms of these coordinates,

'/’m// 51 +Zéta,a

we have that §; = 2 [q] = {q,q} =0, and all coefficients &, ..., &, are independent
of g, since Z; and 2, = d/dq commute. At m, we have

—1={p,q}(m) = 2551 3)}

1

so that the vector field 2, = Y¢ , &d/dy! is independent of ¢ and does not van-
ish at m. Applying the straightening theorem once more, we may introduce a sys-
tem of coordinates (g, p’,y3,...,yq4) on a neighborhood of m, centered at m, where
P',y3,...,ya depend on y5, ...,y only, with

d 0
a—},:—Zéia—ﬂ:—%-

i=2
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Substituting p’ by p we consider (g, p,y3,...,y;) which is also a system of coordi-
nates on a neighborhood U of m, since

d
8—5, =-Zylpl={q,p} =1,

in a neighborhood of m. Since p’,y3,...,ys depend on yj, ...,y only, d/dq has the
same meaning in both coordinate systems, so that the Poisson brackets take in the
new coordinates the following form,

{g.p} =1
{g,yi} = =Z4lyi] = dyi/dp' =0
{p.yi} = =25l =—0y/9g =0,

for i =3,...,d, and we conclude that the Poisson structure 7 is given, in terms of
the coordinates ¢q, p,ys,...,y4, by

8 d

8
aq ap + Z {ykayl}

(1.37)
3<k<l<d aW

To show that {y,,y,} is independent of p and ¢, for all values of k, ¢, we just have
to check that {{yx,y¢},p} = {{vx,y¢},q} = 0, an easy consequence of the Jacobi
identity for 7. The Jacobi identity also yields that the second term in (1.37) defines
a Poisson structure 77’ on a neighborhood V of the origin o of F?~2. The Poisson
matrix of 7 with respect to g, p,y3,...,ys has a diagonal block form, where the
lower block is the Poisson matrix of 7/ with respect to ys,...,y4. Thus, ' has
rank 2(r — 1) at o, and by the induction hypothesis there exist local coordinates
G2y sqry P2y, Prs21,- -+, 2s centered at o, such that 7’ takes on V the following
form:

C (9

2 + Y (2

= Bp, 1<k<t<s az@
In terms of the system of coordinates (g1, q2,---,Gr, P15 P2y- -+ PryZ1,- - - 2s), Which
is centered at m, 7 takes the required form (1.36), where we have set g; := g and
pir:=p. 0O

For a given point m in a Poisson manifold M, splitting coordinates are not unique.
We will see however in Section 5.3.3 that the Poisson structure, which is defined
in a neighborhood of z = 0 in ¥ by the second term in (1.36), is unique, up to
isomorphism.

In terms of the splitting coordinates qi,...,q,, P1,---,Pr,21,---,Zs, the Poisson
structure (1.36) has the block form

=

0 1,0
-1, 0 0
0 )

o O
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where @ € Mat,(.Z (M)) is given by @;; := {z;,z;} and 1, denotes the identity
matrix of size r. It follows that @ = 0 in a neighborhood of m, when the rank of
7 is locally constant (= 2r) at m. This leads to the following strengthening of the
splitting theorem for points at which the rank is locally constant.

Theorem 1.26 (Darboux theorem). Let (M,m) be a (real or complex) Poisson
manifold of dimension d, and suppose that m is a point where the rank of T is
locally constant and equal to 2r. There exists a coordinate neighborhood U of m
with coordinates (qi,...,qr, P1s---sDr 21, --2s) Such that, on U,

Jd d
A

(1.38)

Moreover, T is locally of the form (1.38), in terms of arbitrary splitting coordinates
on M. Such coordinates are called Darboux coordinates.

Corollary 1.27. The only local invariant of a regular (smooth or complex) d-
dimensional Poisson manifold (M, ) is its rank Rk 7.

To close this section we state a generalization of Weinstein’s splitting theorem
which we will use in Chapter 12. It provides a set of Darboux coordinates for the
Poisson structure 7, which contains a given set py,..., p, of functions in involution
(i.e., functions which pairwise commute for the Poisson structure), whose Hamilto-
nian vector fields are assumed to be independent at a point m € M. See [120] for a
proof and see Section 12.3 below for an application.

Theorem 1.28. Let m be a point of a Poisson manifold (M, 1) of dimension d. Let
P1,--.,prberfunctions in involution, defined on a neighborhood of m, which vanish
at m and whose Hamiltonian vector fields are linearly independent at m. There exist,
on a neighborhood U of m, functions q1,...,qr,21,---,2d—2r Such that

(1) The d functions (q1,--.,qryPls---sPr 21, --12d—2r) Jorm a system of coordi-
nates on U, centered at m;
(2)  The Poisson structure T is given on U by

nizaql

d—2r a

+ Y 5ij(2)

1.39
8p, i 8z, 82, (1.39)

where each function g;;(z) is a smooth function on U and is independent of
q1y---349r, P15+ Pr-
The rank of © at m is 2r if and only if all the functions g;;(z) vanish for z = 0.

1.3.4 Global Structure: The Symplectic Foliation

We now come to the global structure of a Poisson manifold. As we will explain in
this section, a Poisson manifold naturally decomposes into immersed submanifolds,



1.3 Poisson Manifolds 27

where each submanifold inherits a Poisson structure from the ambient Poisson struc-
ture; since this induced Poisson structure is of maximal rank, it is symplectic,4 SO
one usually refers to this decomposition as the symplectic foliation of the Poisson
manifold. We combine two approaches, which are both due to Weinstein [199], to
obtain the symplectic foliation; both have their advantage, a fact that we exploit to
get at the decomposition in a natural way and to prove its properties with minimal
effort. For another approach, using the theory of generalized distributions, we refer
to [125]. Throughout this section (M, ) is an arbitrary Poisson manifold.

The idea which underlies the decomposition is based on the following two ob-
servations. First, recall from Proposition 1.23 that the flow of every Hamiltonian
vector field preserves the Poisson structure, hence its rank at each point. Second,
the rank of the Poisson structure at a point is precisely the dimension of the space
of Hamiltonian vector fields, at that point. Thus, the flow of all Hamiltonian vector
fields, starting from a given point m € M where the rank of the Poisson structure
is 2r, should trace out locally a submanifold of dimension 27, on which the Poisson
structure has constant rank 2r. This leads, for m € M, to the following definition of
a subset of M,

S (M) := {m' € M | 3 a piecewise Hamiltonian path in M frommtom'} .

By a Hamiltonian path from m to m’ we mean a curve 7, defined on an open neigh-
borhood® of [0, 1], with ¥(0) = m and y(1) = m’, which is an integral curve of a
Hamiltonian vector field 2, where F is a function, defined on an open neighbor-
hood of ¥([0,1]). More generally, when points my,...,my in M are such that there
exists a Hamiltonian path from m;_; to m;, fori = 1,...,N, we say that there exists
a piecewise Hamiltonian path from mg to my.

It is clear that the subsets .7, (M) define a well-defined global decomposition
of M: the subsets .%,(M), with m € M fill up M, and two subsets .%,(M) and
(M) are disjoint, unless they coincide. Notice however that some care has to be
taken when passing to open subsets: if U is an open subset of M, then .#,,(U) is,
in general, not the intersection of .#;,(M) and U: the subset .7,(U) is by defini-
tion path-connected, while .7, (M) NU does not have to be connected, even if U is
connected.

The differential geometric properties of .#,,(M) are best understood by relating
(M) to an immersed submanifold of M, passing through m, which appears natu-
rally in the splitting theorem (Theorem 1.25). Recall that a subset N of a manifold
M is called an immersed submanifold if the inclusion map 1 : N — M is an immer-
sion, i.e., for every m € N the tangent map T,,t : T,,N — T,,M is injective. We are
viewing here N as a manifold in its own right, i.e., with a topology, which is not
necessarily the induced topology from M (one speaks of an embedded submanifold

4 Symplectic manifolds will be introduced and discussed in Chapter 6. For now, the reader may
think of a symplectic manifold as being a Poisson manifold (M, 7) whose rank Rk, 7 at each point
is equal to the dimension of M.

5 The neighborhood is taken in R when M is a real manifold and is taken in C when M is a complex
manifold.
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when the manifold topology on N is the induced topology). However, locally, with
respect to the manifold topology on N, every point in N has a neighborhood, which
sits in M in the same way an open subset of F? sits in F (¢’ = dimN < d = dimM).
To construct this immersed submanifold of M, through m, we choose on a neigh-

borhood U of m, splitting coordinates (at m) which we denote by x = (q1,...,4,
Dly---sDrs21,---,2s) and we define
ImUx):={m €U |zy(m') =" =z(m') =0} .

It is clear that ., (U,x) is an embedded submanifold of M of dimension 2r, and
that (q1,-..,9r, p1,---,pr) (restricted to ., (U,x)) forms a system of coordinates
on .%,(U,x). Since the Poisson structure has on U the form

(9 8
”—Zaql + Y dulz

, (1.40)
apl 1<k<t<s 3 Zk 81@

where the functions ¢ (z) vanish for z = 0, it follows that at points m’ € .7, (U, x),
the Poisson structure takes the form Y/, a%l_ A aip,-’ which defines a Poisson structure
on ., (U,x), which we denote by ms. The map 1 : (.7,(U,x),ty) = (M,7) is a
Poisson map, since for all functions F, G € .Z (U), and for every m’' € .}, (U, x), we
have that

, r 19 oy OF (119G
(F.GHU() = {F.GH o) = 3 (Gt S0y STy S )

={Fo1,Got},(m').

In the language of Section 2.2, (., (U,x), ) is a Poisson submanifold of (M, ).
Notice that o has constant rank 2r = dim.¥, (U, x). In the following proposition
we show that, for each m € M, the subsets .#,,(U) and .7, (U, x) coincide, for small
enough U.

Proposition 1.29. Ler m be a point in a Poisson manifold (M,x) and let x =
(g1, +qrsP1s---s Prs21,- - - 2s) be splitting coordinates at m, on a coordinate neigh-
borhood U, with x(U) convex. Then %, (U) = .&,),(U, x).

Proof. For F € #(U) andm’ € .#,,(U,x) we have, in view of (1.40), that

‘%[ }( ) {ZHF} EW 822 ) 0,

since the functions ¢, vanish at all points m’ of ., (U, x). It follows that all Hamil-
tonian vector fields of U are tangent to ., (U,x) at points m' € .%;,(U,x). Thus,
a (piecewise) Hamiltonian path in U which starts at m must stay in .7, (U,x). It
follows that .%;,(U) C ., (U,x). In order to show the other inclusion, suppose that
m' € .7 (U,x). We show that there exists a Hamiltonian path from m to m’ in U.
Consider the (linear) function H on U, given by
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<

H:= . l(qi(m')Pi —pi(m')q;)

whose (constant) Hamiltonian vector field 2% is given by

0 g
%H: dt (9[7,

%778_H7 (m')

dt  aq D)

Consider the integral curve of 2y, defined for ¢ in a small neighborhood of [0, 1]
(in R or C) by

yit e (@), oq, (), pr ()., pr (1,0, .., 0)

The image of 7 is contained in U, because x(U) C F?"*S is a convex open subset.
Since y is a Hamiltonian path from m = y(0) to m’ = y(1) in U, it follows that
m e Z(U). O

We use Proposition 1.29 to build a topology and a differential structure on each
one of the subsets .#;,(M). A subset V C .#,,(M) is by definition an open subset if
and only if for all splitting coordinates (U,x) at m' € V, with x(U) convex, VNU is
an open subset of .7}, (U, x) = .7,y (U). Similarly, an algebra of functions is defined
on .%,,(M) by saying that F : .%,,(M) — T is smooth (holomorphic in the complex
case), when its restriction to every such .7/, (U,x) = .%,,(U) is smooth (or holo-
morphic). Since the topology and the differential structure on these subsets .7, (U)
is intrinsically defined, as embedded submanifolds of M, these definitions yield a
well-defined manifold structure on .%,,(M). In general, the topology which we de-
fined on .%,,(M) is different from (finer than) the induced topology which .#,,(M)
inherits as a subset of M: it is an immersed submanifold, which is not necessarily
an embedded submanifold. The Poisson structure on the submanifolds ./, (U, x)
yields a well-defined Poisson structure of maximal rank (symplectic structure) on
Zm(M). The results of the present section, combined, prove the following funda-
mental theorem.

Theorem 1.30. Every Poisson manifold (M,r) is the disjoint union of immersed
submanifolds, whose tangent spaces are spanned by the Hamiltonian vector fields
of (M,m). The Poisson structure, restricted to each of these submanifolds yields
a Poisson structure of maximal rank (symplectic structure). This decomposition is
called the symplectic foliation of M and the immersed submanifolds are called the
symplectic leaves of M. For m € M the symplectic leaf which contains m is given by

Fm(M) = {m' € M | 3 a piecewise Hamiltonian path in M frommtom'} .

The first part of the theorem can also be restated by saying that the (singular)
distribution, defined by the Hamiltonian vector fields, is integrable (admits an inte-
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gral manifold through each point), see [125, Appendix 3]. The theorem leads to the
following description of the symplectic leaves of a Poisson manifold.

Proposition 1.31. Let (M, t) be a Poisson manifold of dimension d and rank 2r.

(1) A function F on M is a Casimir function if and only if F is constant on each
symplectic leaf;

(2) The (non-empty open subsets of the) symplectic leaves are the smallest em-
bedded manifolds of M which are Poisson submanifolds (i.e., such that the
inclusion map is a Poisson map);

(3) If % is a Poisson vector field on M which is tangent to every symplectic leaf
of M, then % is Hamiltonian in the neighborhood of every point m € M where
the rank of 7@ is 2r.

Proof. The fact that the manifold .#;,(M) admits locally (in the sense of the topol-
ogy on .%,(M) which we have constructed) the description as a submanifold
7 (U,x), leads at once to the proof of (1) and (2). We proceed to the proof of (3).
If the rank of & at m is 2r, so that m is a regular point of 7, then there exists local
coordinates qi,...,qr,P1,---,Pr,Z1,- - -, Zd—2r N a contractible neighborhood U of m
with respect to which the Poisson structure 7 is given by:

L d d
T=) —N=—. (1.41)
Z{ dqi Ipi
d d J 0 .
The vector fields Jar2 pyret dgn Apy Shan the symplectic leaves of 7 on U. There-

fore, every vector field ¢/, which is tangent to the symplectic leaves of 7, is of the

form
3 J i G J (1.42)
Y =>F + = .
g{ api i=1 aQi
for some smooth or holomorphic functions Fi, ..., F,,Gy,...,G,, defined on U. Sup-

pose now that % is a Poisson vector field, so that %% m = 0. Then one computes
easily from (1.35), (1.41) and (1.42) that

JF;,  OF; JdG;  JG; and JF;  0JG;
dg; dq;’ Idp; Ipi dpj dq;
fori, j=1,...,r. By the classical Poincaré lemma, there exists a function H, defined
on the contractible subset U, which satisfies
oH oH
F=— and G;=-=-—,
aqi api
fori=1,...,r. Hence,
" OH L OH 12 oH

" 1:218QI ql+i:zl 31), pl—'—kgl aZk Zk ’

which shows that % is a Hamiltonian vector field on U. 0O
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Locally, the regular leaves (i.e., the leaves which pass through a point where the
rank is maximal, hence locally constant) are given as the level sets of the (local)
Casimir functions. This is shown in the following proposition.

Proposition 1.32. Let (M, ) be a Poisson manifold of dimension d, let U be a non-
empty open subset of M and let Fy, ..., F; € #(U), satisfying:

(1) The rank of  is constant on U and is equal to d — s;
(2)  The functions Fi,...,Fs are Casimirs of the restriction of 7w to U;
(3) For every point m of U, the differentials d,,F1,...,d,,F; are independent.

Then the symplectic foliation of the restriction of m to U coincides with the foliation
which is defined on U by the map F := (Fy,...,F;) : M — F*.

Proof. Under the stated assumptions, the restriction of 7 to U is a regular Poisson
structure, hence the symplectic foliation is a regular foliation of U, where every
leaf has dimension d — s. Since F := (Fj,...,F;) has constant, maximal rank, F
also defines a foliation .# on U, whose leaves are (d — s)-dimensional. In view
of (1) in Proposition 1.31, F is constant on every symplectic leaf in U, hence every
symplectic leaf is contained in a leaf of .%. Since all symplectic leaves and all leaves
of .% have the same dimension (d — s), it follows that both foliations coincide. O

In good cases most or all of the symplectic leaves are level sets of the Casimir
functions, but this is not true in general.

Example 1.33. Consider the Poisson structure d/dx A d/dy on R, where x,y, z are
the natural coordinates on R3. Since translations over a constant vector are obviously
Poisson maps, it descends to a Poisson structure on every torus R3 /A, where A is a
lattice in R3. Unless A is very special, all symplectic leaves are dense on the torus,
hence they cannot be the level sets of a (Casimir) function.

Proposition 1.34. Let ©; and mp be two Poisson structures on a manifold M. Sup-
pose that both Poisson structures define the same symplectic foliation on M and that
for every symplectic leaf . (of both structures), the Poisson (symplectic) structure
induced on . by m, is the same as the Poisson structure induced on . by my. Then
m1 and my are equal.

Proof. Let m; = {-,-}, and m = {-,-}, be two Poisson structures on M which
determine the same symplectic foliation on M. Let m € M and let .% be the leaf
which passes through m; we denote by 14 the inclusion map 1y : . — M. It
is assumed that the induced Poisson structures {-,-}; ,, on . coincide, so that
{Foiy,Goig}) g ={Fo1y,Goiy}, 4 forevery F, G € 7 (M). Since 17 is a
Poisson map, when M is equipped with 7y, or with 7, we have for every m € .7,

{F,G}, (m) = {Fozy,Goz(y}Ly (m) = {Fozy,Gozy}zy_y (m) ={F,G}, (m).

This applies to every point m of M, so that {F, G}, (m) = {F,G}, (m), forallm € M,
which was to be shown. O
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1.4 Poisson Structures on a Vector Space

On a finite-dimensional F-vector space V, one can consider its algebra of polyno-
mial functions, which is canonically isomorphic to the symmetric algebra SV*, but
when F = R one may also consider the algebra of smooth functions on V, while
when IF = C one may consider the algebra of holomorphic functions on V. The dif-
ference corresponds to viewing V' as an affine variety or as a real/complex manifold.
What makes a vector space V special, from either point of view, is that it admits a
basis, say (e1,...,e4), and hence a dual basis, consisting of linear forms x; : V — F,
fori=1,...,d.

(1) From the affine variety point of view, SV* = F[xy,...,x4], so every function can
be written uniquely as a polynomial in x1, . .., x;. More generally, every derivation ¥
of SV* can be uniquely written as ¥ = 3¢, ”f/ia%_, where ¥; := ¥'[x;], and similarly
for biderivations, such as Poisson structures.

(2) From the manifold point of view, x1,...,x; are global coordinates on V, i.e., V
is covered by a single coordinate chart. Functions, vector fields, Poisson structures,
and so on, admit a global coordinate representation in terms of these global coordi-
nates.

Many results about Poisson structures on a vector space take formally the same
form when the Poisson structures are considered on the algebra of polynomial func-
tions or on the algebra of smooth/holomorphic functions. Therefore we will often
refer to & (V) as the algebra of functions on V, independently of whether the algebra
of polynomial, smooth or holomorphic functions is considered; however, when F is
different from R and C, then .# (V) always stands for the algebra of polynomial
functions on V. To stress that we consider a Poisson bracket on the algebra of poly-
nomial functions on V, we often use the term polynomial Poisson structure.

Vector fields on a real or complex vector space V can be identified with deriva-
tions of the algebra of smooth or holomorphic functions on V, so we will simply
write X' (V) for the Lie algebra of vector fields on V; even when F is different
from R and C, we refer to elements of ¥! (V) as vector fields on V. Similarly, we
refer to elements of X?(V') as bivector fields on V. Vector fields and bivector fields
admit in this general context the following description.

Proposition 1.35. Let V be a vector space and let F (V) be its algebra of functions.
Let V" be a vector field on V and let P be a bivector field on V. In terms of linear

coordinates x1,. ..,xq for V, the elements ¥ and P can be written (uniquely) as
d 0 0 d
R R W
& oxi I<i<j<d dx; ox;’

where ¥; € (V) and Pj € F(V), for all 1 <i,j <d. In particular, every vector
field on 'V is determined by its values on a system of linear coordinates on V, and
every bivector field on 'V is determined by its values on all pairs of functions, taken
Jfrom a system of linear coordinates on'V.
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Suppose now that we have a bivector field 7 = {-,-} on V and that we wish to
express that 7 is a Poisson structure. When % (V) is the algebra of polynomial
functions on V, then r is a Poisson structure if and only if 7 satisfies the Jacobi
identity,

{F.{G,H}}+{G,{H,F}}+{H,{F,G}} =0, (1.43)

for all F,G,H € .7 (V); however, when .# (V) is the algebra of smooth of holo-
morphic functions on V, precisely the same condition expresses that 7 is a Poisson
structure, because V can be covered with a single coordinate chart. We formulate
this result in the following proposition, which is a transcription and a specialization
of Propositions 1.8 and 1.16 to the case of a vector space V.

Proposition 1.36. Let V be a finite-dimensional vector space, with algebra of func-
tions # (V) and let (x1,...,x;5) be a system of linear coordinates on V. Given
a skew-symmetric matrix (xij)i<i j<a of elements of F(V), consider the skew-
symmetric biderivation &t of % (V), which is defined, for F,G € F (V), by

d JF 9G
{F7 G} = i’jz‘:‘lxijaixiaixj 5

which is the unique skew-symmetric biderivation of % (V) such that {xi,xj} = Xij,
forall 1 <i,j<d. The following conditions are equivalent.

(i) 7 is a Poisson structure on'V;
(ii) 7 satisfies the Jacobi identity: for all F,G,H € F(V),

{F{G,H}}+{G,{H,F}}+{H,{F,G}} =0;
(iii) Foralli,jk withl <i< j<k<d,

{{xixi bt + {{xgd i b+ {{oexitx} =0

(iv)  Foralli,jkwithl <i<j<k<d,

4 ox;; ox; oxy;
COXij o Ok ki)
z; (m axg MGy, T 3xé>

In this case, the skew-symmetric matrix (x;j)1<i,j<a is the Poisson matrix of 7 with
respect to the coordinates x1,. .. ,Xg.

At every point m € V, the tangent space 7,V is in a canonical way isomorphic to V,
and similarly the cotangent space T,V is canonically isomorphic to V*. Therefore,
one usually thinks of the Poisson bivector at m, which is a skew-symmetric bilinear
map 7, : T,V x T}V — T, as a skew-symmetric bilinear map V* x V* — F, as an
element of V AV, or as a linear map V* — V. The rank of the latter linear map is the
rank of the Poisson structure at .

It is clear that the results in this section are also valid when the vector space V is
replaced by a non-empty open subset of V.
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1.5 Exercises

1. Suppose that ¥ is a derivation of &7 := F[xj,...,x4]. Show that, for every
Fed,
d oF ,

2 8x,

Deduce from it an alternative proof of Proposition 1.6.

2. Two elements F,G of a Poisson algebra (<7,-,7) are said to be in involution
if {F,G} = 0. Prove Poisson’s theorem: if F and G are in involution with a third
element H € <7, then {F,G} is in involution with H. The original motivation of
Poisson’s theorem is that, since functions which are in involution with the Hamilto-
nian are constants of motion, taking the Poisson bracket of two constants of motion
produces a (a priori new) constant of motion.

3. Let m be a polynomial Poisson structure on F¢, with Poisson matrix X, and
suppose that X vanishes at the origin 0 € F¢ (i.e., all entries x; ; of X vanish at o).
Let Y be the matrix whose entry y;; is the linear part of x;;, for 1 <1, j < d. Show
that Y is a Poisson matrix.

4. Let (M;,m ) and (M>, m) be two affine Poisson varieties, or two Poisson mani-
folds. Let ¥ : M| — M, be a Poisson map. Show that

R,y M > Rk () Mo

for every m € M;.

5. Given a skew-symmetric biderivation {-,-} on a commutative associative alge-
bra &7, define its Jacobiator ¢ as the skew-symmetric tri-linear map &/ 35 o,
given by

J(F,G,H) ={F,{G,H}}+{G,{H,F}}+{H,{F,G}} .

Show that _¢ is a derivation in each of its arguments (as in (1.4); in the language of
Section 3.1, it is a triderivation) and derive from it an alternative proof of Proposi-
tion 1.8.

6. Consider on IF? the bivector field 7, defined by {x,y} :=x?, and let % denote the
vector field on 2, defined by %/ [x] := 0 and #[y] := x. Show that % is a Poisson
vector field, but that there exists no neighborhood of 0 = (0,0) on which # is a
Hamiltonian vector field (see item (3) of Proposition 1.31).

7. The following is an open problem: given a Poisson algebra (7,-,{-,-}) of fi-
nite type, do there exist generators X1, ...,X; of &/ and representatives x;; = —x; €
Flxi,...,xq] of {%;,%;} such that

d ox;; 0xir ox,
ij Yrjk ki \ _
[21<Xekax€+ o, + i]ax/> 0,
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for every 1 < i, j,k < d; in other words, such that the matrix X := (xij)1<i7j<d is a
Poisson matrix?

1.6 Notes

In the mathematics and physics literature, Poisson structures are most often consid-
ered in the case of smooth manifolds. In this context, Poisson structures are usually
defined as sections of the exterior square of the tangent bundle of the manifold (see
Vaisman [194]), as Lie algebra structures on the algebra of functions on the man-
ifold (see Cannas da Silva—Weinstein [34] or Dufour—Zung [63]) or as sheafs of
Poisson algebras on the manifold (see Przybylski [172]). Abstract Poisson algebras
are considered in Bhaskara—Viswanath [23]; see also Huebschmann [96]. For more
information on the general theory of real manifolds, we refer to Warner [198] or to
Spivak [187]; for complex manifolds, see Wells [203]. For a gentle introduction to
algebraic geometry, in particular the link between commutative associative algebras
and affine varieties, see Perrin [165] or Shafarevich [182].

The main result in this chapter is Weinstein’s splitting theorem (Theorem 1.25),
from which we derived the symplectic foliation. This general theorem admits further
generalizations: for example, an equivariant version is given in Dufour—Zung [63],
while a generalization to arbitrary Lie algebroids is given in Fernandes [75]. See
Laurent-Miranda—Vanhaecke [120] for the Carathéodory—Jacobi-Lie theorem for
Poisson manifolds, which was stated without proof in Theorem 1.28 above; for reg-
ular Poisson manifolds, this theorem goes back to Lie and Engel [128].



Chapter 2
Poisson Structures: Basic Constructions

In this chapter we give a few basic, general constructions which allow one to build
new Poisson structures from given ones. These constructions are fundamental and
will be used throughout the book. More advanced constructions, which all fall under
the general concept of reduction, will be discussed in detail in Chapter 5, while
several constructions which are specific to a particular class of examples will be
given in Part II.

As in the previous chapter, all Poisson algebras will be defined over an arbitrary
field IF of characteristic zero, our Poisson varieties will be affine varieties over F
and our Poisson manifolds will be either real smooth manifolds (F = R) or complex
manifolds (F = C). We will adhere to our habit of reformulating all our algebraic
constructions in geometrical terms, or, conversely, present the geometrical construc-
tion in general algebraic terms. We stress that although the geometrical and algebraic
constructions are based on the same idea, their concrete implementation is usually
quite different.

Section 2.1 deals with the tensor product of Poisson algebras, which geomet-
rically corresponds to the construction of a Poisson structure on the product of
two Poisson manifolds. We investigate in Section 2.2 the notion of a Poisson ideal,
whose geometrical counterpart is that of a Poisson submanifold. A Poisson struc-
ture cannot be restricted to any submanifold; a necessary and sufficient conditions
for this is that all Hamiltonian vector fields be tangent to the submanifold. In Sec-
tion 2.3, we show on the one hand how real and complex Poisson structures are
related, and on the other hand how complex algebraic and holomorphic Poisson
structures are related. In Section 2.4, we assemble a few constructions which are of
a different nature, namely changing the base field, localization and germification.

Unless otherwise stated, IF stands throughout this chapter for an arbitrary field of
characteristic zero.

C. Laurent-Gengoux et al., Poisson Structures, 37
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2.1 The Tensor Product of Poisson Algebras and the Product
of Poisson Manifolds

The product of two Poisson algebras/varieties/manifolds is in a natural way a Pois-
son algebra/variety/manifold. We first give the algebraic construction and we make
precise what we mean by “a natural way” (Proposition 2.1); it yields by a direct
translation the corresponding construction for Poisson varieties, where we give an
explicit formula for the product structure in terms of the Poisson matrix (Propo-
sition 2.4). Finally, we give a purely geometric construction, in terms of bivector
fields, for the product of two Poisson manifolds (Proposition 2.5).

2.1.1 The Tensor Product of Poisson Algebras

Let (/,+1) and (&, ) be two commutative associative algebras over F, with unit.
Their tensor product @7 ® 4 is itself a commutative associative algebra with unit,
with respect to the F-bilinear product, which is defined for F;,G, € / and for
F,G; € @ by:

(Fl ®F2) . (G1 ®G2) = (FlGl) X (Fsz) . 2.1

In this formula, and in the formulas which follow, we use the obvious abbreviations
F1G; for F] -1 G and similarly for F>G,. The algebras 7] and % are naturally
identified with subalgebras of ] ® o4 via the inclusion maps j; : < — ¥ Q
(i=1,2), given by 51(F) = F®1 for every F € <, and similarly 5(F)=1®F
for every F € af. Also, to a derivation ¥ of .o/} we can associate in a natural way a
derivation ¥ of | ® « (with values in .7 ® ), such that ¥ [5; (F)] = 51 (¥ [F]),
for every F € 7. It is defined by

V@ h — A @
FLRF — Y[F|QF,.

2.2)

Notice that "/7[]2 (F)] =0, for every F € . To see that ¥ is indeed a derivation of
| ® 4, use the fact that ¥ is a derivation of o7, combined with (2.1). Similarly, to
a derivation % of .o/, we can associate in a natural way a derivation 7//\of A Q b,
such that VZ\[jg(F)] = 32(7//\[F]), for every F € 4.

By extending this construction to the case of skew-symmetric biderivations, we
can construct a skew-symmetric biderivation of 2] ® % (with values in <] ® %),
starting from a skew-symmetric biderivation of 7] (or of 2%). We use this in the
following proposition to construct a Poisson structure on .27 ® %, starting from a
Poisson structure on 7] and a Poisson structure on .o%.
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Proposition 2.1. Let (<7, i, {-,-};) be two Poisson algebras over F, where i = 1,2.
The tensor product oy ® w/5 admits a unique Poisson bracket {-,-}, making the
canonical inclusions j; . o, — | ® ot into Poisson morphisms with Poisson-
commuting images, {)1(21),72(24)} = 0. For F;,G; € 4, this Poisson bracket is
given by

{Fl ®F,Gy ®G2} = {F17G1}1 X (F2G2) + (FlGl) & {Fz,Gz}z . (2.3)

For every Hamiltonian derivation Zy of </, with H € <f), 2y is a Hamiltonian
derivation of &) ® a5, more precisely,

Zn = Zhe
and similarly for the Hamiltonian derivations of <.

We call () ® @,-,{-,-}) the Poisson tensor product of 7| and </, while {-,-} is
called the product Poisson bracket.

Proof. Let ) : @7 X @] — <7} be a skew-symmetric biderivation of <7]. Then it can
be verified, as in the case of derivations, that the skew-symmetric bilinear map 7,
defined by
T : (N @ 9h) X (S @ h) — SR h
(F1®F2,G1®G2) — T [Fl,G1]®(F2G2)

(2.4)

is a biderivation of @] ® . If m; satisfies moreover the Jacobi identity, so that
is a Poisson bracket on o7, then 7 is a Poisson bracket on 27| ® 97, since
m | [F ®F,G ® Gl H ®H2} =m [7171 [FlvGILHl} ® (FRGHy) .

Notice also that 7 has the following properties:

mF®1,Gi®1]
mA®1,10G6)]
Tl @ F,1®G))

1[F17G1}®]a

T
0
0

b
for every F;,G; € o, (i = 1,2). The first formula tells us that j; : &) — o ®
is a morphism of Poisson algebras, when we take 7 as a Poisson bracket on 27 ®
af; according to the second formula, 7; and j, have Poisson-commuting images;
however, the third formula indicates that j; : 2% — 2] ® o7 is only a morphism of
Poisson algebras when .27 is equipped with the trivial Poisson bracket.

However, letting , denote a Poisson bracket on .2 and taking the sum 7 := 7} +
T, we obtain a skew-symmetric biderivation of .| ® %, and the above formulas
lead to
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R ®1,G®1] =m[F,G®1,
TF®eL1®G)] =0,
Tl R, 1G] = 1@ m[F,G)) .

By the biderivation property, these formulas can be summarized in the single for-
mula

nlFi ® F,G1 ® Ga] = m[F1,G1] ® (F2G2) + (FiG1) @ m[F>, Ga] (2.5)

for every F;,G; € o, (i = 1,2). It follows that 7 satisfies the Jacobi identity, be-
cause (2.5), combined with the fact that 7 is a biderivation, implies that

n[n[F @ F, G ® G|, Hi @ Hh]+ O (F,G,H)
=m [7‘[1 [Fl,Gl],H1] ® (F,GoHy) + (FiGi1Hy) ®7Tz[77:2[F2,G2},H2}+ O (F,G,H) .

Therefore, 7 is a Poisson bracket on @7 ® %, both maps j; : & — & ® o5 are
morphisms of Poisson algebras and they have Poisson-commuting images. Notice
that in order to establish formula (2.5) we have used only that 7 is a biderivation
of o] ® a#5, such that canonical inclusions j; : &7 — @7 ® <% are Lie algebra ho-
momorphisms and have Poisson-commuting images, which yields uniqueness of a
Poisson bracket on @7 ® 5 with the stated properties, and it provides us with an
explicit formula for it. In the bracket notation, (2.5) is (2.3).

Finally, let us show that the linear map ¥ +— ¥ sends Hamiltonian derivations
of &7 to Hamiltonian derivations of «/| ® &%. To do this, it suffices to show that
for every H € <], the derivation 2 is the Hamiltonian derivation of 7] ® 4%,
associated to H ® 1. Let F] € o] and F, € o be arbitrary elements. According
to (2.2) and (2.5)

—

2l B = ZyfA|9Fh =m[F,HQF =1nFFK H®1]
= Zuz1ll @R,

so that Zy = £y, as was to be shown. O

Given two affine varieties M| and M,, their product M x M, is an affine variety,
with algebra of functions % (M| x M) ~ .7 (M) ® % (M,). Under the latter iso-
morphism, the natural projection maps p; : M| x M — M;, with i = 1,2, are dual
to the inclusion maps j; : & (M;) — & (M) ® F (M,); specifically, the following
triangle of algebra homomorphisms is commutative:

F (M)

y(M] XM2)

F (M) @ F (M)

Y

Translated in the language of varieties, Proposition 2.1 yields the following result.
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My
p*
-
D2
M1 X MQ

\¥2
/AN M R

Fig. 2.1 On the product of two affine varieties M; and M, functions which are constant on the
fibers of the canonical projection map py : My x M — M are of the form pjF = F o py, for some
F € .Z(M;). Every vector field on M| x M, which annihilates all these functions is tangent to the
fibers of p;.

Proposition 2.2. Let (M;,m;) be two affine Poisson varieties, where i = 1,2. The
product variety My X My has a unique Poisson structure © = {-,-} such that the
projection maps p; - My x My — M; (i = 1,2) are Poisson maps and such that

{riF1,p3F2} =0, (2.6)

Sor all functions Fy € # (M) and F» € % (M,). Each Hamiltonian vector field on M\
(or My) extends to a Hamiltonian vector field on M| X M,, tangent to the fibers of
p2 (or p1).

The Poisson variety (M x My, 7) is called the product Poisson variety of (My,m;)
and (M>, m), while 7 is called its product Poisson structure.

Remark 2.3. For i = 1,2, the fibers of the projection maps p; : M| X M, — M; have
the following properties (see Fig. 2.1):

1. A function F € % (M) x M) is of the form p}F; for some F; € % (M;) if and
only if it is constant on all the fibers of p;;

2. A vector field ¥ on M| x M, satisfies #'[p;F;| = 0 for every function F; €
F (M;) if and only if it is tangent to all the fibers of p;.

It follows that the condition given by (2.6) can be rephrased in either of the following
equivalent ways.

@) Every function which is constant on all the fibers of p; is in involution with
every function which is constant on all the fibers of p,;

(ii))  The Hamiltonian vector field of every function which is constant on all the
fibers of p; is tangent to all the fibers of py;

(iii)) The Hamiltonian vector field of every function which is constant on all the
fibers of p is tangent to all the fibers of p;.

To finish this section, we describe the Poisson matrix of the product Poisson struc-
ture on M| X M>, when M, and M, are affine Poisson varieties. We show that, in
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terms of natural generators of .% (M| x M), coming from generators of .% (M) and
F (M), the Poisson matrix takes a block diagonal form.

Proposition 2.4. Suppose that (My,{-,-},) and (M>,{-,-},) are affine Poisson va-

d d .
Pie1 = ({xi’xj}l)i,,lj:v respectively Y =

rieties, with Poisson matrices X = (x;;)
d d .

vij)ie1 = ({y,-,yj}z)ijzl, with respect to generators Xi,...,Xq, for F (M), re-

spectively yy,...,yq, for # (My). The Poisson matrix for the product Poisson struc-

ture {-,-} on My X M5 takes, in terms of the d\ +d, generators pixi,...,piXa,, P3)1,

-y D3Ya, for F (M x M»), the form

%o \d1
((p]xU)i,j=1 0 4 ) ) (27)

0 (P3vij )iz

Proof. Since p; is a Poisson map we have that
{pT.thT-xj} = pT {xi7-xj}1 = PTxij y

which yields the first diagonal block of the Poisson matrix of {-,-}. Similarly, the
fact that p, is a Poisson map yields the second diagonal block. The other entries
{pixi,p3y;} of the Poisson matrix are zero, as follows from (2.6). O

By a slight abuse of notation, one usually simply writes x; for pjx; and y; for p7y;.

X
0Y
son structure © = {-, -} can be explicitly written in the following form

d d d d
T = 2 x,'ja—xi/\a—xi-‘r Z yij8—yi/\a—yj.

1<i<j<d, 1<i< j<d,

Then the Poisson matrix (2.7) takes the simple form 0 ) and the product Pois-

2.1.2 The Product of Poisson Manifolds

The product of two manifolds M; and M, has a natural structure of a manifold,
whose construction we briefly recall. First, as a topological space, M| x M, is en-
dowed with the product topology. Second, an atlas of M; x M, is constructed from
an atlas of M and of M,: let (U;,x(i)) ier be coordinate charts covering M; and let
(Vj,y(f) ) jes be coordinate charts covering Mz, then (U; X V;) ;. j)erxs is an open cov-
ering of M; x M, and the homeomorphisms

(D YD) U x v — XO(U;) x yD (V) € FhHe2

define compatible coordinate charts, hence endow M| x M, with a manifold struc-
ture; in this formula, d; and d, are the dimensions of M; and M, respectively; as
before, F = R or IF = C, depending on whether the manifolds which are considered
are real or complex.
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My

Fig. 2.2 A vector field on M| can be naturally lifted to a vector field on M x M,, tangent to the
fibers of py : My x My — M.

As in the case of varieties, we denote by p; : M| x My — M; the canonical pro-
jection maps (i = 1,2). For m; € M| and my € M;, we will also use the inclusion
maps ty, : My < My x M, and z:,” : My — M) X Ma, defined by 1, (x) := (x,my)
and 1, (v) := (m1,y), forx € My and y € My.

To a vector field on an open subset of M| (or of M), we can associate a
vector field on an open subset of M; x M, by using the tangent maps 71, (re-
spectively T1,,). Namely, to a vector field ¥ € X!(U;), where U; is an open
subset of M;, we associate the vector field “/? S xl(Ul X M,), whose value at
m = (m,my) € U; X M3 is by definition

I = Ty tiy(Viny) € T (M X Ms) .

This means that for every F € % (U)) and G € % (U,), where U, is an open subset
of M»,

~ —~

VI[Fopi|=Y][F]op: and V[Gopa] =0, (2.8)
since for all m = (my,my) € Uy x Us,

~ ~

V[F o p1](m) = Viu(F o p1) = Ty tmy (Y, )(F 0 p1)
= Y (Foprom,) =V (F)=V[F](pi(m)),

and similarly for the second equality in (2.8). These equalities can be used to
write 7 in terms of local coordinates, showing in particular that ¥ is a vector field
(i.e., it is smooth/holomorphic). Similarly, every vector field % on an open subset
U, of M, leads to a vector field %\on M, x U,. See Fig. 2.2.

By extending this construction to the case of bivector fields, we can construct
a bivector field on open subsets of M| x M, starting from a bivector field defined
on open subsets of M; (or M;). We will use this in the following proposition to
construct a Poisson structure on M| x M, starting from a Poisson structure on M
and a Poisson structure on M>.
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Proposition 2.5. Let (M, 7)) and (My, ;) be two Poisson manifolds. The product
manifold My x My has a unique Poisson structure {- ,-} = T, such that the projection
maps p; : M1 x My — M; (i = 1,2) are Poisson maps and such that, for all open
subsets U; C M; and for every F; € .Z (U;) with i = 1,2, the functions Fy o p| and
F> 0 py are in involution (on Uy X Uy),

{Fiop1,Fropa} =0. (2.9)

The Poisson manifold (M x M;, ) is called the product Poisson manifold of M
and M, while & is called its product Poisson structure.

Proof. We have seen how we can associate in a natural way to a vector field on M;
a vector field on M; x M. In order to generalize this to bivector fields, we use that
every [F-linear map ¢ : V — W between vector spaces V and W, leads to a linear
map A2¢ : A2V — A2W. As recalled in Appendix A (Section A.2) it is defined for
vy, €V by

/\2¢ (Vl A Vz) = (IJ(V]) A\ ¢(V2) .

Applied to the linear map
Tty = Ty My — T, (M X M>)
we can define a bivector field 77; on M| x M, by its value at m = (m1,my):
Tim = N Ty ty) (71 imy € N2 Trn(My X M) .

For open subsets U; C M; and U, C M, and for functions Fj,G;, € .#(U;) and
F>,G, € #(U,) we have, as in (2.8), that

)

5

1 [Fiop1,Giopi] = m[F,Gilop1,

)

?—I

1 [Fiop1,Gaopa] =

)

0
0

)

B

1[Faop2,Gropy] =

It follows that the bivector field 7 := 7; + 7>, where 7 is constructed in the same
way as 7, but using 7;,, z;nl instead of T, 1,,,, has the following properties:

n[Fiop1,Giopi] = m[Fi,Gi]opy,
m[Fiop1,Gaopy] =0, (2.10)
n[F0p2,Gropa] = m[F2,Gylops .
Since every point in M| X M admits local coordinates of the form x;o p; and y; o
p2, where x; and y; are coordinate functions on M, respectively on M,, it follows

from (2.10) that every point admits local coordinates in which 7 satisfies the Jacobi
identity. In view of (iv) in Proposition 1.16, this implies that 7 is a Poisson structure.
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Moreover, the first and third equations in (2.10) express that p; and p, are Poisson
maps, while the second one says that 7 satisfies (2.9).

If a Poisson structure on M; x M, satisfies the requirements of Proposition 2.5,
then it satisfies the equations (2.10), from which one can obtain explicit formu-
las for it, in local coordinates, which provides uniqueness of such a Poisson struc-
ture. In order to show how these explicit formulas are obtained from (2.10), let
(U,x) and (V,y) be coordinate charts of M; and M, where x = (x1,...,xq,) and
y= (y1,---,Ya4,)- By aslight abuse of notation, we write the corresponding coordi-
nateson U XV as xi,...,X4,,Y1,.--,Yd,- According to (1.26) and (2.10), & is given
in terms of these coordinates by

8 0 0 0
I 8 + 2 b’n)’j]a—yi/\g—yj

T = Z Tlxi, xj]=— :
Xj 1<i<j<d;

1<i<j<d,

)

0 2] 0
= X ﬂl[xz,xj]oma— aj+ > ﬂz[Yivyj}Opza—yA—

1<i<j<d, 1<i<j<d, i 9y
which is written, in the bracket notation, as

0 d d
{'7'}: 2 {xl7xf}18 a ]+ 2 {yhyj}za_yi/\gja

1<i<j<d; 1<i<j<d,

where {x;,x;}, and {y;,y;}, are taken as functions on U x V. O

Remark 2.6. Note that for all open subsets U; C M; and U, C M>, the restriction
of the Poisson structure {-,-} on M| x M, to .F(U;) @ F(Uy) C F (U, x U) is
precisely equal to the product Poisson bracket, introduced in the previous section,
of the Poisson algebras .% (U ) and % (U>).

Remark 2.7. Remark 2.3 applies also to manifolds, upon replacing the functions
and vector fields which appear in that remark by arbitrary local functions and vector
fields, i.e., functions and vector fields which are defined in the neighborhood of a
point.

To finish this section, we give a useful formula for computing the product Poisson
bracket. As above, let (M, 7;) and (M», m,) be Poisson manifolds and let 7 denote
the product Poisson structure on M; x M. Let F,G be functions on a non-empty
open subset U of M} x M, and let (m;,my) € U. By definition of 7, we have that

n('”lva) = 7?1(”117””2) + 7?2('"117”2) (21 1)
= /\2 (Tml lmz) (nl)ml +/\2 (Tmz m|) (77:2)"12 s
so that
”(ml,mz)(Fv G) = (nl)ml (FOlmz,GOlmz) + (ﬂz)mz (Fol;nlaGOl;nl) )

which yields, in the bracket notation, the following formula for the product bracket
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{F,G} (mi,m3) = {F oy, Gotp, }, (m1) + {Fou, ,Gon, },(ma), (2.12)

valid for all F,G € #(U), where U is an open subset of M| x M,, which con-
tains (my,my).

2.2 Poisson Ideals and Poisson Submanifolds

The simplest sub-objects of Poisson manifolds are Poisson submanifolds, which are
submanifolds, equipped with a Poisson structure, with respect to which the inclu-
sion map is a Poisson map. For a submanifold, several conditions will be given,
which are equivalent to the fact that it is a Poisson submanifold, including the well
known condition that all Hamiltonian vector fields (of locally defined functions) be
tangent to the submanifold. The algebraic condition, which corresponds to it, is that
the ideal of functions which vanish on the submanifold, is a Poisson ideal. In gen-
eral algebraic terms, for an ideal .# of a Poisson algebra (7,-,{-,-}), one has the
following fact: o7 /.# has a Poisson bracket which makes the canonical projection
into a morphism of Poisson algebras if and only if .# is a Poisson ideal; if such a
Poisson bracket on .o /.# exists, then it is unique.

We give in Section 2.2.1 the algebraic construction, and we reformulate the result
in geometrical terms for subvarieties of affine Poisson varieties. In Section 2.2.2, we
give a purely geometrical construction for (immersed or embedded) submanifolds of
a Poisson manifold. For the latter, we also relate the Poisson submanifold condition
to the intersection of the submanifold with the symplectic leaves.

2.2.1 Poisson Ideals and Poisson Subvarieties

Let (7,-) be a commutative associative algebra and let .# be an ideal of /. The
quotient .« /.# inherits from 7 the structure of an associative algebra. We denote
the quotient map by p: &/ — o/ /% and we use, for F € <7, the convenient notation
F := p(F). For a derivation ¥ of &7, the following conditions are equivalent:

(i)  There exists a derivation %) of &/ /. such that ¥[F| = ¥|[F], for every
F e,
(ii) ¥ maps .Z toitself: forevery F € .#, ¥V [F| € .Z.

The proof (i) = (ii) is immediate; for the other implication, we define #; on ele-
ments F € o/ /.7 by ¥|F]:= ¥ |[F], which is well-defined in view of (ii), and which
is then easily shown to be a derivation of o /.7

Similarly, if </ comes equipped with a Poisson bracket, i.e., (<7, {-,-}) is a
Poisson algebra, it is a natural question to ask what are the conditions on the ideal
# which imply that </ /.# carries a Poisson bracket {-,-},, which comes from
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{-,-}, i.e., such that p is a Poisson morphism. The fact that p is surjective implies
that, if such a bracket exists, then it is unique.

Suppose that such a Poisson bracket {-, -} exists. The morphism property

{F,G},={F,G} (2.13)

implies that {F,G} = 0 for every F € .# and G € 7, since F =0 if F € .#. This
means that .# is a Lie ideal of (&7, {-,-}),i.e., {.#, 2/} C .#. Thus .# is an ideal for
both multiplications of the Poisson algebra: one calls such an ideal a Poisson ideal.

Conversely, suppose that .# is a Poisson ideal of .«7. Then (2.13) can be taken as
the definition of a bilinear map {-, - }, from </ /.# into itself. Since it is well-defined,

{{F.G}, . H},={{F.G} .H},

for all elements F,G and H of 7, so that {-,-}, defines a Lie bracket on &/ /.7
Since p is a morphism for both algebra structures on <7, {-, -}, is also a biderivation.
Thus, {-,-}, is a Poisson bracket on </ which makes p into a Poisson morphism.
The condition {F,G} € .# for all F € .¥, G € &/, rewritten as ZG(F) € &
means that every Hamiltonian derivation of ./ maps . to itself, and rewritten as
Zr(G) € £ means that every Hamiltonian derivation of F € .# maps 7 to .¥.

Summarizing, the following proposition holds.

Proposition 2.8. Ler (</,-,{-,-}) be a Poisson algebra and let .¥ be an ideal
of (#,-). The following conditions are equivalent:

(i)  There exists a Poisson bracket {-,-}, on </ | % such that p: of — < | .7 is
a Poisson morphism;

(ii) .7 is a Poisson ideal of (< ,-,{-,"});

(iii)  For every F € &/, the Hamiltonian derivation 2 preserves % ;

(iv)  Forevery F € .#, the Hamiltonian derivation X is . -valued.

Moreover, if one of these conditions holds, then the Poisson bracket{-,-},on </ | Z,
satisfying (i), is unique and it is defined by

{F,G},:={F,G},
forall F,G € .

We now turn to the case of affine Poisson varieties, which will bring us to the notion
of a Poisson subvariety. We first recall that if N and M are affine varieties which
belong to the same affine space F¢, then N is said to be an affine subvariety of M if
N C M. Then N is the zero locus of a prime ideal .#y in .% (M) and .% (N) is in a
natural way isomorphic to .% (M) / #y, with which it will in the sequel be identified.
We denote by k : .% (M) — .% (N) the canonical projection, which we think of as a
restriction map.
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Translating the equivalent algebraic conditions, given at the beginning of this sec-
tion, to the case of varieties, we have that for a derivation ¥ of .% (M), the following
conditions are equivalent:

(i)  There exists a derivation ¥ of .% (N) such that k(¥ [F]) = %[k (F)], for every
F € Z (M), which can be expressed as the commutativity of the following
diagram:

FM) —L— F(M)

FN) —— FWN)

(i) ¥ maps the prime ideal .#y of all functions which vanish on N to itself: for
every F € Sy, V[F] € In.

As we will see in the next section, these two equivalent conditions on ¥ correspond
in the context of manifolds to the fact that ¥, viewed as a vector field on M, is
tangent to N, and ¥ is the restriction of #” to N. In the case of varieties, we therefore
also think of %{ as being the restriction of 7" to N and, by a slight abuse of language,
we say that ¥ is rangent to N (at points of N), if ¥ satisfies ¥ [#y] C Fy.

Definition 2.9. Let (M, {-,-}) be a Poisson variety and let N C M be a subvariety.
We say that N is a Poisson subvariety of M if there exists a Poisson structure on N
which turns the inclusion map : : N < M into a Poisson map.

This means that, if N is a subvariety of M, and %y C % (M) denotes the prime
ideal of all functions on M which vanish on N, then N is a Poisson subvariety of
(M,{-,-}) if and only if % (M)/.%y has a Poisson bracket such that the quotient
map K : F (M) — % (M)/#y is a morphism of Poisson algebras. It leads, for affine
Poisson varieties, to the following geometric analog of Proposition 2.8.

Proposition 2.10. Let (M,{-,-}) be an affine Poisson variety and let N be a subva-
riety of M, defined by a prime ideal Sy C F (M). The following are equivalent:

(i) N is a Poisson subvariety of (M,{-,-});

(ii)  In is a Poisson ideal of F(M);

(iii)  For every F € .7 (M), the Hamiltonian vector field Z is tangent to N;

(iv)  Forevery F € F (M) which vanishes on N, the restriction of the Hamiltonian
vector field Zr to N is zero.

Moreover, if one of these conditions holds, then the Poisson structure on N which
makes the inclusion map into a Poisson map is unique.
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2.2.2 Poisson Submanifolds

Another approach is needed in the case of submanifolds of a Poisson manifold, as
submanifolds are, in general, not defined by ideals. Moreover, important examples
of submanifolds in Poisson geometry are not embedded submanifolds, but immersed
submanifolds; even locally they are, in general, not defined by an ideal. Think, for
example, of the leaves of the symplectic foliation of a Poisson manifold (see Sec-
tion 1.3.4).

First, let us recall the basic vocabulary. Suppose that 1 : Ny — M is a map, where
both M and Ny are manifolds. If for every point ng € Ny the tangent map 7,1 :
ThyNo = T,(4)M is injective, then ¢ is said to be an immersion. If the immersion is
injective one says that (No, 1) is an immersed submanifold, or submanifold for short;
one often refers to the subset N := i(Np) of M as being an immersed submanifold,
keeping in mind that N comes with its own differential structure and topology. Since
Ty, is injective we can, by the implicit function theorem, find a coordinate chart
(V,y=(y1,...,ys)) of Ny, containing ng, and a coordinate chart (U,x = (xy,...,x4))
of M, containing 1(ng), with (V) C U, and such that 1 is given in terms of these
coordinates by

(y17~”uys) = (x17~”1-xd):(yla"wySvO,"'aO)u

where s is the dimension of Ny and d is the dimension of M. The coordinate chart
(U,x) for M is then said to be adapted to N at 1(ng).

In the special case in which the topology on N which comes from Ny coincides
with the induced topology from M, i.e., ¢ is a homeomorphism between Ny and
N (equipped with the induced topology from M), one says that N is an embedded
submanifold. Open subsets of N are then restrictions to N of open subsets of M and
every coordinate chart for N, can be extended to a coordinate chart of M, adapted
to N.

When N = 1(Ny) is a submanifold of M, then for n :=1(ng) € N, the subspace
To1(TnyNo) of T,M is denoted by T,N and is called the tangent space to N at n.
A vector field ¥, defined on an open subset U C M, is said to be tangent to N if
¥, € T,N foreveryne UNN.

Definition 2.11. Let (M, 7) be a Poisson manifold. An (immersed or embedded)
submanifold (Ny,:) of M is called a Poisson submanifold if there exists on Ny a
Poisson structure my such that the inclusion map 1 is a Poisson map. Viewing N :=
1(Np) as a submanifold of M, we refer to my as a Poisson structure on N and we say
that N is an (immersed or embedded) Poisson submanifold of M.

We give in the following proposition a characterization of Poisson submanifolds
in terms of (locally defined) Hamiltonian vector fields, as well as in terms of the
symplectic leaves of the ambient Poisson manifold.

Proposition 2.12. Let (M, ) be a Poisson manifold. For an (immersed or embed-
ded) submanifold N = 1(Ny) of M, the following conditions are equivalent:
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(i) N is a Poisson submanifold of (M,1);

(ii)  For every open subset U C M and for every F € % (U), the Hamiltonian
vector field Zr is tangent to N;

(iii)  For every n € N, the intersection of N with the symplectic leaf .%,,(M) con-
tains a neighborhood of n in %,(M);

(iv)  Forevery n € N, the bivector , belongs to N*T,N.

Moreover, if one of these conditions holds, then the Poisson structure on N, which
makes the inclusion map into a Poisson map, is unique.

Proof. (i) = (ii). Let n :=1(ng) € N, where ny € Ny is an arbitrary point. Let
(U,x) be a coordinate chart of M, adapted to N at n. In terms of the coordinates
x = (x1,...,X4), where d is the dimension of M, the Hamiltonian vector field of
F € Z(U) is given, according to (1.33), by

%F_Z{x”F}—qu 2 {xj,F}

Lo j=s+1

where s is the dimension of Ny and {-, -} := 7. Let us denote the Poisson structure on
N by {-,-}o = m. Since ¢ is a Poisson morphism, {x;,F } (n) = {x;jo1,F o1} (no),
which is zero when s+ 1 < j < d, since x; o1 = 0, for such j. It follows that, for
neNNU,

S () ~Ferion(2)

so that (%p) o) € Tn l(TnON()) = T,N, for all ng € Ny, which means that ZF is
tangent to N. Th1s shows that all (locally defined) Hamiltonian vector fields are

tangent to V.

(ii) = (iii). Let n € N and consider the symplectic leaf .#,(M) which con-
tains n (see Section 1.3.4). Since 1 is an immersion, there exists an open subset V of
Nop which contains ng, where n = 1(ng), and an open subset U of M, such that (V) is
a closed, embedded submanifold of U. We also consider the symplectic leaf .7, (U),
which is an open subset of ., (M) (recall that it is, in general, strictly smaller than
Fn(M)NU). We claim that .7,(U) C (V). To show this, it suffices to show that
every Hamiltonian path in U which starts in 1(V), stays in ¢(V). Consider a Hamil-
tonian path y: 1 — U, where I is an open neighborhood of 0 in IF (which is R or C),
with y(0) € (V). It is the integral curve of a Hamiltonian vector field 2F, with
F € Z(U'), which is tangent to «(V), at all points of ¢(V), where U’ is an open
subset of U, containing y(I). Suppose that ¥(I) is not entirely contained in (V).

Consider
I':={tel|yit)ei(V)},

which is an open subset of /, since ¥ is an integral curve of a vector field which is
tangent to ¢(V'). Let I{; denote the connected component of I’ which contains 0. Let ¢/
be an arbitrary element of the (topological) boundary of I and let n’ := y(¢'). Then
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n' € 1(V), since 1(V) is a closed subset of U. Since 7 is an integral curve, passing
through r’, of a vector field which is tangent to :(V'), we have that y(") C «(V) fort”
in a neighborhood of ¢/, which contradicts the fact that ¢’ belongs to the boundary
of I(’). Therefore, all Hamiltonian paths y: I — U, defined on a neighborhood / of 0,
with y(0) € «(V), stay in ¢(V) and (V) D .#,(U). Since the latter is an open subset
of .7, (M), property (iii) follows.

(iii) = (i). Let ng € Ny be an arbitrary point and let n := 1(ng). Since 1 is an
immersion,

Toot: TogNo — TN C T,M

is an isomorphism, while (#ii) implies that 7,,.%,(M) C T,N. It follows that there
exists a unique bivector (7y),, € /\2T,,0No such that

AN (T (TN g = Ton » (2.14)
as the latter belongs to A2T;,.%,(M). We claim that the map

y - Ng — /\ZTN()

no 5 () (2.15)

is a Poisson structure on Ny, such that : is a Poisson map. To see that my is a
(smooth/holomorphic) bivector field on Ny, let ny be an arbitrary point and let
Fy, Gy be arbitrary functions, defined on a neighborhood of ng in Ny. There exists a
neighborhood U of n := i(ny), and functions F,G € .Z (U), such that F o1 = Fj and
G o1 = Gy on some neighborhood V' of ng in Ny. For every n’ = i(n)) € UNu(V) we
have that

v [Fo, Go)(ng) = miy[F o1, Goi](np)
= (7w)y (4 (F o1).dy (Go1))
=y (dyF,dyG) = n[F,G|(1(ng)) ,
where we have used the definition (2.14) of my to obtain the last line. Since n6 —
nt[F,G](1(ng)) is clearly a smooth/holomorphic function on V C Ny, it follows that

7y is a (smooth/holomorphic) bivector field on Ny. The same computation, with
three functions Fy, Gy and Hy, defined on a neighborhood of ng in Ny, yields

7y [y [Fo, Gol , Hol (ny) = 7 [ [F, G, H] (1(np)) ,

for all ”6 in a neighborhood V of ng in Ny. It leads to the Jacobi identity for 7y, so
that my is a Poisson structure on Nj.

According to Proposition 1.19, 1 is a Poisson map; it is clear that 7y is the unique
Poisson structure on Ny, such that z is a Poisson map.

(if) <= (iv). As in the first step of the proof, let (U,x) be a coordinate chart
of M, adapted to N at n € N. On U we can write 7 as
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8
T = z 0j 9 +z z 8 Ix
1<i<j<s Xjo = 1j=s+1 J
where all the coefficients ¢;; are functions, defined on U, with aj; = —oy;. If m, €

A2T,N, then oj(n) = 0 for all i,j with 1 <i<d and s+ 1 < j < d, which is
equivalent to saying that every Hamiltonian vector field on U is tangent to N at n.
This shows that (ii) and (iv) are equivalent. O

2.3 Real and Holomorphic Poisson Structures

This section is devoted to three constructions which are intimately related to the real
or holomorphic nature of Poisson structures.

2.3.1 Real Poisson Structures Associated to Holomorphic Poisson
Structures

Our aim is to construct from a holomorphic Poisson structure on a complex mani-
fold, real Poisson structures on the underlying real manifold. Let M be a complex
manifold of (complex) dimension d € N*, whose underlying real manifold will be
denoted by M. We fix some notations for the different algebras of functions which
will be considered on M or Mp:

(a) S (M) denotes the C-algebra of all holomorphic functions on M,

(b) C”(Mg,C) denotes the C-algebra of all C-valued R-differentiable functions
on Mp,

(¢) C~(Mpg) denotes the R-algebra of all R-valued R-differentiable functions on
Mg,

(d) 22(M) denotes the C-algebra of all anti-holomorphic functions on M, i.e. the
functions of the form F, with F € 7 (M).

We also use analogous notations for the functions defined on an open subset U of M
(or Ur of Mg). We then have

H(U) — C(Ug,C) ~ C(Ur) +vV—1C"(Ug) , (2.16)

where the latter isomorphism consists of writing a C-valued function as the sum
of its real and its imaginary parts. It is clear that every coordinate chart (U,z)
of M, with z = (zj,...,z4) leads to a coordinate chart (Ug,Z) of Mg, with Z =
X1y ey X4, )1, - -, Ya), where x;, yx € C*(Ug) are the real smooth functions obtained
by writing z; = x; +/—1y; under the decomposition (2.16).

Let ¥ be a holomorphic vector field on M. According to (B.8), in a coordinate
chart (U,z), we can write
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”VZi”f/[Zk]i:li"f/[Zk} (a\/_l'a) : (2.17)
k=1 Iz 25 Ix Ik

Decomposing ¥'[z;] into its real and imaginary parts, leads to the definition of
two derivations of C*(Ug), the real and imaginary parts of ¥/, denoted by R(¥)
and 3(7), by putting:

d

w4 1= 3 3 (RO D5+ 805 ). @.13)
d

30)=3% (S0l R0 T 5 ). 2.19)
=1

These two derivations of the R-algebra C*(Ug) extend uniquely to the C-algebra
C*(Ug,C) ~ C=(Ur) + vV/—1C>(Ug), by C-linearity; we will denote these ex-
tensions still by R(¥) and (7). Writing a holomorphic function F on U as
F = G ++/—1H and using the Cauchy—Riemann equations

J9G _oH JIG _ oH
dxe Iy’ Ow  Ox’

one verifies by a direct computation that, for all F € 57 (U),

1 R
‘.R(V)[F]:E“I/[F}, EK(”//)[F}ZEV[F]. (2.20)
These equations characterize R(¥') since (2.18) can be derived from it. Similarly,
the imaginary part 3 (') is characterized by the fact that
v—1 Ay
SONIF) =Y ¥IF), SOIF)= =TT,
for all F € 2 (U). These characterizations imply that R(¥") and (%) are inde-
pendent of the choice of the coordinates and therefore, define (smooth) vector fields
on Mp.
An analogous construction works in the case of bivector fields. Indeed, let P be a
bivector field of M. According to (1.23), we can write P in a coordinate chart (U, z)
as

0 0
P= S P 2l
lgkgjzgd dze  dzy

1 d d d d
_.Z 25 ]WZMZA (5};——VC—]5;;> A\ (5}2——VC—1§};>

1<k<t<d

As above, decomposing P[zx, z¢] into its real and imaginary parts, leads to the defi-
nition of two skew-symmetric biderivations R(P) and 3 (P) of C*(Ur), by putting,
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1 0 0 0 0
R(P) := - R(Pz, — AN— — — N—
(7) 4 1<k§z<d (Plac-d) (ka dx; Iy 3y£>
1 0 0 d d
+- S (Plz, <A+/\>,
4 1<k§2<d (Plawzd) dxi  dye  dyr  dxg

and similarly for 3(P). By definition, R(P) and 3 (P) are skew-symmetric bideriva-
tions of C*(Ug) and they uniquely extend to skew-symmetric biderivations of
C=(Ug,C), by C-linearity. Then, R(P) is, as in (2.20), characterized by the fol-
lowing properties: for all F,G € 52 (U),

R(PF,G) = 5PIF.G],
R(P)[F,G] =0, 2.21)
R(P)[F,G] = %P[F,G]

There is an analogous characterization for the imaginary part 3(P). Because of
these characterizations, we can conclude, as in the case of vector fields, that R(P)
and 3(P) are well-defined bivector fields of Mg. We show in the next proposition
that, if the bivector field P has the additional property of being a Poisson structure,
then R(P) is also Poisson structure. One shows similarly that 3(P) is a Poisson
structure.

Proposition 2.13. If (M, 1t) is a complex Poisson manifold of dimension d, then the
bivector field R(r) is a Poisson structure on My. In local coordinates, R(r) is given
by:

d 0 0 d
d 0 d d
S(ﬂ%@ <5;;/\§§;%-§;;/\5};)

1<k<t<d

where z; = X ++/— 1y and my := w(zk, 20), for 1 <k, 0 < d.

Proof. According to the characterization of R(x), given above, and since 7 is a
holomorphic Poisson bracket, we have, for every coordinate chart (U, z) and for all
F,G,H e 52(U),

)[R (r)[F, G, H] =  {{F, G}, H}
() R () [F, G, H] = 0,
()[R (e)[F, G, H] = 0,
R(m)[(x)[F,G).H] =, (RG] H]
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where we have written {-,-} for . Since 7 satisfies the Jacobi identity, these equa-
tions imply that R(x) satisfies the Jacobi identity, when applied to arbitrary triples
of holomorphic or anti-holomorphic functions on U. In particular, for every coordi-
nate chart (Ugr,Z), the Jacobi identity will be satisfied by R(7x) for the coordinate
functions x; and yy, because they can be written as C-linear combinations of the
holomorphic and anti-holomorphic functions z; and Z;. Then, according to Proposi-
tion 1.16, R(r) is a bivector field of My, satisfying the Jacobi identity, i.e., it is a
Poisson structure on M. 0O

2.3.2 Holomorphic Poisson Structures on Smooth Affine Poisson
Varieties

Let N be an s-dimensional complex affine variety, N C C¢. It is the zero locus of a
prime ideal .# of C[xi,...,x4] and the algebra of regular functions on N is related
to .# by #(N) =Clxi,...,x4]/-# (see Section 1.2.1). Let Hy, ..., H; be a system of
generators of .#. The set of points n of N where the rank of the Jacobian matrix

O0H;
( ox; (n)) i<ist

I<j<d

equals d — s is a (Zariski) open subset of N, called the smooth part of N, and de-
noted N°™. The points of N*™ are called smooth points of N. By the implicit function
theorem, N admits in the neighborhood of every smooth point the structure of a com-
plex manifold, which is the unique structure for which the functions Xl|ys- s Xd|y
are holomorphic. In particular, N is a complex manifold. For every point n in N*™
we can choose s functions among x| s+ Xd|y which constitute local coordinates
of N in a neighborhood of n in N*™ and the other functions x;|,, are then expressible
as holomorphic functions in terms of these local coordinates.

v

Suppose now that N comes equipped with a Poisson structure, i.e., (N, {-,-}) is
a (complex) affine Poisson variety, N C C?. Since {-,-} associates to two regular
functions! on N a regular function on N, we may choose, for every i, j, with 1 <

i,j < d, a representative x;; of the Poisson bracket {xi Xy [ i.e., an element of

Ins

Clx1,...,x4] such that Xijj, = {xilwxj\,v } Since all x;; are polynomials, the skew-
symmetric biderivation
0 0
2 g oy
1<i<j<d i j

defines a holomorphic bivector field on C¢. We use it to construct a holomorphic
bivector field on N°™. Let n be an arbitrary point of N*™ and let F, G be holomorphic

! Recall that a regular function on N is, by definition, the restriction to N of a polynomial function
on C4.
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functions, defined on a neighborhood W of nin N*™. We extend F and G to functions
F and G, defined on a neighborhood U of n in M. For n’ in a neighborhood of V in
NS™_ contained in W N U, we define,

OF )26

It defines the unique bivector field on V such that {xi\vij\N }%) = {xHN Xjly } onV,
for all 1 < i,j < d, hence it is a well-defined holomorphic'Bivector field on N5™,
Since {-,-} satisfies the Jacobi identity for all triples (xi‘ N2 Xy X N), with 1 <i<

J < k < d, the same holds true for {-,-} ,,, which means that the Jacobi identity
holds for {-,-} ., since in a neighborhood of every point, a subset of xj,...,x4
yields a system of local coordinates. This shows that {-,-} leads to a holomorphic
Poisson structure {-,-} s on N°™. In particular, if N is a smooth Poisson variety, so
that N™ = N, the above construction yields a holomorphic Poisson structure on N,
starting from the Poisson bracket on the algebra of regular functions on N.

2.4 Other Constructions

We finish this chapter with a few isolated constructions, which are of a different
nature.

2.4.1 Field Extension

If o7 is a commutative associative F-algebra and if [ is a field extension of F (think
of C, which is a field extension of R), then the tensor product I Qp & carries a
natural structure of a commutative associative [F-algebra, simply by putting, for all
a,b € and forall F,G € o,

a(b®F) := (ab)QF ,
(a®F)(b®G) := (ab)® (FG) .

(2.22)

This very general algebraic procedure is known as “extension of scalars”. In fact,
an F-Lie algebra structure [-,-] on &/ leads, in a similar way, to an F-Lie algebra
structure on IF ®p o7 simply replace the second line in (2.22) by

[a®F,b® G| := (ab) ® [F,G] . (2.23)

Combining (2.22) and (2.23) shows that every F-Poisson algebra (<, -,{-,-}), leads
in a natural way to an F-Poisson algebra (F ®p 7, -,{-,-}). For example, it allows
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one to pass from a Poisson bracket on an F-algebra &/ to a Poisson bracket on
F ®p 7, where F is the algebraic closure of F.

2.4.2 Localization

A classical construction in algebra and in algebraic geometry is to localize a commu-
tative associative algebra <7 with respect to a multiplicative system S in <7 (multi-
plicative means that S, which is a subset of < \ {0}, is closed under multiplication).
When & is without zero divisors, which we assume in the sequel of this section,
the localization <7 /S may be defined as the smallest algebra which contains the el-
ements of .o/ and the inverses of elements of S. Formally this means that one forms
the quotient of o7 x § by the equivalence relation ~, defined by

(F,H)~ (F',H') < FH =F'H . (2.24)

The class of (F,H) is denoted by F /H or by £ and .« /S is made into an algebra by
defining the sum and product of such elements in the way one adds and multiplies
fractions. We think of .27 as a subalgebra of .«7 /S by using the inclusion F +— F/1,
where the latter element is also simply written as F'.

A derivation ¥ of &/ extends to a unique derivation ¥5 of .27 /S. To show this, we
first prove that a derivation %5 of </ /S is entirely determined by its values ¥5[F] =
¥'[F] onelements F = F/1 of «/. For F € o/ and H € S, applying the derivation ¥
to the equality F = %H , we find the familiar formula from calculus,

o= - (2.25)

[F] HY[F]—F ¥ [H]

7/S | =

showing that ¥5 is indeed determined by its values on 7. In order to show that every
derivation ¥ of 7 extends to a derivation of <7 /S one takes (2.25) as a definition
of ¥5. One needs to check that (2.25) is well-defined: to do this, suppose that F{ H, =
F,H), with F; € &/ and H; € S. First, notice that the equality Fy H, = F>H, implies
that ¥'[FiH, — F;H,] = 0, which we write as

YV [F] - V(] _ FY[H\|—F Y [H)] '

(2.26)
H H, Hi H,

The definition (2.25) of ¥5, combined with (2.26) and with the equality FiH, =
F>,Hy, yields
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Ys[Fi/H| = Vs[F2/Ha)

= —RYV[H]/H}+ 7V [F]/H +FEY[H)]/H -V |F]/H)

= —FV[H\]/H} + K,V [H,)/H3 + >,V [Hi)/(HiHy) — LV [Hy) / (Hi Hy)
(RH, — FiH,) V' [H,|/(H}H,) + (FHy — FiH,) V [Ho) / (H1H3)

=0.

This shows that 75 is well-defined. It is easy to verify that (2.25) and the fact that ¥
is a derivation, imply that, for all F,F’ € o/ and H,H' € S, one has that

F F’ F F’ F’ F
75 [ﬁﬁ] g’ H T s H ’ 2.27)

which says that ¥5 is a derivation of <7 /S.

In the same way, every skew-symmetric biderivation P of </ extends uniquely
to a skew-symmetric biderivation Py of <7 /S. As above, one obtains that the basic
formulas which allow one to compute Ps, are given as follows: if F,G € &/ /1 ~ o/
and H,K € S, then Ps[F, G] = P[F,G], and

R[] - nfo. ] -1,

2
H H H (2.28)
o1 1] PIH.K]
SIH'K| ~ H2K?

As above, it is easily checked that Pg is a skew-symmetric biderivation of <7 /S. If P
is a Poisson bracket on 7, then Py is a Poisson bracket on ¢/ //S. That is the content
of the following proposition.

Proposition 2.14. Let (<7 ,-,{-,-}) be a Poisson algebra without zero divisors and
let S be a multiplicative system of <. The localization algebra <7 | S carries a unique
Poisson structure {-,-}¢ which makes the natural inclusion </ — < /S into a mor-
phism of Poisson algebras.

Proof. 1f a Poisson structure {-,-}¢ on A/S, for which .7 < 7 /S is a Poisson mor-
phism, exists, then {-,-}¢ is the extension of {-,-} to .7 /S, as constructed above.
Therefore, we only need to prove the Jacobi identity for {-,-}. Since .7 /S is gen-
erated by all elements F, where F € &/ and 1/H, where H € S, we only need to
verify the Jacobi identity for triples consisting of such elements. Let us do this for a
triple (F,1/H,1/K), where F € </ and H,K € S. From (2.28) we compute,

{1/H,1/K}g, F}g+{{1/K,F}s,1/H}g+{{F,1/H}g,1/K}

= {{H,K}/(HK)*,F};— {{K,F} /K>, 1/H};— {{F.H} /H* 1/K}

= ({{H,K} ,F}+ O (H,K,F))/(HK)* = 2{K,H}{K,F} /(H°K")
—2{H,K}{HK,F} /(HK)> —=2{F,H}{H K} /(H’K?)
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~ {{H.K},F}+ O (H.K,F)
B (HK)? ’

which is zero, in view of the Jacobi identity for {-,-}. O

In the case of an affine variety M there are two important cases of localization. The
first one consists in taking for S the set S,, of all functions F € .% (M) which do not
vanish at a given point m. Then the localization .% (M) /S, is the algebra of rational
functions F/G, with F,G € .# (M) and G(m) # 0. By the above, every Poisson
structure 7T on M will induce a Poisson structure 7s,, on this algebra of functions. Of
course, the algebra of all rational functions on M also inherits a Poisson structure
from M, leading to a Poisson algebra which contains all (% (M) /S,,, 7s,, ) as Poisson
subalgebras.

The second special case of localization consists in taking a non-constant func-
tion G € o/ and considering for S the set Sg := {G" | n € N}. Then .% (M) /S¢ is
the algebra of rational functions F/G", with F € .% (M) and n € N. Picking an in-
determinate & we have an algebra isomorphism

FM)[E]
Piee-)

iFiéi — iFi/Gi )
i=0 i=0

— F(M)/Sc

It follows that the localization .% (M) /S¢ is the algebra of regular functions on an
affine variety, which we may think of as being obtained by removing the zero locus
G = 0 from M. Such an open subset of M is sometimes called a principal open
subset. By the above, every Poisson structure on M will lead to a Poisson structure
on this open subset, making it into an affine Poisson variety.

2.4.3 Germification

Recall that a function germ at a point m of a manifold M is an equivalence class
of functions, defined on a neighborhood of m, where the equivalence is defined by
F ~ G if there exists an open neighborhood U of m in M, such that Fj, = G,.
Recall also that we denote the germ of F' at m by F;,. Suppose that M (or at least a
neighborhood of m in M) is equipped with a Poisson structure and let F;, and G,
be two germs at m, represented by functions F and G, which are both defined on
a neighborhood U of m. For every open subset U’ which is contained in U, the
restriction of 7[F,G] to U’ depends on the restrictions of F and G to U only, hence
the germ (7[F,G)),, of n[F,G] at m is well-defined. Thus, a Poisson structure r,
defined on a neighborhood of m € M leads to a Poisson bracket 7, on the algebra
of germs of functions at m. We may now define an equivalence relation on the set
of all Poisson structures, defined in a neighborhood of m by saying that 7 ~,, &" if
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T, = 7,,. It amounts to saying that if F and G are functions which are defined in
a neighborhood of m in M, then 7[F,G] and 7'[F, G| agree on some neighborhood
of min M. A germ of a Poisson structure at m is then an equivalence class of ~,,; by
a slight abuse of notation we denote the germ of 7 at m by 7,. In bracket notation,
the germ m,, is given by

d OF le;
{Fn.Gm}p =, (xij),, (Tx)m (a_x,»)m , (2.29)

i,j=1

where F and G are arbitrary representatives of F,,, and G,,; also x1,...,x; are local
coordinates, in a neighborhood of m and x;; := {x,-,x j}. Evaluating {F,,, G, },, at m
yields a skew-symmetric bilinear map 7,,M x T,;M — F, which is precisely the
pointwise biderivation at m, associated to the Poisson structure, which we denoted
earlier by m,. Although we have used the same notation m,, for the germ of the
Poisson structure at m and for the Poisson bivector at m, one should not forget that

the germ at m contains more information than the Poisson bivector at m.

2.5 Exercises

1. Determine the algebra of Casimirs of the Poisson tensor product of two Poisson
algebras.

2. Let .o/ and % be two Poisson algebras and let p : &/ — # ® o/ be a Poisson
morphism, where the right-hand side is equipped with the product bracket. Prove
that )

A7 ={Fed|p(F)=10F)}

is a Poisson subalgebra of o7

3. Prove Proposition 2.14 in the case in which &/ may have zero divisors (in
this case, the definition (2.24) of the equivalence relation ~ is replaced by (a,s) ~
(d',s") < Ju € S such that u(as’ — d's) = 0).

4. Reprove Proposition 2.14 by first showing that a biderivation of .2 /S vanishes,
as soon as it vanishes on 7.

5. Let (M;,m;) and (M, m) be two Poisson manifolds. Let ¥ : M| — M, be a
Poisson map. Show that if ¥(M;) is a submanifold of M>, then it is a Poisson sub-
manifold.

6. Let (M,r) be a complex Poisson manifold. Show that every linear combination
of the Poisson structures R(7) and J(x), defined in Section 2.3.1, is a Poisson
structure on Mp.

7. Let  be a Poisson structure on an open subset U of R4, where d > 2, and let F
be a smooth function on U. Show that if 7 has rank at most 2 at every point of U,
then F 7 is a Poisson structure on U.
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8. We assume in this exercise that the reader is familiar with the notion of sym-
plectic manifold (see Section 6.3). Let (M, @) be a symplectic manifold, and denote
by 7 the canonical Poisson structure, associated to @. Prove that the open subsets
of M are the only Poisson submanifolds of (M, r).

9. The purpose of this exercise is to establish the existence of non-trivial Poisson
structures on every (smooth real) manifold of dimension at least 2. Throughout the
exercise we consider RY with its algebra of smooth functions.

a. Show that, if d > 2, then there exists a Poisson structure on RY which has
constant rank 2 in a neighborhood of 0 and which has rank zero outside some
compact subset of RY;

b. Show that, if d > 4, then there exists a Poisson structure on R? which has
constant rank 4 in a neighborhood of 0 and which has rank at most 2 outside
some compact subset of R?. Using Exercise 6, conclude that there exists such
a Poisson structure, which vanishes outside some compact subset of R4:

c.  Generalizing parts a. and b., show that for every s € N, such that 25 < d, there
exists a Poisson structure on R¢ which has constant rank 2s in a neighborhood
of 0 and which vanishes outside some compact subset of R?;

d. Using a coordinate chart, conclude that every manifold of dimension d > 2,
admits a non-trivial Poisson structure; it can be chosen such that its rank, at a
given point, equals a given even integer 2s < d;

e. The following is an open problem: show that for every Poisson structure 7 on
RY there exists a Poisson structure on R? which coincides with 7 in a neigh-
borhood of the origin of 0 and which vanishes outside some compact subset
of RY.

2.6 Notes

The constructions which were given in this chapter are so basic that it is difficult
to give the original references. Most of the geometrical constructions are at least
implicit in Lichnerowicz’s seminal paper [126], in which Poisson manifolds (of
constant rank) were introduced. The algebraic formulation of these constructions
follows easily. For the link between real and holomorphic Poisson structures, ex-
plained in Section 2.3.1, see Laurent—Stiénon—Xu [121].



Chapter 3
Multi-Derivations and Kahler Forms

The Jacobi identity, which is a key element in the definition of a Poisson bracket on
an algebra <7 (or a Poisson structure on a manifold M), can be naturally formulated
in terms of the Schouten bracket on the space X*(«7) of all skew-symmetric multi-
derivations of < (or on the space X*(M) of all multivector fields on M). In a sense,
the Schouten bracket is dual to the differential on the space of Kéhler forms Q° (<)
(or on 2°(M), the space of differential forms on M). See Table 3.1 for an overview
of the algebraic structures which will be explained in detail in this chapter, with
special emphasis on their connections with Poisson structures.

Table 3.1 A summary of the operations which will be considered in this chapter. In the table,
P € X7, where p > 0.

X (o), X*(M) Q* (o), Q*(M)
Algebraic multi-derivation Kahler form
Geometric multivector field differential form
Wedge product ArXxX®—X* A Q2 xQ° — Q°
Differential - d: Q° — Q*F!
Schouten bracket | [-,]s: X® x X* — X*~! -
Lie derivative Lp X — xetrl Lp:Q* — Qe rtl
Internal product - 1p: Q% — Q7P

Since we are using mostly the algebraic properties of these operations, our con-
structions will be mainly algebraic, but they will always be reformulated in geo-
metrical terms. Multi-derivations are introduced in Section 3.1 and Kahler forms in
Section 3.2. The Schouten bracket and the closely related notion of (generalized)
Lie derivative will be introduced in Section 3.3.

Unless otherwise stated, I stands throughout this chapter for an arbitrary field of
characteristic zero.

C. Laurent-Gengoux et al., Poisson Structures, 63
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4_3, © Springer-Verlag Berlin Heidelberg 2013
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3.1 Multi-Derivations and Multivector Fields

In this section, we generalize the notion of a derivation and of a skew-symmetric
biderivation, defined in Section 1.1.1, to the notion of a skew-symmetric multi-
derivation. We assemble all multi-derivations in one graded vector space, which
becomes a graded algebra, upon introducing the wedge product. Multivector fields,
which are the geometrical analogs of skew-symmetric multi-derivations, will be dis-
cussed in Section 3.1.3.

3.1.1 Multi-Derivations

Let o/ be a commutative associative F-algebra and let p > 1. A skew-symmetric,
p-linear map P € Homyp(AP.o7, o7 ) is called a skew-symmetric p-derivation of </
(with values in .«7), if P is a derivation in each of its arguments. By skew-symmetry,
this is equivalent to demanding that P be a derivation in its first argument, i.e.,

P(FG,F,...,Fy)) = FP(G,F,...,F,)+GP(F,F,...,F,), (3.1)

for arbitrary elements F,G,F,...,F, of o/. We keep using our convention, intro-
duced in Chapter 1, to enclose the list of arguments of a skew-symmetric multi-
derivation in square brackets; in this notation, (3.1) becomes

P|FG,P,...,F)| =FP[G,P,...,F,)| +GP|F,P,...,F,)] . (3.2)

In view of the derivation property (3.2), two skew-symmetric p-derivations of <7 are
equal as soon as they are equal for all p-tuples, taken from a system of generators
of <7 in particular, a p-derivation of &/ vanishes as soon as it vanishes on all p-
tuples, taken from a system of generators of .27 (a detailed argument of this fact was
given in the case of derivations in the proof of Proposition 1.6). The vector space of
all skew-symmetric p-derivations of &/ is denoted by X” (<) and we introduce the
graded vector space

X(o) =P X () C PHomp(N' o, ),

peN peN

whose elements are called skew-symmetric multi-derivations. By convention, the
first term in this sum, X°(.27), is just .27, and XP (.7 ) := {0} for p < 0. Every XP (/)
has a natural /-module structure, where for F € & and P € XP (<), the product
FP € XP(4/) is defined by setting

(FP)[F\,...,F,) ;= FP[F,...,F,]

forall Fi,...,F, € &/. Thus, X*(</) is actually a graded .«/-module.
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We often think of .o as being the algebra of regular functions on an affine vari-
ety M; then P is an operator which associates to p regular functions on M a regular
function on M.

3.1.2 Basic Operations on Multi-Derivations

There are two natural composition laws on the graded 7-module X* (/) of skew-
symmetric multi-derivations of a commutative associative F-algebra .o7. The first
one, introduced here, is the wedge product. The second one is a graded Lie bracket,
the Schouten bracket, which will be introduced in Section 3.3.

We first recall the notion of a shuffle. For p,q € N, a (p, q)-shuffle is a permuta-
tion o of the set {1,...,p+¢q}, suchthat (1) <--- < o(p)and o(p+1) <--- <
o(p+q). The set of all (p,q)-shuffles is denoted by S, ;. For a shuffle o € S, 4,
we denote the signature of ¢ (as a permutation) by sgn(o). It is also convenient to
define S, :=0and S_y ,:= 0, for p,g € N.

For P € XP (/) and Q € X9(</), their wedge product PN\ Q € XP19(gf) is the
skew-symmetric (p + ¢)-derivation of <7, defined by

(3.3)
Y, 520(0) PlFs(1)s -+ Fo(p)) QlFs(pi1)s- -+ Fo(pra))

[JS\W

for all Fy,...,F,.4 € «/. Notice that, in particular, FAP =PAF = FP when F €
X0(a7) = . Stated briefly, the wedge product is the skew-symmetrization of the
tensor product (of skew-symmetric multi-linear maps). A priori, we have only that
PAQ € Hom(APt4o/ of), but the reader will easily check that indeed PAQ €
XP*4(4), by showing that P A Q verifies the derivation property (3.2). The wedge
product has the following properties.

Proposition 3.1. Let o/ be a commutative associative algebra. The wedge product
N\ X () x X () = X°()

makes X*(</) into an associative graded <7 -algebra. Moreover, it is graded com-
mutative: for P € XP (/) and Q € X9(<7), one has

PAQ=(—1)MQAP. (3.4)

Example 3.2. If ¥ and # are derivations, then ¥ A # is the skew-symmetric
biderivation, given by

(P ANP)E Gl =VIFI WG| = V[G| V[F],
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for F,G € /. More generally, if ¥1,...,%; are derivations of &/ and Fy,...,Fj are
elements of 27, then
NR] - NF

YilFr] -+ Vil B
Each element F of .o/ defines a graded .7 -linear map
i X)) = XN (),

of degree —1, by taking F as the first element on which the multi-derivation is
evaluated: for P € X7 (&), the skew-symmetric (p — 1)-derivation 1r P is defined by

lFP[FZ,...,Fp} ZZP[F,FQ...,FP], (35)

for all F,...,F, € o/. For a derivation ¥ € X!(7), this yields 1% = ¥[F]; for
a function G (element of X°(<7)), the above definition should be understood as
1rG := 0, since X?(«7) = {0} for p < 0. For every F € &7, the graded linear map
ir is a graded derivation'! of degree —1 of X*(.«7), i.e.,

1F(PANQ)=1rPANQ+ (—1)’PA1pQ. (3.6)

This follows immediately from (3.3), upon using that for every shuffle o € S, 4, one
has that either (1) = 1 or 6(p+ 1) = 1. Also, each derivation ¥ € X!(<7) defines
a graded FF-linear map of degree 0,

Ly X)) > XA,

which is called the Lie derivative with respect to ¥". For P € X7 (<), its Lie deriva-
tive £y P € XP(/) is defined as follows:

P
ZLyP[R,....Fp:==VI[P[R,....Fp)]= Y P[F,.... V[F],...,F] 3.7)
i=1

forall Fi,...,F, € /. Itis easy to check that indeed %y P € X?(.</) by showing that
ZyP, as defined in (3.7), satisfies (3.2). Notice that, in particular, &y F = ¥[F],
for F € o, and Ly W = [V, #], for all ¥, # € X'(/); for a skew-symmetric
biderivation P, (3.7) is precisely (1.35). It follows at once from the definition that
the Lie derivative is a graded derivation of degree 0 of X*(%/):

ZLy(PNQ)=LyPNQ+PNLYyQ, 3.8)

forall P,Q € X*(A).

! See Appendix A (in particular, Section A.5) for the basic definitions and properties of graded
derivations and coderivations.
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3.1.3 Multivector Fields

We have already pointed out in Section B.2 that, in the context of manifolds, the
analog of a derivation, respectively skew-symmetric biderivation, is a vector field,
respectively a bivector field. Similarly, multivector fields are the geometrical analogs
of skew-symmetric multi-derivations. Since the basic definitions and properties of
multivector fields are a direct generalization of what we have seen for bivector fields
in Section B.2, the explanations and justifications which are given in this section are
kept to a minimum.

Let M be a manifold (a real manifold when F = R, a complex manifold when
F =C) and let p € N* and m € M. Generalizing Definition 1.13, we call a skew-

symmetric p-linear map
Fn(M)\"
¥, : (M) ST

~

a skew-symmetric pointwise p-derivation at m, if for all functions F, G, H,...,K,
defined in a neighborhood of m in M,

le(Fme7Hm; e 7Km)
=F(m)¥Yu(Gu,Hn, - ., Kim) + G(m) B (Fn, Hyy - . Kin) -

The vector space of all pointwise, skew-symmetric p-derivations at m is denoted
by APT,,M, since, in a coordinate chart (U,x) around m, a basis of this vector space
is given by the pointwise p-derivations,

DN A2 an (2
8x,~] m ax,-z m 8xip m’

where 1 < i) <ip <--- <i, < dimM; in this formula, the wedge product is the
wedge product of (linear) maps, as in the previous section (see for example Eq. 3.3).
A map, which assigns to every point m € M an element P, of APT,,M is called a
p-vector field on M if for every open subset U C M and for all functions F,...,F, €
F(U), one has that P[F\,...,F,| € #(U), where P[Fy,...,F),] is the function on U,
defined for all m € U by P[Fy,...,Fp|(m) := By((Fi)m,---,(Fp)m), which we also
write as P, [F1,...,F,]. Thus, on every coordinate chart (U,x), the p-vector field P
becomes a skew-symmetric p-derivation of the algebra of functions .% (U) and P
admits the local coordinate expression

0 0
P= Y, Plxi,oxi ) =— A A ,
1<y <<ip<d ! axil axip

(3.9)

where d := dimM. It follows that a p-vector field is a tensorial object: for m € M,
the value of P[Fi,...,Fp](m) depends on the differentials d,,Fi,...,d,,F}, only. This
is a useful fact for constructing multivector fields, since it implies that it is sufficient
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to define a multivector field for all local functions, defined on open subsets which
cover the manifold M.

We denote the .% (M)-module of p-vector fields on M by XP(M) and we de-
fine the graded .% (M)-module X*(M) := @©,enXP (M), which is the geometrical
analog of X*(</). The operations which we have introduced in Section 3.1.2 for
skew-symmetric p-derivations, namely the wedge product A, the contraction 1r by
a function F and the Lie derivative .Zy, are introduced in the same way for p-vector
fields, upon replacing the functions on which they act by local functions. Clearly,
all properties of these operations can be repeated word-for-word, as they are purely
algebraic. However, in a geometrical approach, the formula (3.7) for the Lie deriva-
tive of a p-vector field should be viewed as a property of the Lie derivative, not as its
definition. To give the geometrical definition of the Lie derivative, let us first recall
that if " and #" are vector fields on a manifold M, then their commutator [¥, #/] is
the vector field on M, whose value at m € M is given by

[V,W]m = (ZVW)m = %‘I,OT(D—’('")(DI (W@_[(m)) y (310)
where @; is the local flow of ¥. Notice that the tangent map Tg_, () @: of the map
@, at @_;(m) sends tangent vectors at @, (m) (here, the vector #g_,(,y)) to tangent
vectors at m, so taking the derivative in (3.10) amounts to differentiating a curve
in T,,M. More generally, for P a p-vector field on a manifold M and ¥ a vector
field on M, the Lie derivative of P with respect to ¥ is defined as the p-vector field,
whose value at m € M is given by

(gy/P)m : AP Td),,(m)(pl (PlIL,(m)) . (3.11)

B Ep:o
One immediate consequence of this definition is that £’y P = 0 if and only if P is pre-
served by the local flow of the vector field #". The graded derivation property (3.8)
of the Lie derivative, and hence also (3.7), follow easily from (3.11).

3.2 Kihler Forms and Differential Forms

In this section, we introduce the objects which are, in a sense, dual to skew-
symmetric multi-derivations of a (commutative associative) algebra . the Kahler
forms of 7. In the case of a manifold M, the dual objects to multivector fields are
differential forms. The modules of Kahler forms and of differential forms will be
described in this section, together with their algebraic structure.
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3.2.1 Kdhler Differentials

Let o7 be a commutative associative F-algebra. The module of Kdahler differentials
of @/ (over ) is the .&7-module Q! (.7), which is the free .27-module generated by
the set {d(F) | F € <7}, modulo the submodule, generated by all elements of either
one of the following forms:

d(F+G) d(F)— ( ),
d(FG)—Fd(G) - Gd(F),
d(a),
where a € F and F, G € o/. We write dF rather than d(F) and we consider d as a
map .o/ — Q!(<7), defined by F ~— dF. The pair (Q'(.<7),d) satisfies the following
universal property: for every derivation ¥ : of — <7, there exists a unique .« -linear

map ¥ : Q' (/) — o, such that ¥ od = . In other words, there exists a unique
arrow ¥ which makes the following diagram commutative:

o — s Q)

4’/ - A
\ w7

o

In order to prove the universal property, notice that the commutativity of the diagram
amounts to saying that ¥ (dF) = ¥[F], for all F € &7 It is then clear that ¥ should
be defined as the (unique) .<7-linear map, such that

¥ (GdF) =G V|[F], (3.12)

for all F,G € /. It is indeed easily verified that 7, given by (3.12), is well-defined;
for example, if F, G € <7, then

¥ (d(FG) — FdG — GdF) = ¥ [FG] - F¥[G] - GV [F] =0,

since ¥ is a derivation of <7. Given an arbitrary .7-linear map ¥ : Q' (/) — o7, it
is also clear that ¥ od : &/ — &/ is a derivation of .«7. This fact, combined with the
universal property, implies the existence of a natural isomorphism (of .«7-modules)

x'(o/) ~Hom (Q'(), o), (3.13)

which allows us to think of derivations of .7 as ./ -linear maps on some .27 -module,
intimately related to 7.
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3.2.2 Kahler Forms

In order to generalize (3.13) to skew-symmetric p-derivations, we introduce, for
p €N, the o7-module Q7 (/) := APQ! (7)), where A is the wedge product over .«7;
for p = 0, this should be read as Q°(.7) := &7. Together, the .«7-modules Q7 (%)
form the graded .2/-module

Q) =P ().
peN

The elements of Q7 (), with p > 0, are called Kdhler p-forms, or simply Kdhler
forms. As a vector space, respectively as an «/-module, Q7(o7) is generated by
elements of the form GdF; A- - - AdF), respectively of the form dFj A - - - AdF),, where
G h,....F, € </ . Being, by definition, an exterior algebra, it is an associative,
graded commutative .7-algebra with product A. The F-linear map d : & — Q' (&)
extends by functoriality of A to an F-linear map A°d : A*«Z — Q°(&). Explicitly,
it is given by

AN A(FiA---AFp):=dFy A--- NdF, (3.14)

where Fy,...,F, € o/ Itis clear that A®d is a homomorphism between the algebras
(A*,A) and (2°(<7),N). For every skew-symmetric p-derivation P of <7, there
exists a unique .o7-linear map P : QP (/) — 4, such that the following triangle is
commutative:

The definition of P for arbitrary p is the natural generalization of the defini-
tion (3.12) of ¥/, which corresponds to the case of p = 1. It is given by

P(GdF, A---NdF,) := GP[F,...,F,], (3.15)
forall G, Fy,...,F, € &/. It leads to a natural isomorphism (of .<7-modules):
XP(of) ~Homgy (QF (), ) . (3.16)

For some of the computations which we will do later, it is useful to view P as an
&f -linear map Q°(&/) — o/, so we extend P, defined in (3.15), trivially to Kihler
g-forms, with g # p:

P(GdF A---NdF,) =0, ifq#p, (3.17)

for all G, Fy,...,F, € /. With this notation, the map P — P yields a natural iso-
morphism
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x* (o) = @ Hom,, (Q" (), 7).
peN

Remark 3.3. For p € N, the natural pairing

VX () Ry QP () = o

Poo o (@,P)=Po) (3.18)

induces two o7 -linear maps

¥, 1 XP(s/) — Hom,, (QP(/), ),
¥ : QP(f) — Hom,, (XP (), o) .

As we have seen in (3.16), ¥ is an isomorphism. In general, ¥ is neither injective
nor surjective; however, if 7 is the algebra C(M) of smooth functions on a real
manifold M, the map % is also an isomorphism (see Section 3.2.5).

3.2.3 Algebra and Coalgebra Structure

We now consider the algebra and coalgebra structures on £2°(.</), which are closely
related to the corresponding structures on A®.</, where .o/ is as before a commu-
tative associative [F-algebra. We assume that the reader is familiar with the facts,
recalled in Appendix A (in particular, in Sections A.3 and A.4), that (A®<7,A) is an
associative, graded commutative F-algebra, and that (A*<7, A) is a coassociative F-
coalgebra. Since Q° (&) is an exterior algebra (over <), we have, as we mentioned
in the previous section, a wedge product on Q°(</), also denoted by A, which
makes (Q°(47),A) into an associative, graded commutative o7 -algebra. Also, it
leads to an <7 -linear coassociative coproduct

A QN () = Q) R,y Q)

which is defined in the same way as in the case of A*/ (see (A.17)). Namely, A, ,
is given, for p,q € N, and Fi, ... ,F,44 € o/ by

Apg(dFi A+ AdFy, ) (3.19)
= 2 Sgn(G)(dFo(l)A---AdFG(p))®(dF6(p+1)/\---/\dFG(,,+q)).

(SN
Recall that coassociativity means that

It is clear, from its definition (3.14), that A*d is a homomorphism of the F-coalgebras
(Ao, A) and (Q°(),A).
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A useful application of the coproduct A of Q°(<7), is that the wedge prod-
uct (3.3) of two multi-derivations P, Q € X*(&/) can be expressed in terms of A,
as follows: -

PAO=vo(P®0)oA, (3.21)

where Vv is the canonical isomorphism

Vi @y QN () = Q)

(3.22)
Foo — Fo.

We used v in (3.21) only for the case of @ € Q°(e7) = o, but we will need its
general form later on; in particular we will need the following properties of v:

Pov=vo(ly®P),
° °(ly®@F) (3.23)
Aov=(VRLge(y))o(ly®A),

where P € X*(&). The proof of these properties follows at once from the definition
(3.22) of v.

3.2.4 The de Rham Differential and Cohomology

The differential d : &7 — Q' (%) extends to a well-defined graded F-linear map
d: Q%) = Q" (),
by putting
d(GdFi A---NdF,) :=dGAdFi A--- AdF, , (3.24)

forall G, F1,...,F, € @/, where p € N. It is called the (algebraic) de Rham differ-
ential. It is a graded derivation, of degree 1, of (2°(<7),A), as

dloAnn)=doArn+(-1)’oAdn, (3.25)

for w € QP(of) and N € Q°*(/), an easy consequence of (3.24). Since da = 0 for
every a € IF, it follows from (3.24) that dod = 0, so that d is a coboundary operator
and the sequence

00— Qo) —4= QY (w) — Q) —Ss -

is a complex, called the (algebraic) de Rham complex. A Kahler p-form o for which
dw = 0Ois called closed, while it is called exact if it is contained in the image of d. By
the above, exact Kahler forms are closed, which leads, for p € N, to the cohomology
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space’
» Ker(d: QP (o) — QP (7))
Hyp() = T Op—1 J
Im(d: Q71 (o) — QP (o))

where it is understood that HOy(</) := Ker(d : &/ — Q!(&/)) = F. The F-vector
space H1y (<7 ) is called the p-th de Rham cohomology space and the graded vector

space
Hig(/) := D Hijp ()
peN

is called the (algebraic) de Rham cohomology of <7 .

The derivation property (3.25) of d implies the following two facts: (1) the wedge
product of two closed Kahler forms is closed; (2) the wedge product of an exact
Kahler form with a closed Kahler form is exact. Combining these two properties
shows that there is an induced product

A Hop( ) x Hip (') — Hjp()
(@], [n]) = [oAn]

where [w] denotes the de Rham cohomology class of a closed Kéhler form . It fol-
lows that (H3,(7), A) is, just like (2°(.2), A), an associative, graded commutative
F-algebra.

To close this section, we wish to point out that €° leads to a covariant functor
from the category of commutative associative F-algebras to the category of graded
F-vector spaces (associative, graded commutative F-algebras, if you wish). Namely,
let ¢ : o/ — A be an algebra homomorphism, where <7 and % are commutative
associative algebras. For every p € N, the induced linear map Q7 (¢) : QP(o/) —
QP(A) is defined as follows:

Qr(g): Qo) — QP (B)
GdF A+ AdF, — 0(G)do(F)A---Ado(F,) .

From this definition, it is easily verified that £2° is indeed a covariant functor. Since
Q°*(¢) and d commute, 2°(¢) induces a graded linear map of degree O:

Hag(0) - Hag() = Hgg(A) -

It follows that HJ, is also a (covariant) functor.

2 Notice that it is only a vector space and not an .o/-module, as the differential d is only F-linear.
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3.2.5 Differential Forms

There are several equivalent ways of defining the notion of a differential form on a
manifold. The most economical definition of a differential p-form on a real manifold
is that it is an .# (M )-linear map from X? (M) to .% (M). In other words, it is a skew-
symmetric, .7 (M)-p-linear map from X'(M) to .#(M). This definition does not
work in the case of a complex manifold since, as we have already said, the space of
holomorphic functions on M may consist of constant functions only. To remedy this,
one considers local functions and local vector fields. Namely, given a manifold M, a
map which assigns to every m € M an element w,, € A\’T,;M, is called a differential
p~form if for every open subset U C M and for all vector fields #1,...,7, € X' (U),
one has that o(%,...,%,) € Z#(U), where (71,...,7)) is the function on U,
defined by
(D(% [RRRE) 7/[1)(’/”) = wm((% )m, ces (7/17)"1) )

for all m € U. Thus, on every coordinate chart (U,x), the differential p-form ®
becomes a skew-symmetric .% (U)-p-linear map from .% (U) to itself. It follows
that @ admits the local coordinate expression

0 0
o= D w(a,...,@)dxil/\---/\dxip, (3.26)

1<i <-<ip<d

where d denotes the dimension of M. Just like a p-vector field, a differential p-form
is a tensorial object: for m € M, the value of ®(%1,...,7},)(m) depends only on the
values at m of the vector fields 7#1,...,7), which is a useful fact for constructing
differential p-forms.

The % (M)-module of differential p-forms on M is denoted by Q7 (M) and we
define the graded .7 (M)-module

QM) =P Qrm),
peN

which is the geometrical analog of the .7-module Q°(</), which was defined
in Section 3.2.2. If U is the domain of a coordinate chart on M, then Q7 (U) =
APQY(U), just like in the case of Kihler differentials, although Q7 (M) # AP Q' (M),
in general. The fact that, locally, 27 (M) is an exterior algebra, leads to a product,
called the wedge product of differential forms. It makes Q°(M) into an associative,
graded commutative algebra. The differential of a function, which we introduced in
Section 1.3.1, is naturally viewed as a linear map d : Q°(M) — Q'(M). It extends
to a unique graded derivation of Q°(M) of degree 1, which means that

dlonn)=doArn+(-1)’oAdn, (3.27)

for o € QP(M) and N € Q°*(M), just like in (3.25). In a coordinate chart (U,x), it
leads to the classical formula for the differential of a differential p-form, namely,
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d( z Oy ..i, dxi /\~~~/\dxip>

1<ip<---<ip<d
d aa)il,...,ip
== Z Zdej/\dx,l/\/\dx,p,
1<iy <<ip<d j=1 Xj
and d is called the de Rham differential. It has formally the same properties as the
algebraic de Rham differential, in particular it leads to a complex, known as the de
Rham complex, whose cohomology

Ker(d : Q7 (M) — QP+1(M))

Hir(M) := D Hip(M) := D Im(d: QP~1(M) — QP(M)) ’

peN peN

is called the de Rham cohomology of M. In the manifold case, the properties of the
de Rham differential are usually derived from the following explicit formula: d® is
given, for @ € QP (M), by

p . ~
do(16,%,..., %) = 3(~1)¥ [a) ("//07/17/7/,,)] (3.28)
i=0
+ (_1)l+ja)([’7/177/]]77/077%}177/7/;777/[1) 9
0<i<j<p
where 79, ..., 7, are arbitrary local vector fields on M.

3.3 The Schouten Bracket

In this section we introduce a few extra natural operations on the graded algebras
of skew-symmetric multi-derivations and of Kahler forms on a commutative asso-
ciative algebra 7. The first one is an action of X*(<) on Q°(«/), which gen-
eralizes the natural pairing between multi-derivations and Kahler forms, which we
encountered in Remark 3.3. The second operation is the Schouten bracket which ex-
tends the classical commutator of derivations to the case of skew-symmetric multi-
derivations. It will lead at the end of the section to the so-called Gerstenhaber al-
gebra structure on X°*(2) and to two generalizations of the Lie derivative, acting
in one case on the algebra of multi-derivations, in the other case on the algebra of
Kahler forms, where the derivative is in both cases taken with respect to a multi-
derivation. In the geometrical setting, this yields for every manifold M on the one
hand an action of the graded algebra of multivector fields X*(M) on the graded al-
gebra of differential forms Q°(M) and on the other hand a graded Lie bracket, the
Schouten bracket, on X*(M).
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3.3.1 Internal Products

The universal property of the graded <7 -module Q° (/) of Kihler differentials on a
commutative associative algebra <7 leads to a natural action of X* (%) on Q° (),
often referred to as the internal product. To introduce it, we associate to P € X7 (7)),
the graded <7 -linear map of degree —p,

1p: Q) = QP ()
which is defined for @ = dFy A --- AdF} € Q% (7)), by

ip(dFy A+ ANdFy) = 2 Sgn(()')P[F(,(I)7 . ,FO-([,)] dFs(pry A ANdFg(
O'ESp'k,p

(3.29)
when k > p, and otherwise 1p@ := 0; for F € %0(,@7) = 47, (3.29) has to be under-
stood as 1@ := F®. The reader may wish to write the definition of ip differently,
using

P[Fg(l), e aFO'(p)] =P (dFG(l) ARER AdFo‘(p)) .

With this notation, it is obvious that the restriction of 1p to QP (/) is just P, which
was defined in (3.15); the restriction to the spaces Q9(.</), with ¢ # p, is however

different, since P acts trivially on them (see (3.17)). It also follows that 1p can be
written, for every P € X*(.«7), in terms of the coproduct A, defined in (3.19), as

lP:VO(ﬁ@]lQ.((Qf))OA . (3.30)

As a consequence, 1p is the adjoint of taking the wedge product with P: for P €
XP(«) and Q € X9(/) and @ € QP19(a/), we have in terms of the notations
in (3.18),

(1ipw,0) = (0, PNQ) . (3.31)

Indeed, (3.30), (3.23) and (3.21) imply that, on Q?"9(&),

QOIP = QAOVO([A’@]].Q-(M/))OA

=vo(ly®0)o (PR lge(s)) oA

=vo(P®Q)oA

= P/\/\Q ’
which yields (3.31), when applied to @ € QP9(«/). Equation (3.31) explains the
notation ip: as in the case of 1p (F € &), defined in (3.5), 1p provides @ with the
p-derivation P as its first p arguments. Yet, when considering 1rG for F,G € &/
one should decide from the context whether G is interpreted as a O-derivation or as

a 0-form, since in the first case irG = 0 (as defined in (3.5)), while in the second
case ipG = FG (as defined in (3.29)).

In the following proposition, we establish the main properties of 1.
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Proposition 3.4. Letr o/ be a commutative associative algebra. The following iden-
tities hold, for P € XP(/) and Q € X1():

(1) poig=19np;
(2) [psig] =1poig—(—1)Pligoip =0;
(3) ForeveryF € o and ® € Q*():

ip(dF ANw) = Lpp) O+ (=1)PdF A ipw . (3.32)

Proof. We give three different proofs of (7). The first one is a quick proof, but it
is not valid for general algebras, because we assume that Hom,, (XP (%), o) ~
QP (o), for all p € N (see Remark 3.3 at the end of Section 3.2.2). Applying (3.31)
three times, we find for every @ € Q¥(.«7) and for homogeneous elements P, Q and
R of X*(/), whose degrees sum up to k,

(torr@,R) = (0,(QAP)AR) = (0,0 (PAR))
- <lQa)vP/\R> = <ZP(lQ (D),R> :

(3.33)

Under the above assumption, the fact that (3.33) is valid for all R, implies that
1onp @ = 1p(1g @), for all @ € Q°(<7), which leads to (1). Our second proof is
based on the fact that A is coassociative. To simplify the notation, we will write 1
for Lge(); using (3.30), the properties (3.23) of v, the coassociativity (3.20) of A
and (3.21) (in that order), we find

0oAovo(Q®1)oA
o(vel)o(ly®A)o(Q®1)0A
0(1y®PR1)o(0@1R1)o(1®A)oA
0(Q®P®1)o(A®1)0A
Q®P)oA)@1)oA

=Vo (Q/\P@]l) oA

= IgAP -

lpOlQ =

vo(P®1)
vo(P®1)
=vo(v®1l)o
vo(v®1l)o
vo((vo(

This terminates the second proof. For the third proof, we show by direct computation
that
(lp o lQ) (dF1 ARREWAY dFk) = IQAP (dF] AREE /\dFk) (3.34)

for all Fy,...,F;. Since 1p is .o/ -linear for all P € XP (&), this will provide a third
proof of (1). Since 1pw = 0 for ® € Q9(</) when g < p, where P € XP(&), it
suffices to prove (3.34) when k > p + ¢. On the one hand,

lpOlQ(dFl/\“-/\dFk)

=1p Z Sgn(G)Q[FG(l)a' ()]dF (g+1) "'/\dFa(k)

O'GSq‘k,q
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= Z Sgn(T)Q[FT(l)v"'7F‘r(q)}P[F‘r(q+l)a"'vFT(q+p)]

7€y pk—q—p

dFT(q+p+l) AN /\dFr(k) )

where S, , k—p—q is the set of all permutations ¢ of the set {1,...,k} which are
increasing on the intervals 1,...,gand g+ 1,...,g+pand g+ p+1,...,k. On the
other hand, (3.29) and (3.3) lead to

IQAP (dF1 AREE /\dFk)
= X salp)QAPEy ) Fpgip)dFp(grpin A AdFp

Pesq+p,k—q—1y
= Z Sgn(T)Q[FT(l),...,Ff(q)]P[FT(q+1)7...,FT(qup)]
T€Sqpk—g—p

dFr(q+p+1) AR dFr(k) )

which yields the third proof. The point of this computation is that an element of
Sq.pk—p—q can be uniquely obtained from a shuffle 6 € S, 4, followed by a shuffle
of the set 6(g+1),...,0(k), or from a shuffle p € S, k- followed by a shuffle
of the set p(1),...,p(qg+ p).

The proof of (2) is immediate from (1), since the graded commutator is given by
[tp,1g] =1poig— (—1)PTigoip =1gap — (—1)"1ppg, and since PAQ = (—1)PIQA P
(graded commutativity, see (3.4)).

We now prove (3). Since, for every O € X*(</), the map 19 is </-linear and
the wedge product is also .o/ -bilinear, we can suppose that  is of the form w =
dFyA\---AdF, withk e N* k> p—1and Fy,...,F; € <. In this case,

lp(dF ANAFyNA--- A dFk)

= z Sgn(c)P[FvFo(l)w--yFG(p—l)]dFG(p)/\"'/\dFG(k)
OES) 1 k—p+l
+ z (-1)? sgn(‘L’)P[FT(l), . 7F‘L'(p)] dF A dFr(p+1) ARRE /\dF‘L'(k) ,

T€Spk—p

since every (p,k — p+ 1)-shuffle of {0,...,k} has O as the first element in its first
part or in its second part. The first sum is exactly 1(,,.py(dFi A--- AdF}) = 1(,,.p) @,
while the second sum is given by (—1)PdF Aip(dF) A--- AdF) = (—1)PdF AN ipo.
This yields a proof of Eq. (3.32). O

For P € XP (), the operation 1p : Q°*(«/) — Q°* P(4) is closely related to the
natural extension of P : AP« — &/ to a coderivation

P:Aof — NPT (o)

of degree p — 1 of (A*/,A). It is defined by
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P(F] N ANFy) = z sgn(‘c)P[FT(l), . 7FT(p)] /\FT(IH'U AREE /\Fr(k) , (3.35)

TESp‘k_p

for k > p and P(Fy A\ --- A Fy) := 0 otherwise (see Example A.4 in Appendix A).
Comparing this formula with (3.29), it is clear that dop and P correspond under
the map A°d: A/ — Q°(<7), i.e., the following diagram is commutative:

Aot d APy
/\'dl J//\'d
Q* () il Q)

QU P()

As before, the algebraic constructions in this section, in particular the internal
product, can easily be transcribed for the case of a manifolds. For a manifold M, the
internal product is an action of X*(M) on Q°(M), where we recall that X*(M) is
the .% (M)-module of multivector fields on M and Q°(M) is the .# (M)-module of
differential forms on M. This action is defined as in (3.29), the functions Fi, ..., Fj
being now arbitrary local functions on M. The formulas in Proposition 3.4 remain
valid, with P,Q € X*(M), with @ € Q*(M) and F € .7 (M).

3.3.2 The Schouten Bracket

We now introduce the Schouten bracket, which is a product of skew-symmetric
multi-derivations, based on the operation of composition. It is a family of maps

[, )s: XP () x X() = XPH N ()

for p,q € N, which therefore only respects the grading up to a shift over 1, suggest-
ing to shift the degree of all multi-derivations by 1. Namely, we define X7~ ! (&) :=
XP(of), for p € N, and we call p := p — 1 the shifted degree of an element P of
XP (o) = XP(a/). Thus, elements of <7 have shifted degree —1, derivations of .«
have shifted degree 0, and so on. Notice that p+ ¢ — 1 = p+ g, so that the Schouten
bracket is a family of maps

[ )5 XP (o) x Xt ) = XPH ()

for p,g € NU{—1}, hence respects the (new) grading. It is defined, for P € XP()
and Q € X%(</), and for Fy,...,F5,5+1 € </, by
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[P,Qls[F1,. ... Fpig+1]

= z Sgn(c)P[Q[FG(I)V"7F6(q)]7FG(q+1)a~"7F6(q+[7)] (3.36)
O'GSq_f,
—(—1)1_”7 z Sgn(o)Q[P[Fc(l)w"7F0'(p)]aF6(p+l)7"~7Fc(p+q)]'
GESp.q

A priori, we have only that [P,Q]s € Hom(&7®(P+4+1) 7)) but the reader will eas-
ily check that indeed [P,Q]s € XP+4+! (/) = XP+4(/), by showing that [P,Q]s is
skew-symmetric and verifies the derivation property (3.2). In the case of a manifold,
the Schouten bracket of multivector fields is defined as in (3.36), but replacing the
functions F; by local functions.

The Schouten bracket can be seen as a generalization of many classical elemen-
tary operations on functions, derivations and multi-derivations. First, let Q :=F € &/
and P € XP(a/), then [P,F]s = 1tz P (see (3.5)). Second, let P:= ¥ € X' (/) and Q €
X4(d), then [V, Qs = Ly Q, the Lie derivative of Q with respect to ¥ (see (3.7)).
Third, the Schouten bracket of two skew-symmetric biderivations P,Q € X?(</) is
given by

[P,Qls[F1, F>, F3] = P[Q[F1, F2], F3] + Q[P[F1, F»], F3]+ O (F1,F2, F3),  (3.37)

where F}, F,,F3 € /. This leads to the following result.

Proposition 3.5. Let o/ be a commutative associative algebra. If P is a skew-
symmetric biderivation of <7, i.e., P € %2(427 ), then P defines a Poisson bracket
on & if and only if [P, P]s = 0.

Similarly, in the case of a manifold M, a bivector field P on M defines a Poisson
structure on M if and only if [P,P]s = 0.

We say that P,Q € X?(&/) are compatible if [P,Q]s = 0. It follows that two Pois-
son brackets P and Q are compatible if and only if their sum (equivalently, an arbi-
trary linear combination with non-zero coefficients) is a Poisson bracket.

In the following proposition, we express the Schouten bracket in terms of the de
Rham differential.

Proposition 3.6. Let <7 be a commutative associative algebra. If P and Q are two
skew-symmetric multi-derivations of <f, then

[ep.d],10] = ypg); - (3.38)
This formula is called Cartan’s formula.

Proof. We prove Cartan’s formula for elements P € XP(«7) and Q € X9(/). Let
us first show that the linear map [[ip,d],1p] is <-linear. We take F' € o/ and @ €
Q* (7). Then, using (3.32),

[lp,d] (Fw) = 1p(dF AN@) + Fipdo — (—1)Pd(Fipo)
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= l(lFP)(J)-I—FlPdCO— (—1)delp(D
=Flip,do+1,p0,

so that

[[ep,d], 10] (F )

= [ip,d)(Fioo) — (—=1)"1g[tp,d](F o)

= F[lp, ](ZQ(D)—FI (1pP)lQ®O — ( l)ﬁqFlQ[lp,d](D— (—1)[7qu1(le)(0
= F[[lf’vd]’ Q}

where we have used in the last step that [l(, #P)s zQ] = 0 (Proposition 3.4). This shows
that
[lip,d] ,10] : () — Q* P74 ()

is .o -linear. It follows that, in order to establish Cartan’s formula (3.38), we only
need to show that

lpde(D — (—l)pdlplQ(D — (—1)ﬁqud1P(D = Z[RQ]SCO s (3.39)

for w of the form @w = dF; A --- AdFy, where F,...,F; € o/ and where k € N.

We do this by induction on £, starting with k = 0, so that we take @ :=1 € &
Notice that both sides in (3.39) have degree k — p — g+ 1, so that when k = 0,
both sides of (3.39) are zero as soon as p+¢q > 1. If p+¢g = 1, we may suppose
that p =1 and g = O (the case p = 0 and ¢ = 1 is obtained by symmetry): then
P:=7 € X' (&) and Q := F € &/ and the right-hand side of (3.39) (with @ = 1)
is given by 1y p| 1 = 1)1 = ¥[F], while the left-hand side is given by 1, dF +
diy F —ipdiy 1l =19dF = ¥V[F], as 1y F = 0 for degree reasons. If p+ g = 0, then
p=q=0sothat P:=F and Q := G, with F,G € &/ Then [F, G| = 0, while the left-
hand side of (3.39) reduces to 1(7dG — d(FG) +16dF = FdG —d(FG) + GdF = 0.
This shows that (3.39) holds for @ of degree 0, for all P and Q.

We now assume that (3.39) holds for @ € Q*(7) and we show that it holds
for dF A @, where F € </ is arbitrary. On the one hand, (3.32) and the induction
hypothesis imply that

1pg)(dF A @)

= 1Pl @ — (= 1) T1dF Atjpg 0

— 1y poly) @ — (—1)PH9AF A ([p,d] 1] @)

= (1)1 0 @+ 1y 01, @ — (—1)PHIAF A ([[1p,d] 1] @), (3.40)

where we have used

17[P,Qls = (=1)? 1P, Q]+ [P,1r Ol
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to obtain the last line, which is similar to (3.6), and is a direct consequence of the
definition of [P, Q]s. Equation (3.40) has to be compared to [[1p,d],19] (dF A @), i.
to

(tpdig — (—1)Pdigap — (—l)ﬁqudlp) (dF ANo) . (3.41)

Using (3.32) twice and (3.25) once, we find

tpdig(dF A @) = lpdl(,FQ)a)— (—1)%p(dF Ndipw)
= lpdl(,FQ)(D — (—l)ql(le)dea) — (—1)p+qu/\lpdea) .

Similarly, we compute, using (3.32) and (3.6)

digrp(dF Aw) = di(onp) © + (*1)q+ﬁdF/\de/\p(D
= dig00p) @ + (= 1)!dignp) @+ (=1)7PdF Adignre .

If we substitute these results in (3.41), then we find nine terms which can, by using
the induction hypothesis twice, be written as follows:

(tpdipg) = (=1)Pdiponp) = (= 1)1 0)d1p) © = 11p )@
(=17 (1ppydig + (= 1)Pdiggpip) — (= 1) igdi(,p) © = (—1) 7y, pg) ©
dF A (= (=1 pdig + (—1)Tdignp — (= 1)P1pdip) 0 =
—(=1)P*9dF A ([[zp,d] ,10] @) .

This yields precisely the three terms in (3.40). O

Cartan’s formula leads to a simple proof of the main properties of the Schouten
bracket, as given in the following proposition.

Proposition 3.7. Let o7 be a commutative associative algebra. The Schouten bracket
[]s 1 X () x X)) = X))
defines a graded Lie algebra structure on X*(/), meaning that, for all homoge-

neous elements P,Q and R in X*(</), of respective shifted degree p, g and F,

(1) [P,Qls € XPH();
(2) [P,Qls=—(—1)P4Q,P]s (graded skew-symmetry);
(3) (=1)P"[P,|Q,R]s]s+ O (P,O,R) =0 (graded Jacobi identity).

Moreover; the associative product A and the Lie bracket [- ,-]s are compatible in the
sense that [-, P is a graded derivation of (X*(/),\) of degree p:

[QAR,Pls =[Q,Pls AR+ (—=1)MQA[R,Pls , (42
(graded Leibniz identity),

with P,Q and R as above. In view of the graded skew-symmetry of [-,-|s, one also
has, for such elements,
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[P,OAR]s=QN[PR]s+ (=) [P,QJs AR (3.43)

Proof. (1) and (2) follow at once from the explicit formula for the Schouten bracket
(Eq. (3.36)). Notice that the graded skew-symmetry also follows from Cartan’s for-
mula (3.38). Indeed, the graded Jacobi identity for the graded commutator |-, -],

(=D {[ep,d] ;0] + (=1)" [[d, 1], 2] + (=1)[[ag; 1p],d] = 0,
leads, since [1g,1p] = 0, to
tio.ps = [, d),1p) = —(=1)P[[1p,d],10] = — (= 1)Pypg.

which proves that [Q, P|¢ = —(—1)P4[P, O], since P — 1p is injective. We next prove
the graded Jacobi identity for [-,-|s. Let P € XP(/) and Q € X%(</). We associate
to these multi-derivations, the coderivations P (of degree p) and Q (of degree g) of
the coalgebra (A*/,A), as in (3.35). We claim that

—_~—

[P,0] =[P,Qls . (3.44)

Since both members are coderivations of A®*<7 of degree p + g — 2, it suffices to
verify that they agree in degree k := p+ g — 1 (see Example A.4 in Appendix A).
For F1,...,F; € o/, we have that

which leads, in view of (3.36), to

—~—

[P,O)(F\,....Fy) = [P,Qls[Fi,....F] = [P,Qls(F,....F) .

This shows (3.44). As a consequence, for all skew-symmetric multi-derivations P, Q
and R,

(IP.[Q.RIsls)” = |P,0.Kls| = [P, [0.K]]
and the graded Jacobi identity for the Schouten bracket follows from the graded
Jacobi identity for the commutator of coderivations.

The Leibniz property of the Schouten bracket follows easily from Cartan’s for-
mula. Indeed, for P,Q and R as in (3.43), Cartan’s formula and (/) of Proposition 3.4
imply that

ponr)y = e d] 10nk] = [[tp,d] 1R 010]
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= [ltp,d], k] 019+ (=1)Pig 0 [[1p,d] 1]
= 1o7prs (= 1) 11pglonR »

which yields (3.43), and hence also (3.42). We have used the formula®

(W, 9100] = [y, 1] 0+ (—1)N19¢; 0 [y, o], (3.45)

which is valid for graded linear maps ¢, ¢, and y, of respective degrees di, d
andd. O

We have equipped X* (/) with two graded algebra structures: the wedge product A,
which is associative and graded commutative, and the Schouten bracket |-, -], which
is a graded Lie bracket (with respect to a different grading). Moreover, we have seen
that these two products are, in a sense, compatible. Formalizing these properties
leads to the notion of a Gerstenhaber algebra.

Definition 3.8. Let V* = @ ,czV), be a graded F-vector space and denote by p :=
p — 1 the shifted degree of P € V,,. Suppose that V is equipped with two multiplica-
tions A and [-,-], such that

() (V*,A) is an associative, graded commutative algebra over F;
(2) (V*,[-,-]) is a graded Lie algebra over IF, with respect to the shifted grading;
(3) The two algebra structures are compatible in the sense that

[QAR,P]=[Q,P] AR+ (—1)MQAI[R,P],

where P,Q and R are arbitrary homogeneous elements of V*, of degree p,q
and r.

Then (V*,A,][-,-]) is called a Gerstenhaber algebra (over F).

Comparing the three items in Definition 3.8 to the ones in Definition 1.1, one sees
that the notion of a Gerstenhaber algebra is a natural graded analog of the notion of
a Poisson algebra.

Proposition 3.7 can be reformulated by saying that for every commutative asso-
ciative [F-algebra o7, the graded F-vector space X* (<), equipped with the wedge
product and the Schouten bracket, is a Gerstenhaber algebra (over IF). In the case of a
manifold M, the graded F-vector space X°*(M) of multivector fields on M, equipped
with the wedge product and the Schouten bracket, is a Gerstenhaber algebra.

3.3.3 The Algebraic Schouten Bracket

For any Lie algebra (g, [-,-]) there is a graded Lie algebra structure on A®g, which is
the natural extension of the Lie bracket [-,-] on g. It is very similar to the Schouten

3 The formula is a graded version of the well-known matrix identity [x,yz] = [x,y)z + y[x,]; also,
it is half of the Jacobi identity (A.13).
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bracket on multi-derivations, in particular it only becomes a graded Lie algebra
structure when we shift the grading: for p € N*, we let AP~ g := APg and we let
p := p — 1. The definition and main properties of the graded bracket on the graded
vector space A°g = ®renAXg are given in the following proposition.

Proposition 3.9. Let (g,[-,-]) be a Lie algebra and let [[-,-]] denote the bracket
on N\*g, defined for all pairs of monomials by

[xi A Axp,yi A= Ayl (3.46)

J—— p q . .
= (=DPIY N (1) i,y AXE A AG A Axp AL A AT A Ay .
i=1j=1

Then (A\*g, A, [-,-])) is a Gerstenhaber algebra. The graded Lie bracket |- ,-]] on \*g
is called the algebraic Schouten bracket.

Proof. The proof of each one of the properties of (A®g, A, [[-,-]]) is either immediate
from the definitions or follows from a direct computation. Using the graded Leibniz
identity

YAZX] =Y, X]AZ+(-1)PMY A[Z,X]), (3.47)

valid for all X € APg, Y € A9g and Z € A®g, the graded Jacobi identity can be
proven easily by recursion, since for three elements of shifted degree zero, it is just
the Jacobi identity in g, while if at least one element is a monomial of higher shifted
degree, say X, it can be written as X = X’ A x, with x € g and X' € A®g, of lower
degree. For a quick proof of (3.47), one clearly only needs to check that the signs
in the right-hand side of (3.47) are correct, which follows at once from the graded
skew-symmetry of [-,-]]. O

3.3.4 The (Generalized) Lie Derivative

We have already encountered the Lie derivative of a multi-derivation with respect
to a derivation in Section 3.1.2; it is the algebraic analog of the Lie derivative of a
multivector field with respect to a vector field, as briefly discussed in Section 3.1.3.
As we have shown in Section 3.3.2, the Lie derivative can be written in terms of the
Schouten bracket, namely .2y Q = [¥, 0], for ¥ € X! (/) and Q € X9(</) (as be-
fore, &7 is a commutative associative algebra). Since [-,-]s is a graded derivation of
degree one in its first argument (see (3.42)), taking the Schouten bracket with a given
p-derivation P, is a natural generalization of the Lie derivative, called generalized
Lie derivative, or simply Lie derivative. Explicitly, for P € XP (<), the generalized
Lie derivative .%p is given by the graded linear map (of degree p = p — 1)

Lp X () > TP ()

0 (POl (3.48)
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The properties of the Schouten bracket, given in Proposition 3.7, lead at once to the
following properties for this generalized Lie derivative.

Proposition 3.10. Let </ be a commutative associative algebra and let P,Q and R
be homogeneous elements of X*(</) of shifted degrees p,q and r. Then

(1) QcXPti(o); )
(2) ZLp(QAR)=QANLpR+(—1)P"(LPpQ)AR;
(3)  Zp[O,R]s = [LPO,R]s+ (—1)P]Q, ZpR]g .

In the geometrical context, the generalized Lie derivative becomes a Lie deriva-
tive with respect to an arbitrary p-vector field P; it associates to a g-vector field a
(g + p — 1)-vector field, i.e., it raises the degree of a multivector field by p = p — 1.

Since the calculus of differential forms has been more popularized than the cal-
culus of multivector fields, the notion of the Lie derivative of a differential form
(rather than of a multivector field) with respect to a vector field is better known.
We recall this definition and generalize it to the Lie derivative of a differential form
with respect to a multivector field. We start from the geometrical definition, which
is similar to the geometrical definition (3.11). Namely, let ¥ be a vector field on a
manifold M and let @ be a differential p-form on M. Then %y  is the differential
p-form on M, whose value at m € M is given by

d *
(-’%‘//w)m = &\IZO(DI (wtl’,(m)) )

where @; is the local flow of #" and @;" the pull-back of @ by @;, so that @; (g, (1))
is a differential p-form on T;,M (depending on t). The classical* Cartan formula says
that

YLy =1yod+dory (3.49)

a formula which we can take as a definition of the Lie derivative in the alge-
braic setting. Writing (3.49) as %y = [1y,d], where we recall that [-,-] denotes
the graded commutator (see (A.12)), leads to the following natural generalization
of the Lie derivative to an action of a multivector field (or multi-derivation) on
a differential form (Kahler form), namely we define the Lie derivative with re-
spect to a skew-symmetric multi-derivation P € XP (/) as the graded F-linear map
Q° () — Q°* P() of degree —p, given by

Zp = [1P7d] ;
where we recall that ip was defined in (3.29). Explicitly, this means that for o €
Q* (o),
gp(ﬂ = lp(d(i)) — (—1)pd(lp(1)) . (350)

Comparing the Definitions (3.48) and (3.50) of the generalized Lie derivative,
one notices that there is some ambiguity in the definition of the generalized Lie

4 The classical Cartan formula should not be confused with Cartan’s formula (3.38), which relates
the Schouten bracket to the de Rham differential.
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derivative of a function with respect to a p-vector field, when p > 2. In fact, a func-
tion F € </ can be viewed as an element of X°(.e7) or as an element of Q°(<7).
According to (3.48), ZpF = 1p(P) € XP~!(&/), which is a priori different from
zero; however, according to (3.50), £p(F) € QP(o) = {0}. Therefore, when
applying the generalized Lie derivative to functions, one should decide from the
context and/or from the problem at hand, whether Definition (3.48) is used, or Def-
inition (3.50).

The main properties of the Lie derivative .Zp : Q°*(&/) — Q°* P (/) are summa-
rized in the following proposition.

Proposition 3.11. Let &/ be a commutative associative algebra. For P € XP (<)
and Q € X4(), the following formulas hold:

(1) [Zp,d=0;

(2) 2o =ypg) s

(3) ﬁp,Q]S = [nggQ] ;

(4) gpAQ:lQogp—F(—l)ngozP.

Proof. Since dod =0, we have that [£p,d] = —(—1)Pdoipod+(—1)’doipod =0,
which leads to (), while (2) is precisely Cartan’s formula (3.38). Combined with
(1) and (2), the graded Jacobi identity for |-, -] yields

(o, Zo) = [ r, l0,d)) = (%110 4) = [ty d] = Zingy,
which proves (3). Finally, using 1png = 19 o 1p (see Proposition 3.4) and (3.45),

Zrng = [1png,d] = [tgotp,d]
190 [tp,d] +(=1)" [19,d] 01p
=190 ZLp+(—1)PZLoup,

which proves (4). O

3.4 Exercises

1. Prove the explicit formula (3.28) for a Kahler k-form @ on an arbitrary commu-
tative associative algebra .o7; the arguments ¥; are in this context arbitrary deriva-
tions of 7.

2. Give an alternative proof of the graded Jacobi identity for the Schouten bracket
by using Cartan’s formula (3.38).

3. Let o/ be an arbitrary commutative associative algebra. Prove the following
formulas, for F € o/ and o € Q°*(&/):

Lrpw = F %pow— (—1)PdF Nipw ,
Zp(Fo) = Ffpa)—‘rl(wp)a) .
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These formulas show that Zpm is neither 7-linear in P nor in ®.

4. Let o/ be a commutative associative algebra and let & be an /-module. A
linear map ¢ : of — A is called a derivation of o/ with values in £ if for all
Fi,F € o/,onehas ¢ (F1F,) = Fi¢(F,) + F>0(F1).

a. Interpret the Hamiltonian operator 2, associated to a Poisson bracket on .o/
(see Definition 1.3), as a derivation of ./ with values in X! (o),

b. For &/ = .%(M) an algebra of functions on a variety or manifold, interpret
pointwise derivations at a point m € M as derivations with values in IF, where F
is viewed as an o/-module, via F -a := F(m)a, for F € &/ and a € T,

c. Interpret the de Rham differential d as a derivation of .7 with values in Q' (.27).

5. Suppose that o is a commutative associative algebra, that {-,-} is a Poisson
bracket on .27 and that " is a derivation of .o7. Show that {-,-} and the Lie derivative
of {-,-} with respect to ¥ are compatible (see Section 3.3).

6. Let.o/ :=TFx,y]/(x*+y?). Show that X?(7) = 0 and that Q?(&7) # 0.

7. The purpose of this exercise is to give an example of an algebra <7, which
admits skew-symmetric biderivations which cannot be written as the sum of wedge

products of derivations of «7. In formulas, this means that X?(.«7) # A2X! (7).
Consider the quotient algebra

F
o = T
(vx,yz,y?)

d
a. Show that P:=y— Iy A 9z induces a non-zero skew-symmetric biderivation P
of @7

b.  Show that P does not belong to the exterior algebra A\2X! (7).

8. Let &/ be a commutative associative algebra, and let P € X?(.«7) be a skew-
symmetric biderivation of &7. Let 27 [v] denote the vector space of all polynomials
in v with coefficients in .. Consider on .27[v]/v? the product, defined for ele-
ments F; + vF, and G| + vG; of </ [v]/v? by

(Fi +VE)*(G1+VvGy) := F1G1 + v(FIGy + BGy —&-P[F],Gd) .

a.  Show that * is IF[v]-bilinear and associative;
b. Show that, if x can be extended to an associative F[v]-bilinear product on
a/[v]/v3, then P satisfies the Jacobi identity.

3.5 Notes

The calculus of differential forms on manifolds is explained in detail in all basic
books on differential geometry, see for example Spivak [186, 187] or Warner [198].
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For the algebraic analog, which is the calculus of Kahler forms, we refer to
Hartshorne [93].

Multivector fields are rarely explicitly treated in books on differential geome-
try; even if those fields themselves are particular cases of tensor fields, everywhere
treated in detail, their algebraic structure does not derive from the general tensor
formalism. The calculus of multivector fields is presented in detail in Vaisman [194]
and in Bhaskara—Viswanath [23]. Cannas da Silva—Weinstein [34] concentrate on
the structure of the space of multivector fields as a Gerstenhaber algebra, which
they present as a particular case of the Gerstenhaber algebra of a Lie algebroid.

The Schouten bracket, also called the Schouten—Nijenhuis bracket, was intro-
duced by Schouten in [177, 178]; a generalization of the Schouten bracket, which
also generalizes the Frohlicher—Nijenhuis bracket on vector valued differential
forms, is given in Vinogradov [197].



Chapter 4
Poisson (Co)Homology

A Poisson bracket on a commutative associative algebra <7, or a Poisson structure
on a manifold M, leads in a natural way to cohomology spaces, derived from the
multi-derivations of </ (multivector fields on M), and to homology spaces, derived
from the Kéhler differentials of o7 (differential forms on M). These spaces give
information on the derivations, normal forms, deformations and several invariants
of the Poisson structure. In some specific, but important, cases they are related to
classically known cohomology spaces, as de Rham cohomology or Lie algebra co-
homology. In general, Poisson cohomology is finer, but is also more difficult to
compute. See Table 4.1 for a concise overview of the spaces and the (co)boundary
operations which will be introduced in this chapter.

Table 4.1 A summary of the notations which we use for Lie and Poisson homology and cohomol-
ogy. (& ,-,m) is an arbitrary Poisson algebra over F, and g is a Lie algebra with a representation
space V.

k-(co)chains | (co)boundary| (co)homology spaces
Lie cohomology | Hom(Akg,V) 5F HF(g;V)
Poisson cohomology X*(o) 3k HE (o)
Lie homology Vankg of HE(g:V)
Poisson homology Q) af H} (o)

In Sections 4.1 and 4.2, we construct the various complexes which lead to the ho-
mologies and cohomologies which we will consider. In Section 4.3 we describe a
few natural operations in Poisson cohomology and homology and we show in Sec-
tion 4.4 that the Poisson cohomology and homology spaces of a Poisson manifold
are, under certain conditions, isomorphic to each other.

Throughout this chapter, I is an arbitrary field of characteristic zero.
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4.1 Lie Algebra and Poisson Cohomology

Before constructing the Poisson cohomology complex, and deriving the cohomol-
ogy spaces from it, we recall Lie algebra cohomology, which is formally very sim-
ilar to Poisson cohomology, and more widely known (see [156]). The basic notions
which we recall will also be useful when we compare Poisson and Lie algebra co-
homology in the case of the canonical Poisson structure, defined on the dual of a
Lie algebra (see Chapter 7).

4.1.1 Lie Algebra Cohomology

Let (g,[-,-]) be a Lie algebra over F. We recall that a representation of g is a Lie
algebra homomorphism p : g — End(V'), where V is an F-vector space, called the
representation space and the Lie algebra structure on End(V) is given by the com-
mutator: ¢ oy — o ¢, for ¢, w € End(V). The vector space V, together with the
representation p, is called a g-module. We write p, for p(x), where x € g. We fix a
representation (p,V) of g and we introduce, for k € N, the F-vector space

C*(g:V) := Hom(Akg, V)

of skew-symmetric k-linear maps from g to V. Elements of C¥(g;V) are called V-
valued k-cochains of g. The Lie coboundary map 8f : C¥(g;V) — C*1(g;V) is
given, for ¢ € C*(g;V) and xo, ..., x; € g, by

k .
51{‘(6)(x0, e Xg) = Z(fl)lpxic(xo, ey Xiy ey XE)
=0 4.1)

i+j < -~
+ (—1) ]c<[x,-,xj],xo,...,xi,...,xj,...,xk> R
0<i<j<k

where the symbol ~ over an argument means that we omit that argument. Ele-
ments of Ker 51‘ are called Lie k-cocycles, while elements in Im 55’1 are called Lie
k-coboundaries. The Jacobi identity for [-,-] and the fact that p is a Lie algebra ho-
momorphism permits one to show that §f o 51"1 = 0, for every k € N*. In words:
every coboundary is a cocycle. The converse is not true in general and the cohomol-
ogy spaces precisely measure the obstruction. Namely, for k € N*, we define

Hf(g;V) :=Ker8f/Im&f !

and H, B( g;V) :=Ker 52. Putting these spaces together, we obtain a graded F-vector
space

H(g:V) = PH[(a;V)
keN

which is called the V-valued Lie algebra cohomology of g.
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For example, for k = 0, the coboundary operator is given by 87 (v)(x) = p,v, for
vEV ~C%g;V) and x € g. It follows that HY(g;V) = Ker 8} is given by

HY(g:V) = ﬂ Kerp, ,

xeg

the subspace of all invariant elements in V, also denoted by V9. The following
lemma is fundamental in Lie theory; we will use it several times to illustrate the
phenomena which we encounter. For a proof, see [102].

Lemma 4.1 (Whitehead’s lemma). Let g be a semi-simple Lie algebra and let p :
g — End(V) be a representation of g. If V is finite-dimensional, then H} (g;V) = 0
and H}(g;V) = 0.

The following two examples of representations (p,V) are of particular interest
and will be our main cases.

Example 4.2. Let p : g — F be the trivial representation: p, = 0 for every x € g.
Then
C*(g;F) = Hom(A*g, F)

and (4.1) becomes:

800w = 3 (D e(fn] 0, T Trw) @)

0<i<j<k

In this case, the Lie algebra cohomology of g is called the trivial Lie algebra coho-
mology of g and is simply denoted by H; (g). It follows from (4.2) that Im 5P = {0}
and that Ker§! = {c € g* | Vx,y € g, ¢([x,y]) = 0}, so that

Hi(g)~ (9/[g.9])" -

For a semi-simple Lie algebra g, for example, it is well known that [g,g] = g (see
[190, Ch. 20]). Therefore, H; (g) = 0 when g is semi-simple, which is a special case
of Whitehead’s lemma (Lemma 4.1).

Example 4.3. Let p := ad, the adjoint representation of g on itself, which is given
by px = ady := [x, -], for x € g. Then
C*(g:9) = Hom(A"g, g)

and (4.1) becomes:

k .
8F(c)(x0,. ., xx) = 2(—1)’ [xi,c(x0, - -+ Xy ooy Xk)]
i=0 4.3)

+ z (—1)i+jc([xi,xj},xo,...,)'c},...,)?j,...,xk) .
0<i< j<k

In this case, the Lie algebra cohomology of g is called the Chevalley—Eilenberg
cohomology of g. We denote it by Hy(g). Let us give an interpretation of
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the space HéE( g). The 1-cocycles are the derivations of g, since

8L(c)(x,y) = [x,c)] + [e(x),y] = e([x,)])

for x,y € g and ¢ € Hom(g, g). Since & (x) = —ad,, for x € g ~ C(g; g), the space
of 1-coboundaries Im 51? consists of all derivations of g of the form ad,, where x € g;
these derivations are called inner derivations. It follows that HCIE( g) is the quotient
of the space of all derivations of g, by the space of all inner derivations of g. The
elements of this quotient are called the exterior derivations of g.

The spaces HZ;(g) and HZ,(g) play an important role in the theory of formal
deformations of Lie algebras. This fact is quite similar (by forgetting the multi-
derivation aspect) to what happens in the case of Poisson algebras. Therefore, we
will not make it explicit in the Lie algebra case, but in the Poisson algebra case, see
Section 13.2.

4.1.2 Poisson Cohomology

We now define Poisson cohomology for a Poisson algebra (<7, -, {-,}); the Poisson
bracket on o/ will also be denoted by 7, so that w(F,G) = {F,G}, for F,G € &/
For k € N, the space of k-cochains of the Poisson cohomology complex is by
definition X¥(.¢7), the F-vector space of skew-symmetric k-derivations of .7 (see
Section 3.1.1). The Poisson coboundary operator is the Poisson analog of the
Chevalley-Eilenberg coboundary operator (4.3), where Hom(AXg, g) has been re-
placed by X*(.«7), and where the Lie bracket [-,] is the Poisson bracket {-,-}.
Namely, the graded F-linear map (of degree 1) 8 : X*(o7) — X**!(&7) is defined,
for Q € X9(«f), where g € N, by

q

53(Q)[Fo.....F)] == Z(fl)i{E,Q[FO,...,E,...,Fq]} (4.4)

i=0
+ z (_1)i+jQ[{EvFj}7F07'~~7f}7"'7@7~"an1| ’

0<i<j<q

for all Fy,...,F, € /. In order to establish that &7 (Q) is indeed a skew-symmetric

multi-derivation of 2/ and that 5,’%“ 08! =0, for g € N, we relate the coboundary
operator to the Schouten bracket. In fact, the explicit formula (3.36) for the Schouten
bracket [-,|s, implies that

54(0) = —[0. s, 4.5)

for Q € X9(</). Thus, 87 (Q) is the Schouten bracket of two skew-symmetric multi-
derivations, so it is itself a skew-symmetric multi-derivation. In order to see that
5,?“ o8] =0, we write down the graded Jacobi identity of the Schouten bracket
(Proposition 3.7) for the triple (Q, 7, ),
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(=D, 7, 7lg]s — [7.[Q, wlgls + (= 1) [m, [, Qlg]s = 0, (4.6)

where we have used that the shifted degree g of a g-derivation is g — 1, in particular
the shifted degree of 7 is 1. Since [, 7]g = O (because 7 is a Poisson bracket) and
since [Q, 7]y = —(—1)7 7, Q] (graded skew-symmetry of [-,]s), the identity (4.6)
reduces to [, [7,0]s]s = 0, for every Q € X4(<7), showing that 8" 0 ¢ = 0, for
all g € N. Thus, we have a complex, the Poisson cohomology complex of <,

8! & st
e xq*l(d) — s X)) —— %qﬂ(%) T ...

The elements of Ker 8¢ are called Poisson g-cocycles, while the elements of Im 87!
are called Poisson g-coboundaries. Elements of the g-th Poisson cohomology space
are Poisson g-cocycles modulo Poisson g-coboundaries,

Hi(o/) :=Ker8!/Im&i ™"
for ¢ € N* and HY(o7) := Ker 8. The graded vector space

Hy (o) == D Hi()

qeN

is called the Poisson cohomology of < .

In the case of a Poisson manifold (M, ), one replaces in the above construction
the multi-derivations of <7 by the multivector fields on M, leading to the following
complex,

51! &1 st
RN xq—l(M) s XI(M) —— xtH—l(M) T ...

where the coboundary operator 8, is defined by (4.5), for Q € X9(M) (a g-vector
field on M). This complex is called the Poisson cohomology complex of M. The
g-th Poisson cohomology space of (M, 1), respectively the Poisson cohomology of
(M, 1), is denoted by Hy (M) respectively Hy(M).

Remark 4.4. Let («7,-,{-,-}) be a Poisson algebra over F. Forgetting the asso-
ciative product, (,{-,-}) is simply a Lie algebra and it makes sense to con-
sider C*(«7, <), with the Chevalley—Eilenberg coboundary operator (4.3). This
yields precisely (4.4), so that the Poisson coboundary operator of (<7,-,{-,-}) is
the Chevalley—Filenberg coboundary operator, restricted to the multi-derivations
of (&,").

For small g, the Poisson coboundary operator 8, has a natural interpretation, which
yields a natural interpretation for the Poisson cohomology space Hy.(.<7). One easily
reads off from (4.4) that for F € X%(«/) = </ and for ¥ € X! (&),

) =2F, &(V)=-%m, 4.7)
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where we recall that 2% is the Hamiltonian derivation associated to F € o (see
Definition 1.3), and %y denotes the Lie derivative with respect to ¥ (see (3.7)).
Also, for Q € X?(&/) and F,G,H € o7,

52(Q)[F.G.H] = {F,QIG,H]} + QIF. {G,H}]+ O (F,G,H) .
It follows from (4.7) that Poisson 0-cocycles are Casimirs,
Hy (/) = Cas(/) ,

Poisson 1-cocycles are Poisson derivations and Poisson 1-coboundaries are Hamil-
tonian derivations. Denoting the space of all Poisson derivations of &7 by (&), it
follows that D)
Hy(o)= — L.
=) Ham (<)

Poisson 2-cocycles Q € X?(/) are skew-symmetric biderivations which satisfy
[r,0]¢=0,1.e., they are the ones which are compatible with {-, -}, see Section 3.3.2;
Poisson 2-coboundaries are biderivations, obtained as a Lie derivative of the Poisson
structure. It follows that

_ skew-symmetric biderivations compatible with {-,-}

Hy (o
=) Lie derivatives of {-,-}

As we will see in Section 13.2, H2(.<7) and H> (/) show up naturally in deforma-
tion theory.

There is a natural morphism from de Rham cohomology to Poisson cohomology,
which we explain here in the algebraic context; this morphism is defined in the same
way in the case of a smooth manifold. We first construct an .7 -linear map

nt QY (o) — X ()
(4.8)
GdF — GZr.
It is clear that this map is well-defined; for example, we have for all F,G € <7 that
7 (d(FG)—FdG—GdF) = 2y —F 25— G2r =0,

where we used (3) of Proposition 1.4 in the last step. The map 7* extends naturally
to an .&7-linear map

AT Q) = AN XN () = X% (),
which is explicitly given by

NTHFAGI A~ NdGy) = F Zg, A+ N 2,
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for all F,Gy,...,G, € &/. It leads to a natural morphism between the de Rham
cohomology and the Poisson cohomology of (<7, ).

Proposition 4.5. Let (o7 ,-,{-,-}) be a Poisson algebra. The maps N1it* : Q9(of ) —
X1(o/) define a chain map from (Q°*(<f),d) to (X°*(),8z), i.e., for every g €N,
the following diagram is commutative:

Qo) — Q1+ (o)

/\qnﬁl J//\‘Frl o

q
XI() —s X0 (o)

It leads for every q € N to an F-linear map Hip (/) — H ().

Proof. Let @ := GdF; A---NdF, € Q%(27). On the one hand,
AN i (do) = AT R AG AR A NFy) = 26N T AN 2,
On the other hand, (4.5) and (3.42) imply that

SHNTH () = SHG Xy A+ N Z5,) = — [GZF, AN Xy T
= —[G,?‘E]S/\%Fl/\'“/\%pqZ%G/\e%}rl/\“-/\%pq,

where we also used that each Hamiltonian vector field 2, is a Poisson 1-cocycle,
[2F, 7]y = 0. This leads to the commutativity of the above diagram. It follows that
A1t sends g-cocycles to g-cocycles and sends g-coboundaries to g-coboundaries.
Thus, it induces a map in cohomology. O

Remark 4.6. Contrary to what we will see for Poisson homology in Section 4.2,
Poisson cohomology is not a functor: a homomorphism ¢ : .o/ — % between two
Poisson algebras does not lead in general to a homomorphism between the spaces
of all multi-derivations of &7 and 4, not even between their corresponding Poisson
cohomology spaces. In the case of manifolds, for example, it is well known that
vector fields cannot be transferred, in either direction, by a smooth map, which is
not a diffeomorphism.

4.2 Lie Algebra and Poisson Homology

A Poisson bracket on a commutative associative algebra .27 also leads to homology
spaces. In special cases they are isomorphic to the Poisson cohomology spaces, but
in general they define new invariants for a Poisson algebra. The Poisson homology
spaces have fewer immediate applications than the Poisson cohomology spaces, but
have the advantage of being sometimes easier to compute and have better functorial
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properties, as we will see. As in the previous section, we start with the Lie algebra
case.

4.2.1 Lie Algebra Homology

The basic setup of Lie algebra homology is the same as in the case of Lie algebra
cohomology: (g,[-,]) is a Lie algebra and (p, V) is a representation of g. For k € N,
we define

Ce(g:V) :=Vankg,
whose elements are called V-valued k-chains of g. Note that Cy(g,V) ~ V, since

Ng =TF. The Lie boundary operator dF : C(g;V) — Ci—1(g;V) is the linear map
given, forallv € V and xy,...,x; € g, by:

akL (v®(x1 /\~~-/\xk))
k

i=1

+ Y (D" ([x,-,x,-] Ax /\-~~/\)?,-/\~~~/\)E}/\~~/\xk)
I<i<j<k

l)ipxl.v®(xl/\n-/\)?;/\---/\xk)

and 9} := 0. We have that 9% ; o df = 0 as a consequence of the Jacobi identity
for [,-] and the Lie homomorphism property for p. The operators Jf lead to a
homology, called the V-valued Lie algebra homology of g. Namely, the k-th V-
valued Lie algebra homology space of g is denoted and defined by:

HE(g;V) = Ker&,f‘/lm&,fﬂ .
We denote by HE(g; V) the graded vector space

HE(g:V) = PH(g:V)
keN

For v € V and x € g, we have that
IF(vRX) = —pyv.

Therefore, the subspace Im &{‘ of V is denoted by gV and HOL (g;V)=V/gV, since
dF =0. When V = g and p = ad, as in Example 4.3, the boundary operator takes
the following form
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oF (X0 ® (x1 A+ Axg))
k

= 2(—1)l [x,-,xo]@(xl/\-~~/\)?i/\~~-/\xk) (4.9)

+ (=) x® ([xi,xj] Axy /\---/\)’c}/\---/\)?j/\~~-/\xk> :
1<i<j<k

In this case, gV = [g,g], so that HS(g) := H[(9:9) = g/[g.9]. This space also
appears when one computes H,L(g;]F), where p : g — F is the trivial representation,
as in Example 4.2. Indeed, in this case,

Kerdf = Ci(g;F) = {a®x|acFandxc g} ~g,
Imoy = {a®x,y]|a€Fandx,y € g}~ [g,0].

This leads to H (g) := HE(g;F) ~ g/[g, g

4.2.2 Poisson Homology

A Poisson bracket 7 = {-,-} on a commutative associative algebra <7 leads to
a homology, called its Poisson homology. The k-chains which define the Pois-
son homology complex are the Kahler differentials on <7 (the differential forms
when o/ = .% (M), the algebra of smooth functions on a manifold M). In analogy
with (4.9), the Poisson boundary operator 3™ : Q*(o/) — Q°*~! (o) is given by

8,?(F0dF1/\--~AdFk)
k
= S (1) {F.Fol dFi A--- AQF A~ N dF

+

1
Y ()R A{F,F} AR A AdF A AAF; A A dF
1<i<j<k

where Fy,...,F; € /. For k = 0, this formula should be read as dJ (Fy) := 0. The
main properties of 07 follow from the fact that 0™ = % = [i, d], the Lie derivative
with respect to 7, as stated in the following proposition.

Proposition 4.7. Let (<7 ,-, 1) be a Poisson algebra. Then the linear map 9%, de-
fined above, is given by the Lie derivative

0" =% =ig,d =1z0d—doi, .
It commutes (in the graded sense) with d and with i,

07,d] = 9% od+dod™ =0, (4.10)
[0 1z] = 0" 0ty — 100" =0, (4.11)

and satisfies 0™ 0 d™ = 0 (i.e., it is a boundary operator).
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Proof. For the biderivation £ = {-, -}, the internal product i is, according to (3.29),
explicitly given by
ln(FodFl VAREEWAN dFk)

= Y ()RR F}dR A AdE-dF A AdF
1<i<j<k

where Fy,...,F; € <7, so that

ln-Od(F()dFl /\~-~/\dFk)
= Y ()Y EF YR A---AdF . dF A A dF

0<i<j<k
and

doig(FodFi A--- ANdF)
= Y (~)MEF Ry A---AdE . dAF A A dF

1<i<j<k
+ Y ()R d{F, F Y AR A AdF. . dF A A dF
I<i<j<k

Taking the difference of these two formulas leads at once to 9" = [i,d] = %;. The
properties of the Lie derivative (Proposition 3.11) imply that 0" od +do 9™ =0,
and that

(07 1x] = [Lr,1z) = Unals =0,

where we used in the last equality that 7 is a Poisson structure. This yields (4.10)
and (4.11). Similarly, since %7 has degree —1,

2L 0Ly =L, Ln] = %n,n] =0,

N

which shows that 0™ = %} is a boundary operator. O

According to the proposition, we have a complex

T
ak—l

97[
QM) = Q) —

k+1 a/f{»l
C— O () —

whose homology is called the Poisson homology of (< ,-, 7). Namely, we define the
k-th Poisson homology space

Hf (o) :=Kerd] /Imdf, | ,

and we call elements of Kerd[" Poisson k-cycles and elements of Imd, | Poisson
k-boundaries. Putting the Poisson homology spaces together leads to the graded
vector space H]' (/) := @renH[ (7). In the case of a Poisson manifold (M, ),
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Poisson homology is defined similarly, using the differential forms on M, rather
than the Kéhler forms on 7. It is denoted by H} (M).

For example, H[f (/) is the abelianization of «/: since Kerdj = ./ while
Imo' =n(o/, o) = {o/, o/}, we have that

o

Ho (D) =17 ey

For the higher Poisson homology spaces, no simple interpretation is known.

Remark 4.8. Unlike Poisson cohomology, Poisson homology is a (covariant) func-
tor. Indeed, every algebra homomorphism ¢ : (&7,-) — (%, ) extends to a degree
zero map Q°() : Q* (/) — Q°*(A), which commutes with d. For k € N, it is given
by QK (@) (FodFy A --- ANdF) = @(Fo)do(F) A--- Ado(F), where Fy,...,F; € .
If &/ and # are equipped with Poisson brackets 7, and w4, and ¢ is a mor-
phism of Poisson algebras, then Q°(¢) oz , =iz,0Q2°(¢), so that Q°*(¢) 0™ =
™% 0 Q°(¢). Thus, there is an induced map HJ (¢) : H} (%) — HF (%), which is
a homomorphism of graded vector spaces. Clearly, H" has all properties which are
required for a (covariant) functor.

4.3 Operations in Homology and Cohomology

We have introduced on the graded vector space X*(.«7) (where < is a commutative
associative algebra) two multiplications, the wedge product A, which is associative,
graded commutative and the Schouten bracket [-,-|s, which is a graded Lie bracket
(with a grading, shifted by 1). As we discussed in Section 3.3.2, these two prod-
ucts make (X°(</),A,[,]s) into a Gerstenhaber algebra. Moreover, we have two
natural operations : (the internal product) and .Z (the Lie derivative) of X*(<7) on
the module of Kéhler differentials £2°(<). We will show in this section that these
four operations induce similar operations, with the same algebraic properties, in
(co)homology. The reader will have no difficulty in transcribing these operations
(and their properties) for the case of (real or complex) manifolds.

We first define the wedge product and the Schouten bracket in cohomology. The
graded Leibniz identity and the graded Jacobi identity for the Schouten bracket,

[QAR,P)s =[Q,P|s AR+ (—1)PIQ AR, Pls ,
(=[P, [Q,Rls]s + (=1)7[Q, [R, Pls]s + (—1)™[R, [P,Qls]s = 0,
become, for P =1, Q € X9(o/) and R € X" (), with 8; = — [, 7|,

0r(QAR) = 6z(Q) AR+ (=1)1Q N6z (R) ,
62([0.Rs) = [0, 0x(R)]s + (—1)"[6z(Q). Rl -
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First, it follows from these formulas that if Q and R are Poisson cocycles, then Q AR
and [Q, R] are Poisson cocycles. This means that both operations can be restricted to
cocycles. Second, it follows from the same formulas that either product of a Poisson
cocycle with a Poisson coboundary is a Poisson coboundary. This means that, for
Poisson cocycles Q and R, the cohomology class of Q AR and the cohomology
class of [Q, R] are independent of the representatives Q and R of their cohomology
classes. Thus, we have two well-defined products in Poisson cohomology, which we
also denote by A and [-,-]s. Obviously, their algebraic properties are the same as on
X* (&) and we obtain:

Proposition 4.9. For every Poisson algebra (7 ,-, 1), (Ha(2),N,[-,"]s) is a Ger-
stenhaber algebra.

We now consider the action of Poisson cohomology on Poisson homology, which
comes from the internal product and from the Lie derivative. Remembering that
the Poisson boundary operator 0 is the Lie derivative %, we take from Proposi-
tion 3.11 the formulas which compute the graded commutator of a Lie derivative
with an internal product, or with another Lie derivative, namely,

[prQ] = l[RQ]s and [XP,XQ] = D%Pl’Q]S s
which can be written, for P = 7 and © € Q°*(/), as

(—=1)19" (19w) = 199" (@) —15,(0)® ,
(—1)70™(Zp0) = Lo(0™ (@) + Lsy 0

It follows from these formulas, as above, that : and % induce indeed actions of the
Poisson cohomology of &7 on the Poisson homology of <7.

4.4 The Modular Class of a Poisson Manifold

The modular class of a Poisson manifold M is a Poisson cohomology class (element
of H)(M)) which is canonically associated to the Poisson structure. We will not
give the description in the most general case and restrict ourselves to the case of
an orientable (real) Poisson manifold. The definitions and arguments remain valid
in the case of C?, equipped with its algebra of holomorphic functions, but some
minor adaptations are needed for the affine space F¢, equipped with its algebra
of polynomial functions: see Remark 4.13 below. Our exposition is based on the
following:

Question: “Let M be a Poisson manifold. Does there exist a volume form A on M,
preserved by all Hamiltonian flows?”

We call a Poisson manifold, which admits such a volume form, a unimodular Pois-
son manifold; the Poisson structure is then called a unimodular Poisson structure.
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For a symplectic! manifold (M, ®), the answer to the above question is yes. In-
deed, since the symplectic structure @ is preserved by all Hamiltonian flows, the
same is true for the Liouville form @? on M, where dimM = 2d. Thus, every sym-
plectic manifold is a unimodular Poisson manifold. Many properties of symplectic
manifolds generalize to the case of unimodular Poisson manifolds. For example, for
unimodular Poisson manifolds the Poisson cohomology and the Poisson homology
spaces are isomorphic to each other (Theorem 4.18).

4.4.1 The Modular Vector Field

We first list a few basic facts about volume forms on a real orientable manifold
M. Suppose that A is an arbitrary volume form on M. Recall that this means that
A is a differential d-form on M, where d := dimM, vanishing at no point of M,
and that such a form exists on a manifold if and only if the manifold is orientable;
moreover, two such forms differ only by a factor, which is a nowhere vanishing
smooth function on M. We have that dA = 0 and that dF AA = 0, for every F €
F (M). Combined with (3.32), this yields

l(,FP)l = —(—1)de/\lpl s 4.12)
for all P € XP(M). In particular,
VIFIA=dF Aiy A, (4.13)

for every vector field ¥ € X 1 (M). Also, if 7 is a Poisson structure on M, then (4.12)
specializes to
l%'FAZdF/\lnl . 4.14)

The Lie derivative of A with respect to some vector field is again a top form, hence it
is a multiple of A. For F € .% (M), let us denote by P € .% (M) the smooth function
on M defined by L2, A = ZrA. We show that the map F — P is a derivation.
Indeed, for all F,G € % (M), we have that

DrGh = Lopoh = L6271F 2,
=GZLy A +{G F}A+F Ly, A+{F,G} A
= (G +F%c)A ,
where the identity
LyyA =HZLy A+ V[H|A (4.15)

forall H € .# (M), ¥ € X! (M) has been used (to prove (4.15), write £y =1 od +
doiy and use (4.13)). Since 9 : F — Py is a derivation of .% (M), it corresponds to
a vector field.

I See Section 6.3.
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Definition 4.10. Let (M, 7) be a real Poisson manifold, equipped with a volume
form A. The vector field @, , defined by

Laph = Dy[FIL, (4.16)

for all F € # (M), is called the modular vector field of T with respect to A.

When the chosen volume form is clear from the context, we simply write @ for @, .
Notice that the modular vector field @ can also be defined as the unique vector field
on M, satisfying

LA =1 . (4.17)

This is seen by writing @[F|A in two different ways. On the one hand, (4.13) tells
us that @[F]A =dF AigA, for all F € .%(M). On the other hand, (4.16), (4.14) and
the formula .%; = 1; od — d o1, imply that

DFIA = Lo A =d(19,A) = d(dF A1gA) = —dF Adigh = dF A LA |

forall F € #(M). It follows that dF Aig A =dF A2 A forevery F € .% (M), which
leads to (4.17).

In view of Definition 4.10, the question which we posed at the beginning of this
section now becomes:

Question: “Let M be a Poisson manifold. Does there exist a volume form A on M,
with respect to which the modular vector field @ is zero?”

By giving a cohomological interpretation of the modular vector field, we will be
able to answer the question in the next section.

4.4.2 The Modular Class

The modular vector field which we constructed in the previous section depends on
the choice of volume form on M. We will now show that when the volume form is
changed, the modular vector field will be modified by a Hamiltonian vector field.
We also show that the modular vector field is a Poisson vector field, so that it defines
a Poisson cohomology class which, by the above, is independent of the choice of
volume form.

Proposition 4.11. Letr (M, {-,-}) be a real Poisson manifold, which is orientable.
For A avolume form on M, the modular vector field @ has the following properties:

(1) D is a Poisson vector field, i.e., it is a Poisson 1-cocycle;

(2) The Poisson cohomology class of @ is independent of the chosen volume
form A;

(3) If @ is a Hamiltonian vector field, i.e., if the Poisson cohomology class of ®
is zero, then there exists a volume form A', with respect to which the modular
vector field is zero (and therefore A’ is preserved by all the Hamiltonian flows).
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Proof. In order to prove (1) we need to verify that @ [{F,G}] = {®[F|,G} +
{F,®@[G]}, for all F,G € .Z%(M). The basic properties of the Poisson bracket and
the Lie derivative yield:

QUF,GHA = Ly A = Ly onh = [Lag, Loz A
= Lo, (PFIA) — Loy (P[GA)
= ({@[F].G} +{F,@[G]}) A,

where we have used in the last step that
DF|.Lg9, A = PF|PGIA = P[G].Lg; A .

This proves (1). Let us consider now another volume form ¢ on M and let us denote
by @; and @, the modular class of {-,-} with respect to A, respectively p. There
exists a nowhere vanishing function p € .% (M) such that 4 = p A. Using that A and
u are both top forms and (4.13), we compute, for an arbitrary F € .% (M),

Loy (pA) = ZrpIA +p LA = —Zp[FIA +p §y [F]A

to conclude that 1
Dy [F| = @y [F] - E%p[F] :

for all F € .%# (M), and hence that

‘Du:@l—%%p =@y = Znjp| -

This shows that the vector fields @, and @, differ by a Hamiltonian vector field,
i.e., a Poisson 1-coboundary. The cohomology class of the modular form is therefore
independent of the chosen volume form, which proves (2). The previous calculation
shows that if this cohomology class is trivial, i.e., @ = ZF for some F € .7 (M),
then u := exp(F)A is a volume form whose modular vector field is zero. O

Summarizing, we have a complete answer to our question:

Answer: “The Poisson manifold (M, ) admits a volume form, preserved by all
Hamiltonian flows if and only if its modular class is zero.”

It leads to the following definition.

Definition 4.12. Let (M,{-,-}) be a real Poisson manifold, which is assumed ori-
entable. The cohomology class of the modular vector field (with respect to an ar-
bitrary volume form on M) is called the modular class of the Poisson manifold. If
this cohomology class is trivial, then we say that (M, {-,-}) is a unimodular Poisson
manifold. A volume form on M, whose modular vector field is zero, is called an
invariant density.
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Notice that if one multiplies an invariant density by a nowhere vanishing Casimir
function, then one obtains another invariant density; up to this ambiguity, the invari-
ant density on a unimodular Poisson manifold is unique.

Remark 4.13. In the case of a finite-dimensional vector space V, a natural volume
form is given, in terms of linear coordinates xi,...,xg on V, by Ay :=dx; A--- Adxy,
and every top form on V is of the form F Ay, where F is an arbitrary function on V.
Up to a non-zero constant, Ay is the only translation invariant volume form on V. If
IF is assumed to be algebraically closed, then A is, again up to a non-zero constant,
the unique volume form on V, because every non-constant polynomial F has a non-
empty zero locus, on which the top form F A fails to be a volume form. Notice that,
since the modular vector field does not change when the volume form is multiplied
by a constant, the modular vector field of a Poisson structure is independent of
the chosen volume form, when only translation invariant volume forms on V are
considered.

We show in the following proposition that the obstruction to the existence of an
invariant density is intimately related to the existence of points where the rank of
the Poisson structure drops: in the neighborhood of each regular point, the modular
vector field is Hamiltonian, hence an invariant density exists on this neighborhood.

Proposition 4.14. Let (M,{-,-}) be a real orientable Poisson manifold and let A be
a volume form on M.

(1) The modular vector field @ is a Hamiltonian vector field in a neighborhood
of every point at which the rank is locally constant. In particular, it is tangent
to all symplectic leaves of maximal dimension;

(2)  The modular class is preserved under Poisson diffeomorphisms M — M.

Proof. Let m € M be a point where the rank of {-,-} is locally constant. According
to the Darboux theorem (Theorem 1.26), there exist splitting coordinates g1, ..., q;,
Pl,---5Pr21,---,2s on a neighborhood U of m, such that

b= 2 a‘b 81’:

on U, where Rk, {-,-} = 2r. We take on U as volume form

r

A= /\(dqi/\dpi) /\ de R

i=1 j=1
and we denote

N
A= \(dgindpi) N\ dzj,
ik =1

fork=1,...,r. For such k and for F € .% (M) we have
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Loy (dge Ndpy) = (Lo dgi) Ndpr+dgi A (Lo, dpi)
=d (a—F> Adpy —dgr ANd (a—F> .
9Pk Iqk

’F  JF )_
2q9pr  IprIqk ’

Therefore, forallk=1,...,r,

w2 Gandp) =

from which it follows that .Z%FA =0, i.e., the modular vector field @ is zero on U.
Then (2) of Proposition 4.11 implies that all modular vector fields are Hamiltonian
on U, hence they are tangent on U to all symplectic leaves. The second property is
obvious, since the modular class depends on {-,-} only. O

Example 4.15. If m is a point where the rank of the Poisson structure is not locally
constant, then it may happen that there does not exist a neighborhood of m on which
the modular vector field is Hamiltonian. In fact, the modular vector field may be
non-vanishing at a point where the rank of the Poisson structure vanishes. Consider
for example the Poisson structure {-,-} = x% A (% on R?, equipped with the volume

form dx A dy. The rank at the origin is zero, while @ = a%. In particular, the modular
class of this Poisson structure is not zero. ’

4.4.3 The Divergence of the Poisson Bracket

We now show that the modular vector field is (up to a sign) the divergence of the
Poisson structure (with respect to 1). The divergence operator (with respect to 1) is
the graded F-linear map (of degree —1),
Div: X*(M) — X*" (M),
which makes the following diagram commute
X(M) —— QM)
Div d (4.18)

X (M)~ Q0 )

where d := dimM. The diagram involves the star operator x, which is the family of
Z (M)-linear isomorphisms x : X*(M) — Q7=*(M), defined for Q € X*(M) by

*Q:=19A . (4.19)
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Since A is a top form, we have for every vector field ¥ on M that
Ly =diyAd =d*x¥ =*Div(¥) =Div(¥) A . (4.20)

For example, taking the standard volume form on RY, ie, A =dx; A A dx,
the star of a vector field ¥ = Y, F;d/dx;, respectively of a bivector field P =
YicjP;jd/0xi N /dx; is given by

d
*V =Y (=) Fdx A Adg A Adg
=1

=

*P= Y (1) P A AdG A AdG A Adg

1<i<j<d

so that Div(¥) is given by the classical formula

Div(¥) =Y ax: , 4.21)

and Div(P) is given by

(%i_%i) , (4.22)
1<i<j<d 8x,~ 8x,- &x,‘ 8x,~

In general, the divergence of a bivector field, written in terms of vector fields, can
be computed using the following proposition.

Div(P) =

Proposition 4.16. Let A be a volume form on an orientable manifold M and let V'
and W be two vector fields on M. The divergence of V' N W with respect to A is
given by

Div(Y AW ) =Div(# )V —Div( )W — [V, ¥#] . (4.23)

Proof. According to the definition of the (generalized) Lie derivative (3.50) and its
properties (4) and (2) in Proposition 3.11, we have that

diy\yh = =Lyryph =Lyiyd -1ty Ly =1y Ly —1y Ly A — 1y y)A .
According to the definition of the divergence, this leads to
Div(Y AW = *71(117//\%1

= *_ll'-//(,zﬂwl 7*_117/9%‘///1 **_11[7/,“//]2’

where we used in the last step that 1y %y A = 1y (Div(#)A) = ipiypyrA =
*(Div(#)7) and that x [V, W] = 1}y yA. O

We now show that the modular vector field is, up to a sign, the divergence of the
Poisson structure.
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Proposition 4.17. Let (M, 1) be a real Poisson manifold, which is assumed ori-
entable. For every volume form A on M,

@ = —Div(n). (4.24)

In particular, the divergence of the modular vector field of @ is zero.

Proof. Let A be an arbitrary volume form on M and let F € .# (M). The definitions
of @ and of %, combined with (4.17), imply that

*Div() = dx 7t = d(15h) = — LA = —19A = —+ D . (4.25)

Since x is an isomorphism, this shows that the modular vector field is minus the
divergence of 7. Since DivoDiv = x1ododox = 0, the modular vector field is
divergence-free. O

According to (4.25), the modular vector field can also be defined by the formula
dxmt=—%d;

forgetting the stars, the modular vector field is the differential of the Poisson bracket.
The string (4.25) also contains the identity -ZA = x @, which amounts to

") =+ . (4.26)

Thus, =@ is always a Poisson 1-boundary, while @ is a Poisson 1-coboundary if
and only if the underlying Poisson manifold is unimodular.

4.4.4 Unimodular Poisson Manifolds

We now prove that, for unimodular Poisson manifolds, the Poisson homology and
cohomology spaces are isomorphic. Let (M, ) be a d-dimensional Poisson mani-
fold. We first show how the Poisson boundary and coboundary operators are related
via the modular vector field @. To do this, we specialize Cartan’s formula (3.38)

[lrp,d]10] = 1pg);
valid for P € XP(M) and Q € X9(M), to the case P = m, giving
%019 —(=1)190d™ = (=1)7"15, o) - (4.27)
If we apply (4.27) to A and use (4.26), then we find
I (+Q) — (~1)1gorod = (~1)7" + 5:(Q).

which we also write, using g o 1p = i1ppg, valid for P,Q € X*(M) (see Proposi-
tion 3.4), as follows,
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*(PANQ) =*6:(Q) + (-1)?9"(xQ) . (4.28)

The latter formula says that the modular vector field @ measures the non-commuta-
tivity of the following diagram

X(M) ——— Q4 (M)

5 T XA o (4.29)

:{nLl(M) - S;d_l_.(M)

The reader is invited to compare the diagrams (4.29) and (4.18), keeping in mind
that both depend on the volume form A, but only the second one depends on the
Poisson structure . Equation (4.28) leads at once to the following duality theorem.

Proposition 4.18. For every unimodular Poisson manifold (M,{-,-}) of dimension
d, the Poisson cohomology spaces and Poisson homology spaces are isomorphic:

Hy(M)~HJ (M), 0<k<d. (4.30)

Proof. Let A be an invariant density on M, so that @ = 0. Then (4.28) implies that
the isomorphism % : X*(M) — Q9~*(M) is a bijection between the Poisson cocycles
(respectively coboundaries) of M and the Poisson cycles (respectively boundaries)
of M. It follows that x induces isomorphisms, as indicated in (4.30). O

Notice that the isomorphism in (4.30) is not canonical, since there is no canonical
invariant density (in general; symplectic manifolds form an important exception).

Remark 4.19. The proposition is also valid for F¢, equipped with a Poisson struc-
ture, in case it is a unimodular Poisson variety (see Remark 4.13).

4.5 Exercises

1. Show that A does not induce a product in Poisson homology (Hint: compute
0™ (dF NdG) for F, G € 7).

2. Show that the Poisson cohomology spaces are modules over the algebra of
Casimirs.

3. Find a formula for the Poisson cohomology of the tensor product of two Poisson
algebras.

4. Prove property (2) of Proposition 4.11 by using the star operator (4.19).

5. Suppose that g is a Lie algebra, equipped with a symmetric bilinear form (- |-
which is ad-invariant, i.e., ([x,y] |z) = (x| [y,2]) for all x, y, z € g. Consider the ele-
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ment C € Hom(Ag,F), defined by C(x,y,z) := ([x,y] | z). Show that C is a 3-cocycle
in the trivial Lie algebra cohomology.

6. Consider the Poisson structure 7 on F? given by

Pp— /\ 8
ni=x oy
a. Show that the modular class of 7 is not trivial;
Compute the Poisson homology and the Poisson cohomology of 7;
c.  Conclude from part b. that the conclusion of Proposition 4.18 does not hold for
the Poisson manifold (F?, ), i.e., that the vector spaces HX(IF?) and HY , (F?)
are not isomorphic, for k =0,1,2.

7. Let (<, ,{ ,-}) be a Poisson algebra.

a.  Show that the skew-symmetric biderivation {-, -} is a Poisson 2-cocycle for the
Poisson cohomology of <7;

b.  Assume that o is a polynomial algebra, &7 = F|x|,...,x,], and that the poly-
nomials {x,-,xj} ,fori,j=1,...,d, are all homogeneous of the same degree k.
Show that if k # 2, then the skew-symmetric biderivation {-, -} is a coboundary
(Hint: compute &, (&) where & := Y4 | xi%);

c.  Assume now that o7 := Clx,y,z], and that

P LN L ANCAE AN
T T 9y 9z Y5 ox T ox dy’
Show that 7 is a Poisson bracket on & := Clx,y, 7] which is not a coboundary
(Hint: show first that if there exists a derivation ¥ = F; % + an% + Fga% IS
X! (&) satistying 81(#) = m, then there exists such a derivation where Fy, F>
and F3 are linear functions).

4.6 Notes

Poisson cohomology was first introduced in Lichnerowicz’s paper [127], where it
was shown that the Poisson cohomology of a symplectic manifold is canonically
isomorphic to its de Rham cohomology. See Bhaskara—Viswanath [23] and Hueb-
schmann [96] for the algebraic cohomology of a general Poisson algebra. The re-
lation between Poisson cohomology and singularities is studied by Monnier [152]
and Roger—Vanhaecke [174] in the two-dimensional case and by Pichereau [166]
in the three-dimensional case. The definition of Poisson homology goes back to
Gelfand-Dorfman [81], Koszul [118] and Brylinski [28]. The modular vector field
of a Poisson manifold was first introduced by Koszul [118]. It was studied for gen-
eral Poisson manifolds and extended to Lie algebroids by Weinstein [201], Evans—
Lu—Weinstein [71] and Kosmann—Weinstein [116]. See Fernandes—Crainic [51, 52]
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for applications of Poisson cohomology to the linearization and stability of Pois-
son structures; for applications of Poisson cohomology to deformation theory, see

Chapter 13 below.



Chapter 5
Reduction

In Chapter 2, we have given a few basic constructions which allow one to build
new Poisson structures from given ones. In the present chapter, we explain a few
more advanced constructions, which all fall under the general concept of reduc-
tion. Roughly speaking, reduction means that the object under study (here a Poisson
structure), is replaced by an object of the same type, but on a manifold of smaller
dimension, in classical terms “with fewer degrees of freedom”. These constructions
are based on geometrical considerations, yet their algebraic formulation highlights
some key elements of the reduction mechanism. We therefore present all construc-
tions in both algebraic and geometrical terms.

We present two constructions for reducing Poisson structures. Geometrically
speaking, the first one, called Poisson reduction, deals with Poisson structures on
quotients of Poisson manifolds, or, more generally on quotients of (coisotropic) sub-
manifolds of Poisson manifolds. Poisson reduction is presented in Section 5.2. The
second construction, called Poisson—Dirac reduction, concerns Poisson structures
on submanifolds, which are not necessarily Poisson submanifolds; a typical exam-
ple is a submanifold which is transverse to a symplectic leaf, leading to the notion
of transverse Poisson structure. Poisson—Dirac reduction is discussed in Section 5.3.

As an application of these constructions, we consider in Section 5.4 Poisson va-
rieties and Poisson manifolds on which a group acts; we show how a Poisson struc-
ture is inherited on the quotient space, the subspace of fixed points of the action, and
on the reduced space of the so-called momentum map. For the convenience of the
reader, and in order to fix both our notations and conventions, the basic facts on Lie
groups, and their relation with Lie algebras are recalled in the first section of this
chapter.

As in the previous chapters, all Poisson algebras are defined over an arbitrary
field IF of characteristic zero, all Poisson varieties are affine varieties over IF and the
Poisson manifolds are real or complex manifolds.

C. Laurent-Gengoux et al., Poisson Structures, 113
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4_5, © Springer-Verlag Berlin Heidelberg 2013
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5.1 Lie Groups and (Their) Lie Algebras

We recall in this section the natural correspondence between Lie groups and Lie al-
gebras, we give the basic definitions and properties of group actions and we explain
construction of invariant (multi-)vector fields on a Lie group.

5.1.1 Lie Groups and Lie Algebras

A Lie group is a set G endowed with two structures, a group structure and a manifold
structure, which are required to be compatible, in the sense that the product map (the
group structure)

L:GxG—=G:(gh)—gh

is assumed to be smooth (or holomorphic). Then the inverse map

inv:G—G:gr—g !

is also smooth (or holomorphic). The product of two elements g,/ of G is denoted
by u(g,h) or simply by gh, and the unit of G is denoted by e; as a manifold, G
may be either real or complex. The identity map on G is denoted by 1. Given two
Lie groups G and H, a Lie group morphism from G to H is a group homomorphism
@ : G — H, which is a smooth (or holomorphic) map. If G is contained in H and the
inclusion map is a Lie group morphism, then G is said to be a Lie subgroup of H.
The multiplication in G leads to three, a priori different, sets of diffeomorphisms
of G: given g € G, we define left translation, right translation and conjugation by
g € G respectively as follows:

Ly :G—=G:hw— gh,

R, :G—=G:h+— hg,

Cq: G—>G:h— ghg .
The tangent maps of u and inv can be expressed in terms of these diffeomorphisms:
since u(g,h) =Ly(h) = Ry(g) for all g, h € G, the tangent map of u at (g, h) is given

by
TigmyM (v,w) = TeRy(v) + TiLg(w) (5.1)

forall (v,w) € Ty 1) (G x G) ~ T, G x T;,G. Differentiating the identities LgoL,-1 =
1g at e and pu(g,inv(g)) = e at g € G, leads, upon using (5.1), to the following
expression for the tangent map of inv at g € G,

Tg inv = —Tequ o TgRgfl . (52)
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Notice that, in particular, T,inv = —17,g. Similarly, one computes from C; = Ly 0
R,-1, valid for g € G, that the tangent map of the conjugation map C, is given, at
the unit e, by

1.C, = Tgfng o TeRg—l . (5.3)

Since for a fixed g € G, left translation by g is a diffeomorphism of G, which
sends e to g, we can identify the tangent spaces 7.G and T,G by using the linear
map T,L,. For a fixed x € T,G, this allows us to define a vector field ¢ on G by
setting, for all g € G:

Ko i=T.Lg(x) .

The same can be done using right translation by g, yielding a vector field X on G,
defined for all g € G by
X o= TR, (x).

It is clear that the vector fields %% and ¥ are determined by their value, x, at e.
This fact is closely related to an invariance property which we now define. A vector
field ¥ on G is said to be left-invariant (respectively right-invariant) if Tj,Lo (%)) =
Yen, for all g,h € G (respectively, TR, () = Vi, for all g,h € G). Each one of the
vector fields %, where x € T,G, is left-invariant, since

Tth(Yh) = ThLg(TeLn(x)) = To(Lg o L) (x) = ToLgn(x) = <th )

for all g,h € G. Similarly, each of the vector fields X is right-invariant. It fol-
lows that there is a natural identification between 7,G and the vector space of all
left-invariant vector fields on G (or the vector space of all right-invariant vector
fields on G). Since the commutator of two left-invariant vector fields on G is a left-
invariant vector field on G, the tangent space T,G at the unit of a Lie group G has a
natural Lie algebra structure. It leads to the following basic correspondence between
Lie groups and Lie algebras (for a proof, see [66]).

Theorem 5.1 (Lie’s theorem). Let G and H be Lie groups, whose units are denoted
by e and €' respectively, and let @ : G — H be a Lie group homomorphism.

(1) The tangent space T,G is equipped with a natural Lie bracket |- ,-];
(2) The linear map T,® : T,G — T,yH is a morphism of Lie algebras.

The Lie algebra (T,G,|-,"]) is called the Lie algebra of G and is denoted by (g,|,-])
(or g, for short). Denoting b := T,H, the linear map T,® : g — h is called the Lie
algebra homomorphism associated to @.

Conversely, let g and b be finite-dimensional Lie algebras and let ¢ : g — ) be a
Lie algebra homomorphism.

(3) There exists a connected and simply connected Lie group, whose Lie algebra
is isomorphic to g; up to isomorphism, such a Lie group is unique;

(4) Let G be a connected and simply connected Lie group with Lie algebra g,
and let H be a Lie group with Lie algebra ). There exists a unique Lie group
homomorphism @ : G — H, such that ¢ is the Lie algebra homomorphism
associated to @;
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(5) Let G be a connected and simply connected Lie group with Lie algebra g, and
let b be a Lie subalgebra of g. There exists a unique connected Lie subgroup H
of G with Lie algebra b.

In a different vein, a Lie group and its Lie algebra are related as follows: there exists
a diffeomorphism exp between a neighborhood of the origin o in g and a neighbor-
hood of the unit e in G, having the fundamental property that for every x € g, the
integral curve of % which starts from o is given (for small |t|) by # — exp(tx). In
fact, one possible construction of the diffeomorphism exp is by integrating, for x in
a neighborhood of o in g, the left-invariant vector fields ¢. We refer to exp as the
exponential map.

We end this section with a few comments on algebraic groups, which for us will
always be complex (defined over C). By definition, a (complex) algebraic group is
an algebraic variety with a group structure, such that the product map and the inverse
map are morphisms (of algebraic varieties). Much of what we discussed in this
section carries over to algebraic groups, for example there is canonically associated
to every algebraic group G a Lie algebra, whose underlying vector space g is the
(Zariski) tangent space to G at the unit e of G. However, there is in general no
algebraic analog of the exponential map and parts (3) and (4) of Lie’s theorem do
not hold in general. When dealing with quotients of algebraic varieties by algebraic
group actions, we will often assume that the algebraic group is reductive, which
means that all its finite-dimensional representations are completely reducible; as we
will explain at the end of Section 5.1.2, such quotients are rather well-behaved.

5.1.2 Lie Group Actions

Given a Lie group G and a manifold M, a group action y : G x M — M is called
a Lie group action, if y is smooth (or holomorphic); since the only actions of Lie
groups on manifolds which are considered here are Lie group actions, we will sim-
ply call them group actions. When the action is clear, we write gm for x(g,m),
where (g,m) € G x M. Clearly, a group action of G on M induces a group action
of G on % (M), the algebra of smooth (or holomorphic) functions on M, by defining
forge Gand F € # (M)

(g-F)(m):=F(g 'm), (5.4)

for all m € M. The virtue of the latter group action is that it is a representation
of G (on % (M)); a representation of a Lie group G on a vector space V is a group
action y : G X V — V with the property that for every g € G the map y,: V — V,
defined for all x € g by y,(x) := x(g,x), is a linear map (an endomorphism of V).
The action of an algebraic group on an algebraic variety is defined in an analogous
way, demanding now that the map ) is a morphism of algebraic varieties.

The main group actions which we will consider in this chapter are the group
actions of G on itself, given by
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L:GxG—G:(gh)— gh,
R:GxG—G:(g,h)— hg™",
C:GxG—G:(gh)—ghg!.

These actions are called left translation, right translation and conjugation (in that
order). Notice that taking the inverse of g in the definition of R is essential to make
it into an action (otherwise it would be a so-called right action); we stress that it
amounts to R(g,h) = R,-1(h) forall g,h € G.

For a fixed group action y of G on a manifold M, the fundamental vector field
associated to x € T,G, denoted x, is the vector field on M, whose value at m € M is
given by

xolF] 1= S

= a‘t:OF(x(exp(—tx),m)) , (5.5)

for all functions F, defined on a neighborhood of m in M. Writing g = exp(tx),
one sees that Eq. (5.5) is the infinitesimal version of (5.4). Applied to the case of
right translation (recall that R(g,h) =R, 1h = hg™1), this yields for all functions F,
defined in a neighborhood of g in G,

zg[F] = %‘IZOF(R(CXP(—tx),g)) = EhzoF(gexp(tx))
= (FeL e =iFoLy

= TLy(x)[F) = 4 [F].

We conclude that Xy = Yg, for all g € G, ie., x= . In words: the left-invariant
vector field on G, whose value at e is x, is the fundamental vector field of right
translation, corresponding to x. Similarly, the fundamental vector field of left trans-
lation on G, corresponding to x € g, is given by — ¥ . Also, since Co =Ry 10Lg,
the fundamental vector field of conjugation on G, corresponding to x € g, is given
by % — ¥. The identity

invoRy =L, 0inv

implies that a vector field ¥ on G is right-invariant if and only if the vector field
on G, defined! by inv, ¥, is left-invariant. It follows, using T,inv = —1r,G, that
inv, ¥ = — %, forevery x € g.

Given a group action of a Lie group G on a manifold M, the map g — X'(M),
which associates, as above, to x € g the fundamental vector field x on M, admits
as a natural generalization a map A*g — X*(M), which associates to a multivector
X of g a multivector field X on M. For X € APg of the form X = x; A--- Axp, the
p-vector field X is defined as

1 Recall that for a diffeomorphism @ : M — N between manifolds and for ¥ a vector field on M,
we denote by @, the vector field on N, which is defined by (@) () := Tu®@(¥n), for all
m € M, and similarly for multivector fields on M.
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X:i=x1 N\ Axp
and is called the fundamental p-vector field, corresponding to X. In the case of right
and left translations on a Lie group G, we write %, respectively (—1)? X for the
fundamental multivector field, associated to X € A”g. Equivalently, for X € APg, the
vector fields X and X can be defined by Yg = AP(T,Ly)X and Yg =N (T,Ry)X,
for all g € G. As above, it follows from this definition that X is a left-invariant
multivector field and that X is a right-invariant multivector field.

We show in the following proposition that the map, which sends X € A®g to Y,
is a homomorphism of Gerstenhaber algebras.”

Proposition 5.2. Let G be a Lie group with Lie algebra g. For all X,Y € N\°g, we

have
XAv=%nY, [Xy]=[X.7],, (5.6)

so the map X X preserves the wedge product and the Schouten bracket. Up to a
sign, the same is true for the map X — X : for all X, Y € N\°g, we have

XAY=XAY, [X¥]=-[X,T]. (5.7)

Moreover,

[X.7],=0, (5.8)
forall X,Y € N°g.

Proof. Since every element of A®g is a sum of elements of the form x; A--- A xp,
where 1 < p <dimg, and xy,...,x, € g, it suffices to prove (5.6)—(5.8) for X and Y of
this form. Then the first equation in (5.6) follows from the associativity of A on A®g
and on X*(G). The second equation in (5.6) clearly holds when X and Y belong
to g; upon using the graded Leibniz identities (3.42) and (3.47) of the Schouten
brackets [-,-]] on A®g and [-,-]s on X*(G), it follows that this formula holds for
general X,Y € A*g*. Since inv, ¥ = — %, for all x € g, we have inv, X = (-nrx,
for all X € APg; therefore, applying inv, to both equations in (5.6), we find the
equations in (5.7). We now prove (5.8). In view of the graded Leibniz rule for the
Schouten bracket, it suffices to prove (5.8) when X and Y are elements of g, which
we write as x and y. The vector fields ¢ and 7 are the fundamental vector fields
of the actions of right, respectively left, translation of G on itself. These actions
commute, hence the flows of % and ¥ also commute. The commutator [, ] is
therefore zero. O

For algebraic groups there is, in general, no exponential map, but for linear ac-
tions on vector spaces (representations), such as the actions which we will con-
sider in the next section, taking the differential of the action, viewed as a map
x : G — End(V), yields a linear vector field on V, which is the analog (up to a
sign) of the fundamental vector field, defined in (5.5).

2 Recall that (A*g, A, [[,-])) is a Gerstenhaber algebra, just like (X*(M),A,[-,-]s), where M is an
arbitrary manifold (see Proposition 3.9).
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To finish this section, we recall some rather general conditions under which the
quotient space M /G of a group action G x M — M is of the same type as M, i.e., is
an affine variety or a manifold.

(1) Suppose that M is an affine variety on which a reductive algebraic group G acts.
Then the algebra of G-invariant functions .% (M) is finitely generated, hence is the
algebra of regular functions on an affine variety, which can be identified with the
orbit space M /G. Since, in particular, every finite group G is reductive, the quotient
of an affine variety by a finite group is an affine variety.

(2) Suppose that M is a manifold and that G is a Lie group, which acts properly
and locally freely on M. Then the orbit space M /G has a unique manifold structure
for which the canonical map p : M — M /G is smooth. Interesting particular cases
include free actions of a finite group and locally free actions of a compact group on
a manifold. We recall that an action y : G x M — M is called a proper action, if
the map

xXxXp2:GXM—>MxM (5.9

(g,m) = (gm,m)

is a proper map, i.e., the inverse image of every compact subset of M X M is a
compact subset of G x M. Also, y is called a locally free action if, for every m € M,
there exists a neighborhood U of the identity in G such that the restriction to U of
the map g — gm is injective.

5.1.3 Adjoint and Coadjoint Action

We next consider the adjoint action of a Lie group G on its Lie algebra g, and more
generally on the space A®g; we will also consider its infinitesimal version, which is
a Lie algebra action of g on itself, and more generally on A®g. Dually, we will also
consider the corresponding group action of G and the corresponding Lie algebra
action of g on its dual vector space g* and on A®g*. The formulas are most naturally
written in terms on the natural pairing (-,-) between APg* and APg, given for all
&i,...,&, egfand forall xi,...,x, € g by

Silxt] -+ Gifxy]
(BN NEpxp, o xpy = : (5.10)

ép[.xl] ép[.xp]

For g € G, the conjugation map C, : G — G is a Lie group automorphism of G.
According to Theorem 5.1, the tangent map to C, at e is a Lie algebra automorphism
of g. It is customary to denote this map by Ad,. Thus, Adg :=7,C, : g — g and

Adg([x,y]) = [Adgx, Adgy] ,
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for all x,y € g. For g,h € G, we have that
Adgh = Tngh = Te(Cg Och) = (TgCg) o (TeCh) = AngAdh y

so that the assignment (g,x) — Ad,gx defines a group action of G on g. It is called
the adjoint action of G on g, denoted Ad. Since the maps Ad, are linear maps, Ad is
actually a representation of G, the adjoint representation of G on g. The transpose
map of Ad,- is denoted by Ady: for all Eegrandforallx € g,

(Ad.x) = (& Adgix)

The resulting map (g,&) — Ad; & is a group action of G on g*, called the coad-
Jjoint action of G on g*, denoted Ad*. As in the case of the adjoint action, Ad* is a
representation of G, the coadjoint representation of G on g.

These adjoint and coadjoint actions extend to group actions of G on A®g and
on A*g*, also denoted by Ad and Ad*, upon setting

Adg(xi A+ Axp) == Adgxi A ANAdgx,, (5.11)
Adg (&1 A NEp) == Ad &1 N -~ ANAdLE) (5.12)

forall g € G, all p e N*, all xy,...,x, € gand all §;,...,§, € g*. It follows from
these definitions that
(Ad:Q,X) = <Q,Adg71X> ,

forall g € G, all Q € APg* and all X € APg.
The tangent map of Ad : G — End(g) at e is the linear map

ad:=T,Ad:g— End(g),

called the adjoint representation of g. Writing ad, for the image of x € g by ad,
it is a fundamental fact that the endomorphism ad, is given by ad,(y) = [x,)],
for all y € g. It follows that ad is indeed a Lie algebra representation: ad, ) =
ad,oad, —adyoad,, for all x,y € g. More generally, taking the tangent map of
Ad : G — End(A®g) at e we obtain the adjoint representation of g on A®g, still
denoted by ad. Equation (5.11) implies that

p
ade(x1 A= Axp) = D xi A Al x] A Axp
i=1

forall xi,...,x, € g hence that ad, X =[x, X]], for all X € A®g. In view of the graded
Jacobi identity for the algebraic Schouten bracket [, -]}, we have for all x,y € g and
for all X € A®g that

ad ) X = [be,y], X1 = [, [v, XTI = [y, [, XT]| = ady(ad, X) —ad, (ad, X) ,
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so that ad|, ;j = ad, o ady — ady oad,, which shows that ad is indeed a Lie algebra rep-
resentation of g (on A®g). Similarly, we obtain the coadjoint representation by taking
the tangent map of Ad* : G — End(A®g*) at e, which yields ad* : g — End(A®g").
As above, ad* is for all x € g a derivation of A*g* and ad; is related to ad, by

(ad; Q,X) = —(Q,ad, X) = — (Q,[x,X])) , (5.13)

forall 2 € APg* and all X € APg.

To finish this section, we shortly discuss invariant multivectors. An element X €
A*g is said to be Ad-invariant (respectively ad-invariant) if Ad, X =X, forallg € G
(respectively ady X = 0, for all x € g). The following lemma relates Ad and ad-
invariance and gives a useful characterization in terms of the associated infinitesimal
multivector fields.

Proposition 5.3. Let G be a Lie group with Lie algebra g, and let X € N\*g.

(1) IfX is Ad-invariant, then X is ad-invariant;
(2) If G is connected, then X is Ad-invariant if and only if X is ad-invariant;
(3) X is Ad-invariant if and only zf? =

Proof. Let X € A*g. If X is Ad-invariant, then the map G — A°®g, defined for
g € G by g — Ad,X is a constant map, hence its tangent map is zero, ad, X =
T, Ad(x)(X) = 0, for all x € g. Conversely, the latter map is locally a constant map
on G when ad, X = 0 for all x € g; if G is connected, this implies that g — Ad, X is
a constant map, hence that X is Ad-invariant. This proves (/) and (2). For X € A°g,
say X € APg, and for g € G, the equality Yg = X g, which can also be written as

NP(T,Lg)X = NP(T.Rg)X ,
is equivalent to A” Ad, X = X, because
AP Ady = AP(T,Cy) = AP(TyR,-1) 0 AP(T,Lg) = AP(T.R) ™' o AP(TLy) .

Therefore, Yg = Yg for all g € G if and only if X is Ad-invariant, which is the
content of (3). O

5.1.4 Invariant Bilinear Forms and Invariant Functions

Let G be a Lie group and let g be its Lie algebra. A bilinear form (-|-) on g is called
Ad-invariant, if for all g € G and for all x,y € g,

(Adgx| Adgy) = (x]y) -
If (-|-) is Ad-invariant, then

(24 ]y) + (xl[z0]) =0,
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for all x,y,z € g; a bilinear form on g satisfying the latter condition is called ad-
invariant. When G is connected, every bilinear form which is ad-invariant is Ad-
invariant, so the two notions of invariance need not be distinguished.

We often use a non-degenerate symmetric bilinear form to identify g with its dual
vector space g*. Non-degeneracy of a bilinear form (- | -) means that the linear map
X : 9 — g*, which sends x € g to the linear form (x|-) : y — (x| y), is an isomorphism.
Its inverse will be denoted by y. Explicitly, y is given by

(x(),y) = xly) = (x(¥),%)

for all x,y € g. If (-|-) is moreover Ad-invariant, then for every g € G and for all
x,y € g it follows from the definitions that

(Ad;(x(x)),5) = (x(x),Ady1y) = (x| Adyry)

= <Adgx|y> = <X(Adgx),y> )
so that the following diagram is commutative:
£y

Adg Ad; 5.14)

a{—

1 > g
A Lie algebra g, equipped with a non-degenerate symmetric bilinear form (|-},
which is ad-invariant is called a quadratic Lie algebra.

A function F on g is called Ad-invariant if it is invariant for the adjoint action
of Gon g, i.e., if F(Adgx) = F(x) for all g € G and x € g. Similarly, a function F
on g* is called Ad*-invariant if it is invariant for the coadjoint action of G on g*.
The Ad*-invariance of a function F on g* is characterized infinitesimally by

adj,r =0, (5.15)
for all £ € g*. Indeed, for z € g and & € g*,
(adi,r&.2) = (&, [2.deF]) = — (dzF,ad; &) =0,

where we used in the last step that %‘ —oF (Adgyp,. &) = 0, itself a direct conse-
quence of the Ad*-invariance of F. If F : g* — T is an Ad*-invariant function and
if the bilinear form (-|-) is Ad-invariant, then the commutativity of (5.14) leads for
every g € G to

FoyoAd;,=FoAd,oxy =Foy,

so that F o y is Ad-invariant. Similarly, (-|-) is Ad-invariant and F o ) is Ad-
invariant, then F is Ad*-invariant. Thus, y establishes a one-to-one correspondence
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between Ad*-invariant functions on g* and Ad-invariant functions on g. For a func-
tion F : g — T, the Ad-invariance of (-|-) also leads to

v (ad, (g &) = Vo) P w(E)] (5.16)

where V,.F := y(d,F), for x € g. It follows that a function F on g is Ad-invariant if
and only if [V,F,x] = 0 for all x € g. The proof of (5.16) follows at once from the
definitions of vy, ad, V and the ad-invariance of (- |-).

5.2 Poisson Reduction

In many geometrical situations of interest, one deals with a quotient of a subman-
ifold of a Poisson manifold, and while the submanifold itself does not inherit a
Poisson structure from its ambient space (i.e., it is not a Poisson submanifold, as
in Section 2.2), the quotient does inherit a Poisson structure. The construction of
such a Poisson structure is called Poisson reduction, while the Poisson structure
itself is called a reduced Poisson structure. We give in this section necessary and
sufficient conditions for Poisson reduction: we formulate them first algebraically
(Section 5.2.1) and then for manifolds (Section 5.2.2). The geometrical picture to
keep in mind, reading this section, consists of the following manifolds and maps:

NcM
pl (5.17)
P

where M = (M, ) is a Poisson manifold, N is a submanifold of M and p is a sub-
mersion. The example to keep in mind is that of a Poisson manifold on which a
group G acts, a submanifold N which is G-invariant and the quotient P = N/G. We
will come back to this example in Section 5.4.2.

5.2.1 Algebraic Poisson Reduction

We first describe Poisson reduction in purely algebraic terms. Dualizing the dia-
gram (5.17), we consider a Poisson algebra (<7, -,{-,-}), an ideal .# of («,-), the
canonical map « : &/ — </ /. and a subalgebra & of o/ /.#, as in the following
diagram:
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o

lK (5.18)

BC AT

We would like to have a Poisson structure {-,-}, on 4, such that {F,G}, =
k ({F,G}), for every F,G € A, where F and G are arbitrary representatives in ./
of F and G.

Definition 5.4. Let (<7,-,{-,-}) be a Poisson algebra, let .# be an ideal of (<)
and let # be a subalgebra of <7 /.7. We say that the triple (<7, .7, %) is Poisson
reducible if there exists a Poisson bracket {-, -}, on £, such that

{F.G}4=x({F.G}) , (5.19)

for all F,G € %, where F,G are arbitrary representatives of F and G in .27. The
Poisson bracket {-, -}, on A is called the reduced Poisson bracket.

We give in the following proposition a necessary and sufficient condition for a
triple (&7, .#,9) to be Poisson reducible. For the ideal .# of (,-) we denote its
normalizer in (7 ,{-,-}) by A (F),

N(F)={Fed |{FF}CI}. (5.20)

Clearly, .#"(.#) is a Poisson subalgebra of «7: since {-,-} is a biderivation, .4 (.#)
is a subalgebra of (7, ), while the Jacobi identity for {-,-} implies that A4 (.#) is
a Lie subalgebra of (<7, {-,-}).

Proposition 5.5. Let (<7 ,-,{-,-}) be a Poisson algebra, let .7 be an ideal of (< ,-)
and let B be a subalgebra of </ | 9. Then (<, .7 ,9B) is Poisson reducible if and
only if the following conditions are satisfied.:

() K (B)C A (I);
(2) kYD) is a Lie subalgebra of (<7, {-,-}).

For F,G € 9, their reduced Poisson bracket {F,G} 4 is then given by
{F.G},=x({F,G}), (5.21)
where F and G are arbitrary representatives in </ of F and G.

Proof. Suppose first that conditions (/) and (2) are satisfied. We wish to define a
Poisson bracket on Z by using Eq. (5.21). Let F,G € 2 and let F', G be representa-
tives in o7 of F and G; both F and G are determined uniquely up to an element of .# .
According to condition (1), F and G belong to .4 (.#), so their bracket {F,G} is,
modulo .#, independent of the chosen representatives  and G for F and G. Con-
dition (2) implies that {F,G} € k~!(2), so that k ({F,G}) € 2. It follows that
(5.21) defines amap {-,-} 4 : & x B — . Since Kk is an algebra homomorphism,
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the fact that {-,-} is a skew-symmetric biderivation of ./ implies that {-,-}, is
a skew-symmetric biderivation of . For the Jacobi identity, observe that, for all
F,G,H € A, (5.21) yields that

{{F.G} . H} ;= x ({{F.G}.H})

where F', G and H are arbitrary representatives of F, G and H. The Jacobi identity for
{-,-}4 therefore follows from the Jacobi identity for the bracket {-,-}. We conclude
that (&7,.#, %) is Poisson reducible, in particular the reduced Poisson bracket on
2 is given by (5.21).

Suppose now that (&7,.#, %) is Poisson reducible, so that % admits a Pois-
son bracket {-, -}, which satisfies (5.19). Since ¥ and G are arbitrary elements of
k! (2), the latter formula implies that k ({k (%), k' (#)}) C 2, which yields
condition (2). For arbitrary elements F € k¥~ (%) and G € .# we have from (5.19),
since k(G) = 0, that x ({F,G}) =0, so that {x~!(#),.#} C .#, which yields
condition (7). O

Notice that since k~!(%) is a subalgebra of (<7,-) and .4 (.#) is a Poisson
subalgebra of («7,-,{-,-}), the two conditions (1) and (2) in Proposition 5.5 can be
summarized in the single condition:

k(%) is a Poisson subalgebra of 4 (.%) .

Moreover, viewing the canonical map k as a map k : k(%) — 4, the for-
mula (5.21) for the reduced Poisson bracket can be simply stated as k being a
morphism of Poisson algebras, where x~!(24), which is a Poisson subalgebra
of A (), and hence of <7, is equipped with the Poisson bracket which it inherits
from 7.

We next consider Poisson reduction in the setting of affine varieties. We do this
by replacing each of the algebras in (5.18) by an affine variety, keeping in mind that
under the basic correspondence between algebras of finite type and affine varieties,
surjective algebra homomorphisms are replaced by injective maps between varieties
(with the direction of the arrow being reversed) while injective algebra homomor-
phisms are replaced by dominant maps between varieties, i.e., maps whose image
is (Zariski) dense in the target variety. We are thus led to consider the following
diagram,

cM

N
pl (5.22)
p

where M, N and P are affine varieties and p is a dominant map.

Definition 5.6. Let N be a subvariety of an affine Poisson variety (M, {-,-}) and let
p: N — P be a dominant map, where P is also an affine variety. We say that the
triple (M, N, P) is Poisson reducible if there exists a Poisson structure {-,-}, on P,
such that, for everyn € N,
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{F.G}p(p(n))={F,G}(n),

for all F,G € % (P) and for all extensions F,G € .7 (M) of Fop and Go p. The
Poisson structure {-, -} is called a reduced Poisson structure.

It is clear from the definitions that a triple of affine varieties (M,N, P) is Poisson
reducible if and only if the triple of algebras (&7, .7, B) := (F (M), In,.F (P)) is
Poisson reducible, where .#y denotes the ideal of N. The geometric interpretation
of the normalizer .4/ (#y) of .Zy, defined in (5.20), is that

N (In)={F € F(M) | Zr is tangent to N at every point of N} . (5.23)

Also, k~ (%) = k1(Z (P)) consists of all functions on M, whose restriction to N
is of the form H o p, for some function H € .% (P). It follows that Proposition 5.5
leads for affine varieties to the following result.

Proposition 5.7. Let (M,{-,-}) be an affine Poisson variety, let N be a subvariety
of M and let P be an affine variety. Suppose that p : N — P is a dominant map, as
in diagram (5.22). Then (M,N,P) is Poisson reducible if and only if the following
conditions are satisfied:

(1) All Hamiltonian vector fields, which are associated to functions, whose re-
striction to N is of the form H o p, for some function H € % (P), are tangent
toN;

(2)  For every two functions F,G € .F (P) and for all extensions F,G € .F (M) of
FopandGop toM, there exists a function H € F (P), such that { F,G} (n) =
H(p(n)), for everyn € N.

In this case, the Poisson bracket of F,G € % (P) at p(n), where n € N, is given by
{F’ G}P (p(n)) = {F’G} (n) )

where F and G are arbitrary extensions to M, of F o p and G o p.

There are two extreme cases of Proposition 5.7. The first one occurs when N = P.
Comparing Definitions 2.9 and 5.6, one has that (M,N,N) is defined to be Poisson
reducible if and only if N is a Poisson subvariety of M; Proposition 5.7 says that this
is the case precisely when all Hamiltonian vector fields are tangent to N. Thus the
equivalence (i) < (iif) in Proposition 2.10 is a particular case of Proposition 5.7.
For the second extreme case of Proposition 5.7, suppose now that N = M. Then
Proposition 5.7 says that (M, M, P) is Poisson reducible if and only if the Poisson
bracket of every pair of functions which are of the form H o p, with H € .%(P), is
also of that form. We will see an important particular case of this in Section 5.4,
where these functions are the invariant functions for some group action. Another
particular case of Proposition 5.7 is given in the following corollary.

Corollary 5.8. Let (M,{-,-}) be an affine Poisson variety, let N be a subvariety
of M and let P be an affine variety. Suppose that p : N — P is a dominant map and
that for a function F € .7 (M) the following conditions are equivalent:
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(i)  The restriction of F to N is of the form H o p, for some H € .F (P);
(ii)  The Hamiltonian vector field Z is tangent to N.

Then (M,N,P) is Poisson reducible.

Proof. 1f (i) and (ii) are equivalent, then condition (/) in Proposition 5.7 is clearly
satisfied. For condition (2), let F,G € .7 (P) and let F,G € .7 (M) be extensions of
Fopand Gop. According to (i) = (ii), Zp [In] C Fy and Z ¢ [In] C In, where,
as before, we denote the ideal of all functions on M which vanish on N by .#y. Using
the Jacobi identity for {-,-} in the form of Proposition 1.4 (5), it follows that

Zipey N C 2 [{G )] + 26 [{F, An}] € Zp[ W]+ 26O € A,

which implies, in view of (ii) = (i), that the restriction of {F,G} to N is of the
form H o p, for some H € .#(P). O

The sufficient condition for Poisson reducibility, given in Corollary 5.8, is not a
necessary one. For example, let P and Q be affine Poisson varieties and consider the
triple (P x Q,P x Q, P), where P x Q is equipped with the product Poisson structure.
If Q is of positive dimension (i.e., is not a point), then conditions (i) and (ii) in the
corollary are not equivalent. However, the triple is reducible, since condition (/) in
Proposition 5.7 is trivially satisfied, while condition (2) is a consequence of the fact
that the projection map p, : P x O — Q is a Poisson map (see Proposition 2.2).

5.2.2 Poisson Reduction for Poisson Manifolds

We now turn to the case of Poisson manifolds. The basic setup and the basic defi-
nition are very similar to the case of affine Poisson varieties (Section 5.2.1). First,
recall that, by definition, a map p : N — P between manifolds is a submersion if the
tangent map T, p : TN — T,(,) P is surjective for every n € N; in particular, every
submersion is an open map (it maps open subsets of N to open subsets of P).

Definition 5.9. Let (M, {-,-}) be a Poisson manifold, N an (immersed or embedded)
submanifold of M, P a manifold and p : N — P a surjective submersion, as in the
following diagram:

NCM
pl (5.24)
P

We say that the triple (M, N, P) is Poisson reducible if there exists a Poisson struc-
ture mp = {-,-}p on P, such that for all open subsets V C N and U C M, with
V C UNN, and for all functions F,G € % (p(V)), one has

{F,G}p(p(n)) ={F,G}(n), (5.25)



128 5 Reduction

at all points n of V, where F,G € .7 (U) are arbitrary extensions of F o p), and
Go py, - The Poisson structure 7p on P is called the reduced Poisson structure.

Remark 5.10. Recall from Section 2.2.2 that an immersed submanifold comes with
its own topology and differential structure, so the open subset V of N need not be
of the form U NN for some open subset U of M. However, when N is an embedded
submanifold of M, it carries the induced topology from M and the condition in the
above definition simplifies to: for every open subset U C M and for all functions
F,G € Z(p(UNN)), one has (5.25), for all n € UNN, where F,G € .7 (U) are
arbitrary extensions of Fop, . and Gop, ..

Proposition 5.11. Let (M, {-,-}) be a Poisson manifold, let N be an (immersed or
embedded) submanifold of M and let p : N — P be a surjective submersion onto a
manifold P. Then (M,N,P) is Poisson reducible if and only if for all open subsets
VCNandU C M, withV C UNN, the following conditions are satisfied:

(1)  For every function F € .7 (U), whose restriction to V is constant on the fibers
of p, the Hamiltonian vector field Z is tangent to N at every point of V;

(2)  For every pair of functions F,G € .F (U) whose restrictions to V are constant
on the fibers of p, their Poisson bracket {F , G}, restricted to 'V, is constant on
the fibers of p.

In this case, for every open subset V. C N and for all n € V, the Poisson bracket of
F,Ge Z(p(V)) at p(n) € P is given by

{F7 G}P (p(l’l)) = {FvG} (n) (5.26)

where F and G are arbitrary extensions to a neighborhood of n in M, of F o Ply
and G o Py In particular, the Hamiltonian vector field associated to F is given,
at p(n), by

(ZF) pny = dup (ZF),, - (5.27)

Proof. We first point out that for an open subset V C N and a function F € .# (V)
the following conditions are equivalent:

(i)  F is of the form H o p for some function H € Z (p(V));
(ii)  F is constant on all the fibers of p.

The only thing which is not obvious in this equivalence is the fact that the func-
tion H, constructed in (ii) = (i), is smooth/holomorphic; it is a consequence of the
implicit function theorem, applied to the surjective submersion p.

Suppose that (M, N, P) is Poisson reducible. Let V C N and U C M be open sub-
sets, with V. C U NN, and suppose that F € .% (U) is constant on the fibers of p,
when restricted to V. Then Fj, = F o p, for some function F € .Z(p(V)). For an
arbitrary n € V and an arbitrary function G, defined on a neighborhood U’ of n
in M, and vanishing on some neighborhood of » in N, we have in view of (5.25) that
{F,G} (n) = {F,G}p(p(n)) =0, since G =0, in a neighborhood of p(n). There-
fore, 25 is tangent to N at n, leading to condition (). Condition (2) follows also
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from (5.25), because the left-hand side of (5.25) depends only on p(n), i.e., on the
fiber which contains 7, rather than on n itself.

Suppose now that conditions (/) and (2) hold. For every w € P, we define a skew-
symmetric biderivation (7p),, at w by: for all germs F,, G,, at w,

(mp)w[Fy, G := my[Fy, Gy = {F,G} (n) , (5.28)

where 7 is an arbitrary point of N for which p(n) = w and F,,, G, are germs at n
of arbitrary functions F,G, defined on a neighborhood of 7 in M, and satisfying
F|V =Fop, and le = Go pj, for some neighborhood V of n in N. The right-hand
side in (5.28) is independent of the choice of n (with p(n) = w) because, according
to (2), the value of {F ,G} at points n of V depends on p(n) only. Similarly, it
is independent of the chosen F and G because, according to (1), if G is such that
G\v =0 and F is such that F|, = F o py,, then {F,G} (n) = 0. Thus 7p is well-
defined at every point w € P and it inherits from 7 the biderivation property at
each point. We need to show that the bivector field 7p, defined on P by w — (7p),,
is smooth/holomorphic. Let w € P, let n € p~!(w) and let V be a neighborhood
of n in N, having the property that every function in % (V) extends to a function
in .Z (U), where U is a neighborhood of V in M. Such neighborhoods V and U exist
because N is an immersed submanifold of M. For every pair of functions F,G €
F(p(V)), we then have, using the equivalence (i)<(ii), given at the beginning of
the proof, that
{F,G}pop= {F,G}‘V =Hop,

for some function # € . (p(V)), in particular {F, G}, € Z (p(V)). This shows that
7p is a smooth/holomorphic bivector field in a neighborhood of w; since w was
arbitrary, 7p is a smooth/holomorphic bivector field on P. In the bracket notation, it
is given by (5.26), for arbitrary points p(n) in P and for arbitrary functions F and G,
defined in a neighborhood of p(n) in P. Notice that (5.26) implies that

{{F>G}P7H}P(p(n)):{{Faé}aﬁ} (”)7 (5.29)

for arbitrary functions F,G, H, defined in a neighborhood of p(n), and F,G, H ex-
tensions as before. It follows from (5.29) that the Jacobi identity for {-,-} implies
the Jacobi identity for {-,-}p. Also, (5.27) is an immediate consequence of (5.26).
O

According to (1) in Proposition 5.11, if (M,N,P) is Poisson reducible and F is
a function, defined on an open subset of M, whose restriction to an open sub-
set V of N vanishes, then the Hamiltonian vector field 2 is tangent to N at every
point of V. This motivates the following definition, from which it follows that if
(M,N,P) is Poisson reducible, then N is a coisotropic submanifold of the Poisson
manifold (M, 7).

Definition 5.12. A submanifold N of a Poisson manifold (M, ) is said to be a
coisotropic submanifold of M if for every open subset V of N and for every func-
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tion F, defined on a neighborhood of V in M, and such that Fi
nian vector field 2 is tangent to N, at every point of V.

= (), the Hamilto-

NOV

The notion of a coisotropic submanifold generalizes the notion of a Poisson sub-
manifold, since the Hamiltonian vector fields, associated to (local) functions which
vanish on a Poisson submanifold, are not only tangent to the Poisson submanifold,
but they actually vanish on it.

The condition that a submanifold N of a Poisson manifold is coisotropic can be
stated pointwise. To do this, we introduce, for every m € M, the linear map ﬂﬁ :
TM — T,,M, which corresponds® to the bivector 7,, € A>T;,M, and for n € N, the
subspace T;*N of T M, which consists of the annihilator of T,N in 7, M,

TN :={{ €T;M|¥WeT,N,E(v)=0} .

By the implicit function theorem, every element of 7;*N can be realized as the
differential at n of some function £, defined on a neighborhood of n in M, and whose
restriction to N vanishes. It leads to the following two pointwise characterizations
of a coisotropic submanifold.

Lemma 5.13. Let N be a submanifold of a Poisson manifold (M, ). The following
conditions on N are equivalent.

(i) N is a coisotropic submanifold;
(ii)  Foreveryn €N, m,(T;"N,T;-N) = {0};
(iii)  For everyn € N, m(T.*N) C T,N.

Similarly, the stronger condition that all Hamiltonian vector fields .2 are tangent to
the fibers p, := p~!(p(n)) of the surjective map p : N — P can be stated as follows:
for every n € N,

nrul(TnLN) CTupn -

In the following proposition we show that for a triple (M, N, P) as above, if all the
tangent spaces T, p, are spanned by Hamiltonian vector fields which come from
functions which vanish on N, then (M, N, P) is Poisson reducible.

Proposition 5.14. Let (M, ) be a Poisson manifold, N an (immersed or embedded)
submanifold of M and let p : N — P be a surjective submersion with connected
fibers. If

TErE (TnJ_N) =Tupn (5.30)

for everyn € N, then N is a coisotropic submanifold of M and (M,N, P) is Poisson
reducible.

3 Our sign convention is that n,tn(d,,,H) [F) = 7ty [Hu, Fn| = {H,F} (m), for all functions F and H,
defined on a neighborhood of m.
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Proof. Notice first that in view of (iii) = (i) in Lemma 5.13, N is a coisotropic
submanifold of M. To show that (M, N, P) is Poisson reducible, we verify both con-
ditions (/) and (2) in Proposition 5.11.

(1) The skew-symmetry of 7,, combined with (5.30), yields that 7':,5(TnL pn) C TN,
for every n € N. It implies that the Hamiltonian vector field of every function, de-
fined on a neighborhood of n in M, whose restriction to N is constant on the fibers
of p, is tangent to N, which is condition (/).

(2)Let U C M and V C N be non-empty open subsets, with V C UNN. Let F,G €
F(U) be two functions whose restrictions to V are constant on the fibers of p. We
show that the restriction of {F ,G} to V is constant on the fibers of p. Let n € V
and v € T, p, be arbitrary. Then v can be extended, on a neighborhood of n in M,
to a Hamiltonian vector field, which is tangent to the fibers of p. Indeed, by (5.30),
there exists a function A on a neighborhood U’ C U of n in M, whose restriction
to V' :=VNU'is zero, with (Z3), = —mi(d,H) = v. Since H is zero on V', its
Hamiltonian vector field 2 is indeed, again by (5.30), tangent to the fibers of p at
every point of V’. It follows that the function 2 [F] is zero on V', because F| , 18
constant on the fibers of p. By (5.30), {3&” i [F 1, G} vanishes on N (recall that G is
also constant on the fibers of p). Similarly, { 2[G],F } (n) = 0. Using the Jacobi
identity, it follows that

v[{F.G}] = 2 [{F.G}] (n) = { 24[F).G} (n) + {F. 234G} (n) = 0.

Since n € N and v € T,,p, are arbitrary, the restriction of {F , G} to each connected
component of p, NV is constant. Notice that, since p, NV is not necessarily con-
nected, we cannot conclude from it that the restriction of { ¥, G} to every fiber of p
is constant. However, there is a function H on p~!(p(V)), which agrees with { ¥, G}
at every point of V and which has the same property of being constant, when re-
stricted to each fiber p,, where n € V; since each fiber p, is connected, we can
conclude that {F" , G} is constant, when restricted to the fibers of p. In order to con-
struct H, let n be an arbitrary point of p~!(p(V)). Since F is constant on the fibers
of p, its restriction to V is of the form F o p|,, for some function F. On a small neigh-
borhood U” of n in M we can construct an extension £ of F o P> Where V" is a

neighborhood of z in N, with V" C U” N N. Similarly, we construct Gy from G. It
follows from (5.30) that H := {Fy, Gy } is at points of V" independent of the chosen
extensions, hence leads to a well-defined function on p~!(p(V)), which coincides
with {#,G} on V. Moreover, it follows as earlier in this proof that H is constant on
the fibers of p. This proves the existence of H, with the announced properties, hence
achieves the proof. O

Remark 5.15. Let N be a coisotropic submanifold of a Poisson manifold (M, 7).
Assume that the dimension of nnﬁ(TnLN) is independent of n € N. According to
Lemma 5.13, a distribution is defined on N by assigning to every n € N the sub-
space (T ;-N) of T,M. This distribution is differentiable, because it is locally de-

fined by the Hamiltonian vector fields which correspond to local functions on M
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which vanish on N. For functions F,G, defined on an open subset U of M, and
vanishing on N, their commutator [ 27, 2] = — 2} is the Hamiltonian vector
field of the function {F, G}, which vanishes on N; indeed, {F, G} = Z[F] vanishes
on N because F is constant on N (in fact, it vanishes on N) and 2 is tangent to N
(since N is coisotropic). Thus, [ZF, Z] belongs to the distribution and the latter is
integrable in the sense of Frobenius. If the space P of leaves of this distribution is a
manifold, then the conditions of Proposition 5.14 hold, so that (M, N, P) is Poisson
reducible and P inherits a Poisson structure from (M, ).

Remark 5.16. 1t is instructive to write down the conditions of Poisson reducibility
in terms of a well-chosen system of local coordinates for the ambient manifold. It
leads to an expression for the Poisson matrix of the reduced Poisson structure in
terms of the Poisson matrix of the initial Poisson structure.

Let (M, N, P) be three manifolds with N C M a submanifold of M, and p : N — P
a surjective submersion. For simplicity, we assume that N is an embedded subman-
ifold. We define s,¢ and u by

s:=dimP, s+t:=dimN, s+t+u:=dimM .

Let n be an arbitrary point of N and let (x1,...,x;) be an arbitrary coordinate system,
defined on a neighborhood of p(n) in P. For i = 1,...,s, choose an extension ;
of x; o p to a neighborhood of n in M. Then there exist on a neighborhood of n
in M functions yy,...,y, and zy,. . .,zy, such that (%1,...,%, V1, , Y, 21,---,2u) iS @
coordinate system for M in a neighborhood U of n, and such that NN U is given by
the equations z; = --- =z, = 0.

Let 7 be a Poisson structure on M. The Poisson matrix X of & with respect to the

coordinates X1, ..., %, V1,...,V:,21,---,Z, (in that order) is given by the block matrix
A B C
X=|-B" D E
~-C" —ETF

where A, D and F are square matrices of size s, ¢ and u respectively. Each of the
blocks A, B, C,... is a matrix-valued function on U, whose restriction to U NN
is denoted by A‘N, By, Cly,... We summarize the conditions related to Poisson
reducibility, expressed in terms of the Poisson matrix X, in Table 5.1.

The proof of each one of the lines of the table is a direct consequence of the
definitions. To start with, NN U is coisotropic in U C M if and only if every Hamil-
tonian vector field 2, with G a function on U which vanishes on NN U, is tangent
to N at every point of NNU. Since NNU is the zero locus of the local coordinates
Z1,...,Zs, this happens if and only if the Hamiltonian vector fields 27, are tangent
to NNU atevery point of NNU foralli=1,...,u, i.e.if and only if 2, [z,](n) =0
foralli,j=1,...,sand n’ € NNU. This is equivalent to saying that F, =0.

Let us explain the second line in the table. Condition (1) in Proposition 5.11
demands that the Hamiltonian vector field £ is tangent to N for every function
G whose restriction to N is of the form G o p for some function G defined in a
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Table 5.1 A summary of the conditions related to Poisson reducibility, expressed in terms of the
Poisson matrix X.

Condition Poisson matrix
N is a coisotropic submanifold F,=0
Condition (1) in Proposition 5.11 Gy=HF,=0
Condition (2) in Proposition 5.11 A‘ v depends only on %p,..., %
P , Cy=Hy=0
(M,N, P) is Poisson reducible .
A‘N depends only on %, ..., %
.. . .. Cy=F,=0
Condition (5.30) in Proposition 5.14
Rk(E(n')) =t forevery’ e NNU

neighborhood of p(n) in P. It implies that the Hamiltonian vector fields associated
to the functions %y,...,%s,z1,...,z, are tangent to NV, hence that C‘N =F, = 0. The
inverse implication follows from the fact that if the restriction of a function G to N
is constant on the fibers of p, then this restriction is independent of the coordinates
Viseeos Yt

For the third line, condition (2) in Proposition 5.11 is tantamount to saying that
the functions {ii,i j}, restricted to U NN depend on the functions %y,...,X; only;
in terms of the Poisson matrix X, this condition amounts to saying that A‘ v depends
only on Xy,...,X;.

The fourth line follows from the second and third lines, because (M, N, P) being
Poisson reducible means precisely that conditions (1) and (2) in Proposition 5.11
are satisfied.

For the last line in the table, condition (5.30) in Proposition 5.14, which states
that n,j, (T,f-N ) = T, pn for every n € N, implies that condition (1) in Proposition 5.11
is satisfied, so that C‘ N= F| ~ = 0. It also implies that, at every point n’ € NNU, the
u columns of the matrix E, which represent the Hamiltonian vector fields of the
functions zy,...,z,, generate a space of dimension ¢, namely the tangent space of
the fiber of p through n'.

When (M, N, P) is Poisson reducible, A‘ v depends only on the variables %, ..., %,
so that there exists a matrix-valued function A, such that Ao p = A‘ y- In view of

(5.26), the Poisson matrix of the reduced Poisson structure on P, expressed in terms
of the local coordinates x1, ..., Xy, is precisely the matrix A.
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5.3 Poisson-Dirac Reduction

We saw in Section 2.2 that if («7,-,{-,-}) is a Poisson algebra and .# is a Poisson
ideal of (7, -), then </ /.# inherits a Poisson algebra structure from 7. As we will
show in this section, </ /.# may inherit a Poisson structure from <7 under weaker
conditions; we then say that the Poisson structure on <7 /. is obtained by Poisson—
Dirac reduction. For Poisson manifolds it amounts to obtaining a Poisson structure
on a submanifold, which is not a Poisson submanifold.

5.3.1 Algebraic Poisson-Dirac Reduction

Let (<7,,{-,-}) be a Poisson algebra and let .# be an ideal of (<7, -). Consider the
composition of algebra homomorphisms

N () C o —= ~ (5.31)

where we recall from Section 5.2.1 that .4"(.#) is the normalizer of .#,
N(I)={Fed|{F,I}C I},

which is a Poisson subalgebra of .<7. The kernel of the composite map in (5.31) is the
Poisson ideal A (#)N.Z of A (F). It follows that A () /(A (F)N.F) is itself
a Poisson algebra. Notice that it is isomorphic to a subalgebra of <7 /.#, although
the latter is not a Poisson algebra, in general. It leads to the following definition.

Definition 5.17. Let («7,-,{-,-}) be a Poisson algebra. An ideal .# of (<, -) is said
to be a Poisson—Dirac ideal if one of the following equivalent conditions holds:

(i)  The natural inclusion of algebras A (%) /(AN (F)NI) — &f /.7 is an iso-
morphism;
(i)  The composition of algebra homomorphisms A (.¥) — & — &/ /.7 is sur-
jective;
(i) S+AH(SF)=4.
The three conditions in the definition are clearly equivalent. Condition (i) implies

that o/ /.# is a Poisson algebra, isomorphic to A (%) /(A (#)N.F), as stated in
the following proposition.

Proposition 5.18. Let .# be a Poisson-Dirac ideal of a Poisson algebra (o ,-,{-,-}).
Then </ /% has a unique Poisson bracket which makes the surjective morphism
N(I) — o — |7 into a morphism of Poisson algebras. This bracket is said
to be obtained by Poisson—Dirac reduction.

When .# is a Poisson—Dirac ideal, the different Poisson algebras which appear in
Poisson—Dirac reduction can be summarized in the following commutative diagram,
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K (5.32)

where all maps are morphisms of Poisson algebras, except (in general) for the
canonical projection K : &7 — &/ /.7

We now consider Poisson—Dirac reduction for affine Poisson varieties. Suppose
that N C M is a subvariety of an affine Poisson variety (M,{-,-}). We denote the
ideal of N (in .% (M)) by Zy. Recall from (5.23) that .4 (.#y) consists of all func-
tions on M whose Hamiltonian vector field is tangent to N. Translating (ii) of Defi-
nition 5.17 into geometrical terms, leads to the following definition.

Definition 5.19. Let (M, {-,-}) be an affine Poisson variety. A subvariety N C M is
said to be a Poisson—Dirac subvariety if every function on N is the restriction of a
function on M whose Hamiltonian vector field is tangent to N.

Thus, a subvariety N is, by definition, a Poisson—Dirac subvariety if and only if its
ideal .y is a Poisson—Dirac ideal. In view of Definition 5.17 this leads to other, al-
gebraic, characterizations of Poisson—Dirac subvarieties and Proposition 5.18 shows
that a Poisson—Dirac subvariety inherits a Poisson structure from its ambient Pois-
son variety. That is the content of the following proposition.

Proposition 5.20. Let N be a Poisson—Dirac subvariety of an affine Poisson variety
(M, {-,-}). There exists a unique Poisson structure {-,-}y on N such that, for every
F,G € Z(N), their Poisson bracket is given by

{F,.G}y = {F,G}|, (5.33)

where F |G are arbitrary extensions of F,G to M, whose Hamiltonian vector fields
Xy and Z¢ are tangent to N at all points of N. In particular, every Hamiltonian
vector field on (N,{-,-}y) is the restriction, to N, of a Hamiltonian vector field
on (M,{-,-}). The Poisson structure {-,-}, is called a reduced Poisson structure.

Remark 5.21. Suppose that N is a Poisson—Dirac subvariety of an affine Poisson
variety (M, {-,-}). Then the subalgebra .4 (.Zy) of .% (M) may not be finitely gen-
erated, and therefore may not be the algebra of functions on some affine variety.
However, when .4 (Zy) is finitely generated, then the commutative diagram (5.32)
leads to the following commutative diagram of affine varieties
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Oy «— M

|

QNTN

where 2y, respectively 9y, is the affine variety, whose algebra of regular functions
is A (An), respectively A (Iy)/ (A (Fn) N Fy). All maps in this diagram are
Poisson maps, except (in general) for the inclusion N — M.

We have seen in Section 2.2 that if N is a Poisson subvariety of a Poisson variety
(M,{-,-}), then for every function F on M, which vanishes on N, the Hamiltonian
vector field ZF vanishes at every point of N. For Poisson—Dirac subvarieties a sim-
ilar, but weaker, property holds.

Proposition 5.22. Let (M, {-,-}) be an affine Poisson variety and let N be a Poisson—
Dirac subvariety, whose ideal is denoted by y. Let F € Yy. If the Hamiltonian
vector field ZF is tangent to N at some point n € N, then it vanishes at that
point, (ZF), = 0. In other words, Ham,,(#y) N T,N = {0} for every n € N, where
Ham, (Iy) = {(ZF)n | F € N} is the vector space of Hamiltonian vectors at n,
which come from elements of Fy.

Proof. Let F € .y and let n € N. Suppose that ZF is tangent to N at n, which
means that 2 [G](n) = 0, for every G € .#y. We wish to show that (ZF), = 0. If
H € .7%(M), then H can be written as H| + H, with H, € Yy and H, € A (Iy),
since Yy is a Poisson—Dirac ideal (condition (iii) in Definition 5.17). By the above,
Zr[Hi](n) =0, while ZF[Hz](n) = {Ha2,F} (n) = 0, since H, belongs to the nor-
malizer of .#y. Therefore, ZF[H|(n) =0 for every H € .% (M), which means that
(%F)n =0. O

To finish this section, we write a Poisson matrix for the reduced Poisson structures,
obtained by Poisson—Dirac reduction. Assume that N is a Poisson—Dirac subvari-
ety of an affine Poisson variety (M,{-,-}). As before, the ideal of N is denoted
by .y and its normalizer by .4 (.%y). There exist generators Fi,...,F;,Gy,...,G;
of .Z# (M) with every F; belonging to .#'(.%y) and every G; belonging to Zy; to
construct such generators one can for example start from generators Hy, ..., H; for
F (M) = N (In)+ Fy and decompose every H; as F; + G;, with F; € N (Fy)
and G; € #y. In terms of the generators F1,...,F;,G1,...,G;, the Poisson matrix of
(M,{-,-}) is a2 x 2 block matrix
A B
(5

Aij={F,F;}, Bix ={F;,Gi}, Die = {Gy, G},

where

for 1 <i,j<sand 1 <k, /<t Since N is a Poisson-Dirac subvariety, the functions
Fi,...,F, restricted to N, generate .% (N). Also, the Poisson matrix of (N, {-,-},),
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in terms of these generators, is given by the matrix A, with entries A; = {FiaF,/' } v’
where 1 < i,j < s; indeed, the Hamiltonian vector fields of Fi,...,F; are tangent
to N at every point of N, hence we can use these functions in (5.33) to compute

the Poisson brackets {Fi|N,F i }N. Note also that all entries of B belong to .#y,

hence vanish on N; see Proposition 5.25 below for a converse in the differential-
geometrical context.

5.3.2 Poisson—Dirac Reduction for Poisson Manifolds

Let N be an (immersed or embedded) submanifold of a manifold M. Given a point
nin N and a function F, defined on a neighborhood W of n in N, a local extension
of F at n is a triple (F,U,V) where

(1) U C M is aneighborhood of n in M;
(2) VC(WNU) C N is aneighborhood of n in N;
(3) F e Z(U)is afunction such that £, =

I
The relation between the different subsets and maps is represented in the following
diagram:

N—— M

a

W +—Ve—— U

i

F

Every function F, defined on an open subset of N, admits a local extension at every
point of its domain of definition.

Definition 5.23. Let (M, {-,-}) be a Poisson manifold and let N be an (immersed or
embedded) submanifold of M. We say that N is a Poisson—Dirac submanifold of M,
if for every n € N, every function F, defined in a neighborhood of n in N, admits a
local extension (F,U,V) at n, such that 2 is tangent to N at every point of V.

Note that, in particular, a Poisson submanifold N of a Poisson manifold (M, {-,-}) is
a Poisson—Dirac submanifold, since all Hamiltonian vector fields are tangent to N.

We show in the following proposition that every Poisson—Dirac submanifold in-
herits a Poisson structure from its ambient Poisson manifold.

Proposition 5.24. Let (M,{-,-}) be a Poisson manifold and let N be a Poisson—
Dirac submanifold of M. There exists on N a unique Poisson structure {-,-} N such
that, for all open subsets V. C N and U C M with V C U, for every function F,G €
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Z (U) whose Hamiltonian vector fields are tangent to N at every point of V, and for
everyn €V, we have
{F.G}y (n)={F,G}(n), (5.34)

where F,G € .7 (V) are the restrictions of F,G to V. In particular; locally, every
Hamiltonian vector field on N is the restriction to N of a Hamiltonian vector field
on M.

Proof. For every n € N, we define a skew-symmetric pointwise biderivation (7y),
by its values on germs F;, G, at n,

(7N ) (F, Gn) == {F,G} (n), (5.35)

where the right-hand side is constructed as follows:

* Choose functions F and G, defined in a neighborhood of n in N, with germs
F., G, atn;

* Choose local extensions (F,U,V) and (G,U,V) of F and G at n, such that the
Hamiltonian vector fields 2 and Z are tangent to N, at every point of V.

We have to check that this definition makes sense: a priori, the right-hand side
of (5.35) depends on the choice of representatives F' and G of the germs F;, and G,
and on the choice of local extensions (F,U,V) and (G,U,V). The Hamiltonian vec-
tor field 2 is tangent to N at every point of the subset V of N, so that 2z[F](n)
depends only on the restriction of £ to V, and therefore depends only on the germ F;,
of F at n. Hence

{F,G} (n) = 25[F)(n) = — 27(G)(n)

depends only on the germs F,, and G, as was to be checked.

We may now define a bivector field my = {-,-}, on N by its value on every pair
of functions F, G, defined on an open subset V of N, setting

{F,G}y (n) := (my)n(Fy,Gn) = {F,G} (n) (5.36)

for every n € V. To check that the bivector field is smooth/holomorphic, notice that
the above extensions (F,U,V) and (G,U,V) are local extensions of F and G at
every n' € V, with Hamiltonian vector fields tangent to N at every point of V, so
that (5.36) is not only valid for n, but for every n’ € V. Since the right-hand side of
(5.36) is a smooth or holomorphic function of n, and since F and G are arbitrary
functions, we can conclude that the bivector field my is also smooth or holomorphic
(on V, hence on N).

Let, as above, F' ,G,I:I be three functions, defined on an open subset U of M,
assume that their Hamiltonian vector fields are tangent to N at every point of an open
subset V of N, and let F, G, H denote their restrictions to V. The Hamiltonian vector
field of {F,G} is tangent to N, at every point of V, since ﬁ”{FG} = — 25, Z¢]

(item (5) in Proposition 1.4). As a consequence, ({F,G},U,V) is alocal extension
of {F,G}y at n, whose Hamiltonian vector field is tangent to N at every point of V,
hence
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{{F.G}y.H}y(n)={{F,G} ,H}(n), (5.37)

for every n € V, so that the Jacobi identity for the bracket {-, -}, follows from the
Jacobi identity for {-,-}. O

In order to give a geometrical characterization of Poisson—Dirac submanifolds
(Proposition 5.25 below), we express the Poisson bivector on a Poisson manifold
in terms of local coordinates which are adapted to the Poisson—-Dirac submanifold.
To do this, let N be a Poisson-Dirac submanifold of a Poisson manifold (M, ), and
letn € N. We denote the dimension of M by d and the dimension of N by s. There ex-
ists a coordinate chart (U, x) of M, adapted to N, and centered at n, such that the vec-
tor fields 25, ..., 25, are tangent to NV, at every point of an open subset V of U NN,
which contains z. In order to construct such local coordinates, one may start from an
arbitrary coordinate chart (U, y) of M, adapted to N at n, and centered at n; since N is

a Poisson-Dirac submanifold, each of the functions yi, ,...,s|, can be extended in
a neighborhood of #, to produce the above functions xi, ..., x;, with the stated prop-
erty, and supplemented with the remaining functions X541 := ysit1,-..,X7 := yq they

form the required coordinate chart, after possibly shrinking the neighborhoods U
and V of n.

Since the vector fields 2%, , ..., 25, are tangent to N, at every point of V, all the
functions {x;,x;} = mx;,x;] = — 2 [x;] vanish on V, for 1 <i<s < j<d. For
every point n’ € V, the Poisson structure 7, at 7/, is therefore given by:

n( 9 d N 0
2 (), (3), 7 Bmen(3),(2), e

1<i<j<s s<i<j<d

where x;;(n’) := {xi,xj} (n'), for 1 <i < j <d, and where the first sum is the re-
duced Poisson structure at n. Equation (5.38) implies that, in well-chosen local co-
ordinates, the Poisson matrix of & at points of N takes a block-diagonal form. We
show in the following proposition that this fact characterizes Poisson—Dirac sub-
manifolds.

Proposition 5.25. Let (M, 1) be a Poisson manifold of dimension d and let N be a
submanifold of M. Then N is a Poisson—Dirac submanifold of M if and only if there
exists for each n € N a coordinate chart (U,x) of M, adapted at N, and centered
at n with the following property: if the Poisson matrix X := ({xi,xj}) I1<i,j<d Of T in
terms of these coordinates is written in block form

A B
X =
where A has size s := dimN, then there exists a neighborhood V of n in UNN,
such that B(n') = 0 for every n' € V. Moreover, when these equivalent conditions
are satisfied, then the Poisson matrix of the reduced Poisson structure my on N is
given, in terms of the above coordinates x,,,, . .., Xs|,,, on a neighborhood of n in N,

by, = ({xx},, )

1<, j<s
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Proof. We start with the stated characterization of a Poisson—Dirac submanifold. By
the above, every Poisson—Dirac submanifold admits indeed such an adapted coordi-
nate chart, for each n € N. For the inverse implication, let n € N and assume that a
coordinate chart (U,x) of M is given, adapted at N, and centered at n. Let V denote
the corresponding open subset of N which contains n, and on which xy,,,...,xg,
are local coordinates for N. Suppose that the Poisson matrix of {-,-} in terms of
the coordinate chart (U, x) takes a block-diagonal form at every point 7’ in a neigh-
borhood of n in N, as in (5.38). Let F' be a function, defined in a neighborhood
of nin N and let F := F o p, where p : U — V is the projection map, associated
o (U,x). Then (F,U,V) is an extension of F at n. Since the coordinate expression
of F on (U, x) depends on the first s variables xi, . .., x,; only, the Hamiltonian vector
field 2%, associated to F, takes at points ' in a neighborhood of 7 in N the form

F 0
le] a')CJ ) <a_xl>n’

so it is tangent to N at n’. According to Definition 5.23, this shows that N is a
Poisson—-Dirac submanifold.

We can use these coordinate charts to compute the Poisson matrix of the re-
duced Poisson structure on N. Indeed, on a neighborhood V of n in N, the functions

Xl|y;---,Xs|, are local coordinates on N and their Poisson brackets {xi‘v,xj‘v}
N

can, according to Proposition 5.24, be computed as {x,',xj} |V. It follows that, in
terms of these coordinates, the Poisson matrix of the reduced Poisson structure is
the matrix A, restricted to V. 0O

We give in the following proposition a description of the symplectic leaves of a
Poisson—Dirac submanifold.

Proposition 5.26. Let (N, 7ty) be a Poisson—Dirac submanifold of a Poisson mani-
fold (M, 1) and let n € N. Denoting by #,(N), respectively .%,(M), the symplectic
leaf of (N, my), respectively of (M, 1), which contains n, the symplectic leaf .7, (N)
is the connected component of N N %, (M) which contains n.

Proof. Letn € N andletn’ € .7,(N). By the definition of the symplectic leaf .%},(N),
passing through #, this means that there exists a piecewise Hamiltonian path y for my
with endpoints 7 and n’ (recall from Section 1.3.4 that a Hamiltonian path is by
definition an integral curve of a Hamiltonian vector field). Since N is a Poisson—
Dirac submanifold of M, every function F on N admits at every point ' in its domain
of definition a local extension (F,U, V'), whose Hamiltonian vector field 2 is equal
to ZF on V. Since the image of y is compact, it can be covered by finitely many such
local extensions, and 7y is therefore a piecewise Hamiltonian path for 7. It follows
that

F(N) C S (M)NN . (5.39)

Let ¢ be the connected component of ., (M) NN containing n € N. Since .7,(N) is
a connected set, (5.39) implies the stronger inclusion ., (N) C €. We need to prove

that /,(N) =%.
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To do this, let (U,x) be local coordinates in a neighborhood of n € N, which
are adapted to the Poisson—Dirac submanifold, as in (5.38). For every function
F € Z(U), the Hamiltonian vector field 2 of F, with respect to {-,-}, and
the Hamiltonian vector field 2% of its restriction F = EV € Z(V), with respect
to {-, -}y, are related at n’ € V by

F, P)
=@ 3 w5 (5]

s<i<j<d

In particular, the tangent vector (2%),s in T,yM belongs to T,yN if and only if it is
equal to (ZF),. Since, by Theorem 1.30, the tangent space of a symplectic leaf at
a given point #’ is the space of all Hamiltonian vectors (ZF ),y at n’, an element in
T,y.%,(M) belongs to T,yN if and only if it belongs to T,,.%,(N). In short, we have,
for all n' € .7,(N),

Ty S (N) =Ty S (M)NTyN . (5.40)

In general geometrical terms, (5.39) and (5.40) say that we have three submanifolds
My, M| and M, of M, such that

My C M| "M, and TiyoMoy = TrygMy N Ty M>

for all mo € My. According to the implicit function theorem, there exist in this case
neighborhoods Uy, U; and U, of mg in My, M| and M, respectively such that Uy =
Ui NUs,. In particular, there is a neighborhood of mg in M| N M,, which is contained
in My. Applied to (5.39) and (5.40), this means that .#,(N) is an open subset in €.
Let us show that .#,(N) is also a closed subset of €. Let n’ be a point in the closure
of #,(N) in €. There is, for the above reasons, an open subset W of ¢ contained in
7 (N). Since W has a non-empty intersection with ., (N), the symplectic leaves
Z»(N) and .%,(N) coincide, so that in particular n’ € .%,(N), i.e., %, (N) is a closed
subset of €. In conclusion, .%,(N) is, for every n € N, an open and closed subset
of €, the connected component of .%,(M) NN, which contains n. O

We now explain how to compute the Poisson matrix of a Poisson structure obtained
by Poisson—Dirac reduction out of the Poisson matrix of the Poisson structure on the

ambient space. According to (5.34), if &1,...,X; are functions whose Hamiltonian
vector fields are tangent to N, at every point in a neighborhood V of n in N, and
such that their restrictions xi,...,x; to V are local coordinates for N, then the matrix

({)E,-,)E 7}\v) is the Poisson matrix of {-,-}, with respect to the coordinates
’ 1<i,j<s

X1,...,Xs. We show in the following proposition how to construct such functions and
we derive from it an explicit formula for the latter Poisson structure.

Proposition 5.27. Let (M, ) be a Poisson manifold and let N be an s-dimensional
submanifold of M. Suppose that (U,x) is a coordinate chart of M, adapted to N
and centered at some point n € N. Let V denote an open subset of N, containing n,
having the property that (xl v 7xs|v) is a system of local coordinates on'V. Let X

denote the Poisson matrix {x,-,xj}) of T with respect to these coordinates.

1<i,j<d
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A B
(o)

where A and D are square matrices, of size s, respectively d — s, while B has size
s X (d —s). If the matrix D(m) is invertible for every m € U, then

We write X in the block form

(1) V is a Poisson-Dirac submanifold of (M, 1),
(2) The Poisson matrix Xy of the reduced Poisson structure on 'V is given, at

n' eV, by
Xy(n') =A(n')+B(n D) 'B(n)"
Proof. We write the above coordinates x1,...,Xz asS X{,...,Xs,V1,---,Yr, Where ¢ :=
d — s, and we consider on U alternative coordinates (x',y") = (x},...,x5,¥],..., ),
defined by

()-()06)

where C is a matrix which we will determine. These alternative coordinates are

also adapted to N, since x; — x; vanishes on V, for i = 1,...,s. We determine C by
demanding that the s Hamiltonian vector fields 2, are tangent to N at every point
of V. This means that< /yj,<%/) >:Of0ralll< s,1<j<tandn €V,

where (-, -) stands for the canonical pairing between 7 ;M and Tn/M . Using the fact
that, for all F,G € .7 (V), we have that (2r¢g),, = F(n') (2g),y at every point n’
of N where the function G vanishes, we find that

(s (22) />=<dw D)= 3 Clo) (e (25,
= {vjxi} (o ZCzk ) {yiye}

- (—B—l—CD)ij(n) :

which is zero, precisely if we choose C := BD~!. According to Proposition 5.25, V
is a Poisson—Dirac submanifold of M and the Poisson matrix of the reduced Poisson

structure on V C N is given by the matrix ({xﬁ,x’j} (n' ))1 , whose entries we
<i,j<s

compute as above,

k=1

{xi. X} () = =2 W] (n') = = Zulx)) (') = {x,»— Zcik)’kaxj} (n')

+2c,k n)BL (! :(A+CBT)ij(n’).
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Since C = BD™!, the Poisson matrix of the reduced structure is given on V by A +
BD7'BT. DO

5.3.3 The Transverse Poisson Structure

Let (M, ) be a Poisson manifold and let m € M be a point where the rank of 7 is 2r.
Suppose that ¢q1,...,49,p1,---,Prs21,---,2s are splitting coordinates, defined on a
neighborhood U of m in M, and centered at m. According to Weinstein’s splitting
theorem (Theorem 1.25), this means that, on U,

n_z%

3
+ Z (Pké 82/ )

81”! 1<k<f<s

where the functions @, are (smooth or holomorphic) functions, which depend on
z=(z1,...,2s) only, and which vanish when z = 0. In view of Definition 5.23, the
embedded submanifold N of M, defined by

N:={m' eU|q(m')=pi(m')=---=q,(m') = p.(m') =0}

is a Poisson—Dirac submanifold of M. According to Proposition 5.20, the reduced
Poisson structure my on N is given by

8
W= Y Iz 8zg

1<k<t<s

with the understanding that (zj,...,z;) stands for the restriction of (zi,...,zs) to N.
The submanifold N of M which appears in the latter example is transverse at m
to the symplectic leaf ., through m, since T,,N & T;,-%,,, = T,,M. Recall that two
submanifolds N and O of a manifold M are said to be transverse at a point m € M if
m € NNO and T,,N + T,,,0 = T,,M; when N and O have complementary dimension
in M, this is equivalent to 7,,N & T,,0,, = T,,M. The following theorem states that,
in a neighborhood of m in M, every submanifold of M of dimension dim /N, which
is transverse to .%, at m, is in a neighborhood of m a Poisson-Dirac submanifold
of M and is isomorphic, as a Poisson manifold, to a neighborhood of m in N.

Theorem 5.28. Let (M, 1) be a Poisson manifold and let m € M. The rank of T at m
is denoted by 2r. Suppose that qi,...,qr,P1s---,Pr 21,---,2s are splitting coordi-
nates, defined on a neighborhood U of m in M, and centered at m. We denote by Ny
the Poisson—Dirac submanifold of M, defined by

No:={m' €U |q(m')=pi(m') = = g,(m') = p:(m') =0} .

Let N1 C M be an arbitrary s-dimensional submanifold of M, transverse at m to the
symplectic leaf ., of ® which contains m. Then there exists a neighborhood Vi of m
in Ny and a neighborhood Vi of m in Ny, such that
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(1) Vi is a Poisson—Dirac submanifold of M;

(2) There exists a Poisson diffeomorphism between Vy and Vi, where Vy and Vi
are both equipped with their reduced Poisson structure as Poisson—Dirac sub-
manifolds of M.

Proof. Letqi,...,qr,p1,---,DPr 21,---,2s b€ splitting coordinates, centered at m, de-
fined on a neighborhood U of m in M. On U, the Poisson structure 7 is given by

/
= Z e 8p, , (5.41)

where ' = ¥ i ps Ore(z ) 9 A a— is a Poisson structure on U, whose structure
functions ¢, depend only on the variables z = (zj,...,z;) and vanish for z = 0.
These coordinates are adapted to the symplectic leaf .7, since .%, is defined on U
by z = 0. Consider an arbitrary s-dimensional submanifold N; of M, transverse at m
to the symplectic leaf .#}, of &, and of dimension s = dimNj. Since N is of codi-
mension 27 in M, N is in a neighborhood of m in M given as the intersection of 2r
hypersurfaces

Hl(q,p,z):~~-:H2r(q,p,z):0. (5.42)

Since N is transverse to .%;, at m, these hypersurfaces are transverse to .%, at m
and their tangent spaces have T,,N; as their common intersection. By the implicit
function theorem, applied to (5.42), there exist functions Fi,...,F;,Gq,...,G,, such
that NV is, in a neighborhood of m, given by

(]i:Fi(Zl,---st)» pi:Gi(Zla"'vzs)a
fori=1,...,r. Letting
q;::qifﬁﬂi(zlvn'azb')v P;5:Pi*Gi(Zl,---7Zs),

it follows that (¢},...,q,,p},...,p\z1,...,2s) is in a neighborhood U’ C U of m
a coordinate system for M, adapted to both submanifolds N and .¥,. Since 7’
vanishes at m,

{ai, 0} (m) =81, {di,4}} (m)={pi,p}} (m)=0,

where {-,-} := 7 and §; ; stands for the Kronecker delta. As a consequence, the

matrix
({qg’q/j} (m/))i,jzl ({qﬁ,p’j} (m/))i,j=1
({rraifomy),  ({piri} o),

is invertible for every m’ in a neighborhood of m in M. It proves, in view of Propo-
sition 5.27, that some neighborhood V| of m in Nj is a Poisson-Dirac submanifold
of M, which is the content of (7).
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The proof of (2) uses some of the objects which were constructed in the first
part of the proof, namely the open neighborhood U’ of m in M and the functions
Fi,Gy,...,F,,G, which are defined on U’. Consider the product manifold U’ x TF,
which we equip with its product Poisson structure (the Poisson structure on F is
trivial because I is one-dimensional). The splitting coordinates which we have con-
structed on U’, plus the natural coordinate on F which we denote by 7, yield coor-
dinates on U’ x [F. We define on U’ x F the following 2r functions

Qi =dqi— ”L'F,'(Z] g 7Zs) and P, =Dpi— TGi(Z] g ,ZS) s
where i = 1,...,r. For 7 € F, their common zero locus is denoted by N,
Np:={m' €eU"| Qi(m',7) =P(m',7)=0for 1 <i<r}.

Letting 7 vary between 0 and 1 allows us to relate the Poisson—-Dirac submani-
folds Ny and Ny; precisely, N} = (NoNU') x {0} and N| = (N; NU’) x {1}, so
that N} and N{ can be identified as Poisson manifolds with open neighborhoods
of min Ny and in N; respectively. We construct a Poisson vector field ¥ on U’ x F,
whose time 1 flow yields a diffeomorphism between N} and N7, at least in a neigh-
borhood of m x {0}; under the above identification, this diffeomorphism is a Poisson
diffeomorphism between a neighborhood of m in Ny and a neighborhood of m in Ny,
equipped with their reduced structure, because the reduced Poisson structure on a
Poisson—Dirac submanifold (of U’, or equivalently of U’ x IF) is uniquely defined.
The construction of the Poisson vector field 7 with the stated property will therefore
prove (2).

The vector field ¥ is chosen of the form ¥ = % + Zu, where H is a function
which will be specified below. This choice ensures that ¥ is a Poisson vector field
on U’ x IF, since 2y is a Hamiltonian vector field on U’. The Hamiltonian H is
chosen as

r r
H:= ZAj(T,Zl,...,ZS)Qj—l- Bj(T,Zl,...,ZS)Pj (5.43)
=1 i—1

J=

where the functions A; and B; are solutions to the linear system

171 j’:1 i=1,...,r. (5.44)
ZIA/{&QJ} + ZEBJ- {P,P}} =G,
j= j=

Since

{inQj} (m’ T) = {PHP)} (m,’L') =0, {Qiapj} (maT) = 6i,j )

forall 1 <i,j<randforall T €T, this linear system has a unique solution, which is
defined on a neighborhood U” x W of m x [0, 1] in U’ x F, and which is smooth. No-
tice that since all coefficients in (5.44) are independent of the coordinates p; and ¢;,
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the functions A; and B; depend only on zi,...,z, and 7. Moreover, these functions
vanish at (m,0) for all 7, since the functions F; and G; vanish at m. The integral
curve of ¥, starting from (m,0) is therefore defined for all € W, being given by
t — (m,t). It follows that by eventually shrinking U” to a smaller neighborhood of m
and W to a smaller neighborhood of [0, 1], we may assume that the flow @; of ¥ is
well-defined on U” x {0} forallt € W.

It remains to be shown that the time 1 flow @; of ¥ sends U” x {0} to a neigh-
borhood of (m,1) in N;. Consider the submanifold .4 of U” x W, defined by the
common zeros of the functions Q; and P,

N ={(m', 1) e U" xW|Qi(m',T) =P(m',7) =0for 1 <i<r} .
The vector field ¥ is tangent to ./, since,
J0;
d

710 (m",7) = == (", 1) + Zu[Q] (m", 7) = Fi(m") = Fi(m") = 0,

and similarly ¥'[P] (m",7) =0, for all (m",7) € A and alli=1,...,r. The time 1
flow of ¥ maps U” x {0} to a neighborhood of (m, 1) in U’ x {1}. Since it pre-
serves ./, it maps (NgNU") x {0} to a neighborhood of (m,1) in Ny x {1}, as was
to be shown. O

It follows from Theorem 5.28 that all s-dimensional submanifolds which are trans-
verse to the symplectic leaf which contains m, are isomorphic as Poisson manifolds
in a neighborhood of m, when they are equipped with their reduced Poisson struc-
ture.

We show in the following proposition that all s-dimensional submanifolds which
are transverse to a given symplectic leaf . of M are isomorphic as Poisson mani-
folds in a neighborhood of their intersection point with .%, when they are equipped
with their reduced Poisson structure.

Proposition 5.29. Let (M, t) be a Poisson manifold and let % be a symplectic leaf
of (M, r). We denote the dimension of % by 2r and we let s := dimM — 2r. Assume
that we are given:

(1) Two points m,m’ which belong to . ;
(2) Two s-dimensional submanifolds N and N' of M, which are transverse to .
at m and at m' respectively.

Then there exist neighborhoods V and V' of m and m’ in N and N' respectively, such
that:

(1) 'V andV' are Poisson—-Dirac submanifolds of (M, 7);
(2)  Equipped with their reduced Poisson structure, V and V' are isomorphic as
Poisson manifolds.

Proof. Let m and m’ be two points of M which belong to the same symplectic leaf
& of (M, ). By definition, such points can be joined by a piecewise Hamiltonian
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path. It is therefore sufficient to prove the proposition for points m and m’ which
can be joined by a Hamiltonian path. Assume therefore that U is an open subset
of M, that H is a function on U and that the flow @, of 2y is defined for ¢ in a
neighborhood of [0, 1] and for all points of U, with in particular @; (m) = m/'. Since
@; is the flow of a Hamiltonian vector field, @; is a Poisson diffeomorphism be-
tween a neighborhood U of m and a neighborhood @, (U) of ®;(m) = m'. Since
@, preserves the Poisson structure, it sends the symplectic leaf . through m to the
symplectic leaf .7 through @ (m); moreover, since @; is a diffeomorphism, it sends
every submanifold, transverse to .¥ at m, to a submanifold transverse to . at m’,
and @ realizes a Poisson diffeomorphism between them, when both are equipped
with the Poisson structure which they inherit from (M, ) as Poisson—Dirac subman-
ifolds. Since we know from item (2) of Theorem 5.28 that the transverse Poisson
structure is independent of the chosen transversal through a given point, this shows
in addition that the transverse Poisson structure is independent of the chosen point
on a given symplectic leaf of (M, 7). O

Theorem 5.28 and Proposition 5.29 motivate and justify the following definition.

Definition 5.30. Let .7 be a symplectic leaf of a Poisson manifold (M, x). Let N
be an arbitrary submanifold of M, transverse to . at some point m € ., and let 7’
denote the reduced Poisson structure, which is defined on a neighborhood of m in N.
The germ of 7" at m is called the fransverse Poisson structure to ..

We have seen two particular situations in which one constructs a (natural) rep-
resentative of the transverse Poisson structure to a symplectic leaf .# in a Pois-
son manifold (M, ). The first one is Weinstein’s splitting theorem (Theorem 1.25),
which allows us to write 7 in terms of splitting coordinates on a neighborhood of a
point m € . as

a9
+ Y ¢M(z)87kA— (5.45)

b
1<k<t<s 9z

U d

i Z{ g . api
where the functions @, are (smooth or holomorphic) functions, which depend on
z=(z1,.-.,2s) only, and which vanish when z = 0; in this case, the second sum in
(5.45) is a Poisson structure, which is a representative for the transverse Poisson
structure to the symplectic leaf ., while the first sum in (5.45) yields the canonical
Poisson structure on the symplectic leaf .. This shows that the decomposition of
Poisson structures, which appears in Weinstein’s splitting theorem, is unique. The
second situation is when one selects a submanifold N of M, which is transverse to
the symplectic leaf .’; in this case, Theorem 5.28 says that NV is in a neighborhood V
of the intersection point {m} := . NN a Poisson-Dirac submanifold of (M, rr) and
the reduced Poisson structure on V is a representative for the transverse Poisson
structure to the symplectic leaf .7



148 5 Reduction

5.4 Poisson Structures and Group Actions

Poisson manifolds often come with symmetry groups which lead, in favorable cases,
to new Poisson manifolds. If a Lie group G acts on a Poisson manifold, preserving
the Poisson structure, then there are three natural constructions which lead to new
Poisson manifolds:

* By Poisson reduction, the quotient M /G, assumed to be a manifold, inherits a
Poisson structure;

* By Poisson-Dirac reduction, the set of fixed points of the action, assumed to be
a manifold, inherits a Poisson structure;

* By Poisson reduction, the action yields a Poisson structure on certain quotients
of the fibers of the momentum map, assuming that the latter map exists.

Similarly, such new Poisson structures arise in the case of an affine Poisson variety,
when an algebraic group is acting. As indicated in the three items above, this section
is an application of the previous sections, in the particular case of a Poisson manifold
(or affine Poisson variety) upon which a group is acting.

5.4.1 Poisson Actions

There are two natural types of actions of a group on a Poisson manifold or on a
Poisson variety, as given in the following two definitions.

Definition 5.31. Let G be a group and let (M, ) be an affine Poisson variety or
a Poisson manifold. We say that an action ¥ : G x M — M preserves the Poisson
structure when, for every g € G, the map x, : M — M, defined for all m € M by
Xq(m) := x(g,m), is a Poisson map.

Definition 5.32. Let G be a group acting on M, where M and G are either one of the
following:

» (M, {-,})and G = (G,{-,-}¢) are affine Poisson varieties and G is an affine
algebraic group;
* (M, {-,-})and G = (G,{-, }¢) are Poisson manifolds and G is a Lie group.

Then we say that the action is a Poisson action when the actionmap y : G xM — M
is a Poisson map, where G x M is equipped with the product Poisson structure.

When G x M — M is a Poisson action and the Poisson structure on G is trivial, then
the product bracket {-, -}, at (g,m) € G x M reduces, in view of (2.12), to

{FOX7GOX}G><M (gvm) = {FoxgaGng} (m) 9

so that a Poisson action is in this case precisely an action preserving the Poisson
structure. In general, however, a Poisson action does not preserve the Poisson struc-
ture.
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5.4.2 Poisson Actions and Quotient Spaces

In this section, we show that a Poisson action G x M — M leads to a Poisson struc-
ture on the quotient space M /G and we give conditions on a G-invariant subvariety
N of M, which lead to a Poisson structure on N/G. The following proposition gives
sufficient conditions for M /G to inherit a Poisson structure from M and G.

Proposition 5.33. Let y : G x M — M be a group action, where either one of the
following is satisfied:

(1) (M, {-,-})and (G,{-,-}¢) are affine Poisson varieties, with G being a reduc-
tive algebraic group;

(2) (M/{,})and (G,{-, }g) are Poisson manifolds, with G being a Lie group,
and the action is proper and locally free.

If x is a Poisson action, then M /G carries a unique Poisson structure such that the
canonical projection p : M — M /G is a Poisson map.

Proof. In the case of an affine Poisson variety, M /G is an affine variety. According
to Proposition 5.7, in which (/) is automatically satisfied, (M,M,M/G) is Poisson
reducible as soon as the G-invariant functions on M form a Lie subalgebra of .% (M),
in formulas

{y(M)G,y(M)G} c F(M)S. (5.46)

We show that (5.46) is a consequence of the fact that ) is a Poisson action. To
do this, first notice that a function F € .# (M) belongs to .% (M)© if and only if
X*F = p5F where p; : G x M — M is the projection onto the second component.
Thus, if F,G € .% (M), then the fact that y is a Poisson map implies that

where we used in the last step that p; is a Poisson map (see Proposition 2.2). This
shows, in view of the above characterization of G-invariant functions, that {F,G} €
F(M)C. Hence, .Z (M) is indeed a Lie subalgebra of (M, {-,-}), which achieves
the proof for the case of affine Poisson varieties.

In the manifold case, M /G is a manifold since the action is proper and locally
free. Functions which are defined on open subsets of M are constant on the fibers
of p: M — M/G if and only if they are G-invariant. Therefore, (M,M,M/G) is,
in view of Proposition 5.11, Poisson reducible if and only if the Poisson bracket
of every pair of G-invariant functions, defined on an arbitrary open subset of M,
is G-invariant. This is checked precisely as in (5.47), taking for F' and G arbitrary
functions, which are defined on an open subset of M. 0O

In applications, one often considers the quotient of a G-invariant* subvariety or
submanifold N of M and while N does not inherit a Poisson structure from M, the

# Saying that N is G-invariant means that y(g,n) € N for every (g,n) € G x N.
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quotient N/G does. This is the content of the following generalization of Proposi-
tion 5.33, which is proved in exactly the same way as a direct application of Propo-
sition 5.7 in the case of an affine Poisson variety, and of Proposition 5.11 in the case
of a Poisson manifold.

Proposition 5.34. Let y : G x M — M be a group action and let N be a G-invariant
subset of M; denote by p : N — N /G the quotient map. Suppose that either one of
the following is satisfied:

(1) (M {-,-})and (G,{-,-}) are affine Poisson varieties, with G being a reduc-
tive algebraic group, and N is an affine subvariety of M;

(2) M, {-,-}) and (G,{-, }) are Poisson manifolds, with G being a Lie group,
N is a submanifold of M and the action of G on N is proper and locally free.

Suppose that, in addition, the following conditions hold:

(1) x is a Poisson action;

(2)  For every function F, whose restriction to N is G-invariant, the Hamiltonian
vector field ZF is tangent to N, it suffices that this property holds for F €
F (M) in the affine variety case, but it is required to hold for F defined on
arbitrary open subsets in the manifold case.

Then N/G carries a unique Poisson structure {-,-}y /G such that for every open
subset V of N/G and for every pair of functions F,G € Z(V), and for all n €
P V), o

{FvG} (n) = {Fv G}N/G (p(n)) y

where F and G are arbitrary extensions of F o p and G o p to an arbitrary open
subset of M.

5.4.3 Fixed Point Sets as Poisson—Dirac Submanifolds

In this section we show that, under some general assumptions, if a group action on
a Poisson variety or manifold leaves the Poisson structure invariant, then the fixed
point set of the action is a Poisson—Dirac subvariety or submanifold. We do this in
the case of a finite or linear algebraic group, acting on an affine variety; see the end
of this section for the case of Lie groups acting on manifolds.

Let G be a finite group or linear algebraic group, acting on an affine variety M.
We write both y,(m) and gm for the action of g € G on m € M, while the induced
action on F € .# (M) is denoted by y,(F), as in (5.4). We denote the algebra of
invariant functions by .% (M)©,

y(M)G:{Feﬁ(M)\y/g(F):FforallgEG} ,

and we denote the fixed point set of y by M,
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MC:={meM|gm=mforallge G} .

In order to describe the algebraic structure of ME, consider for a fixed g € G the
regular map
Ly :M—MxM

m — (m,gm) . (5.48)

Then M = N Lgl (A), where A is the diagonal of M x M,
geG

A:={(mm)|meM} .

Thus, the group action leads to a natural ideal .# (M®) of .Z (M), consisting of
functions which vanish on M€, namely the ideal of .7 (M), generated by the func-
tions L;‘,(JA ), where .#, is the ideal of all regular functions which vanish on A; for
i=1,2,if we denote by p; : M x M — M the canonical projection on the i-th compo-
nent, then .#, is the ideal of % (M x M), generated by all functions pj(F) — p5(F),
where F € .F (M). It follows that the ideal .# (M®) is generated by the set of all
functions of the form F — v, (F), where g € G and F' € .% (M). Notice that although
the algebraic subset which is defined by (the common zeros of the elements of)
7 (MC) coincides with MG, the latter ideal is in general neither prime nor reduced.

Proposition 5.35. Let G be a finite group or an algebraic group, acting on an affine
Poisson variety (M, {-,-}). If the group action preserves the Poisson structure, then
F(M)C is contained in the normalizer N (% (M©)) of 7 (M©). As a consequence,
if

F(M)C +.7MC)=FM), (5.49)
then % (MS) is a Poisson-Dirac ideal of F (M).

Proof. Let F € .7 (M)S be a G-invariant function. For all G € . (M) and all g € G,
we have

{FaG_l//g(G)} = {F7G}_{W8(F)7wg(G)} = {F7G}_Wg({FvG}> s

where we used in the last step that every map , is a morphism of Poisson algebras.
Since .# (M%) is generated by all functions of the form G — y,(G), with g € G and
G € Z (M), the inclusion {F(M)¢,.7(MC)} C .7 (M) follows, i.e., Z(M)S is
contained in the normalizer of .# (M©). In view of (iii) in Definition 5.17, .# (M©)
will be a Poisson-Dirac ideal of .Z (M) if #(M)C + .#(M®) = #Z(M). O

We consider two particular cases of the above proposition, which both lead to the
result that the fixed point set of the group action is a Poisson—Dirac subvariety. We
first consider the simpler case in which G is a finite group.

Proposition 5.36. Let G be a finite group, acting on an affine Poisson variety
(M, {-,-}). If the action preserves the Poisson structure, then the fixed point set
MS is a (not necessarily irreducible) Poisson-Dirac subvariety of (M,{-,-}). For
F,G € F(M©), their reduced bracket is given, at n € MS, by
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{F G}MC = |GL Z {V’gl Vfgz } n |G| Z {ll/g F G}

81,8266 g<G
where F,G € 7 (M) are arbitrary extensions of F,G.

Proof. By averaging the action over the group, one constructs a linear projection
p:.F(M)— .F(M)S; explicitly, p(F) is given, for F € .7 (M), by

Y v (F (5.50)

‘G‘ geG

where |G| stands for the order of the group G. Since

F— N (F =y, (F
|G| geG

itis an element of .# (M©), which shows that . (M)€ + .7 (M®) = .7 (M). In view
of Proposition 5.35, it follows that .# (M©) is a Poisson-Dirac ideal of .#(M).
Since G is finite, the (dual) action of G on .% (M) is completely reducible, so that
the ideal .# (M©) is the ideal of all regular functions, vanishing on M, so that M€
is a (not necessarily irreducible) Poisson—Dirac subvariety. According to (5.33), the
Poisson—Dirac bracket of two functions F,G € .F (MG) is given, at n € MEC, by
{F,G} 6 (n {F G} ), where £ and G are arbitrary G-invariant extensions of
F and G to M Let F and G be arbitrary extensions of F and G to M. Clearly, the
G-mvarlant functions p (¥ 7) and p(G) coincide with F and G on M, so we can take
= p(F) and G := p(G), to compute

G>}<n>=ﬁ S (e (F) v (G)} ()

81,82€G

{F, G}y (n) = {p(F),
for all n € MC. Since G — p(G) € .#(MS), the latter line can also be written as

(F.G)y ()= {p(F).G} ) = i 3 (PG} ).

geG
forallne MG. O

As a general principle in invariant theory, results which hold for the action of a
finite group, acting on an affine variety, can be extended to the action of a reductive
group, acting on an affine variety, by replacing the above averaging operator with
the Reynolds operator (see [190]). It leads to the following result.

Proposition 5.37. Let G be a reductive group, acting on an affine Poisson variety
(M, r0). If the action preserves the Poisson structure, then the fixed point set MC is
a (not necessarily irreducible) Poisson—Dirac subvariety of (M, T).

For a differential geometric analog of the proposition, see [54, Th. 2.1].
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5.4.4 Reduction with Respect to a Momentum Map

Let G be a Lie group, with Lie algebra g. Suppose that G is acting on a Poisson
manifold (M, r). It is natural to demand that the fundamental vector fields x, with
X € g, are Hamiltonian. It leads to the following definition.

Definition 5.38. Let G be a Lie group acting on a Poisson manifold (M, x). The
action is said to be a Hamiltonian action if there exists a Lie algebra homomorphism

i:g9— FM
fi:g (M) (5.51)
x — [y
such that the following diagram is commutative:
g —— x'(m)
g T_% (5.52)
e
F (M)

where the horizontal arrow is the map x — x, and where we recall that — 2 is a
morphism of Lie algebras (see (5) of Proposition 1.4 and (1.7)). We call i a co-
momentum map of the action. The dual map,

M= g
H g (5.53)
m — p(m),

where (1 (m) € g* is the linear map x — fi,(m), is said to be a momentum map of the
action.

We show in the following proposition that, under some assumptions, the orbit space
u~'(0)/G inherits a Poisson structure from M.

Proposition 5.39. Let G be a connected Lie group and let (M, 1) be a Poisson man-
ifold. We assume that G acts locally freely and properly on M and that the action is
Hamiltonian. Let |1 denote a momentum map of the action. If 0 is a regular value of
U, then

(1) ,u‘l (0) is an embedded submanifold of M, invariant under the action of G;
(2)  u'0)/G is a manifold;
(3)  The triple (M,u="(0),u="(0)/G) is Poisson reducible.

The different spaces involved in the theorem are represented in the following dia-
gram:
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P (5.54)

u='(0)/G

Proof. Letus denote N := = '(0). It is an (embedded) submanifold of M since 0 is
aregular value of 1. We claim that, for every x € g, the vector field x is tangent to N.
Indeed, N is precisely the zero locus of the vector space of functions {,Ily |ye g},

N={meM|fy(m)=0},

yeg

and this vector space is invariant for all vector fields x, since,

)_C[na}'] = 7%11)( [I:LV] = {.axna)'} = .a[x,y] )
where we have used in the last step that fi is a Lie algebra homomorphism. As
a corollary, since G is connected, N is G-invariant. The quotient space N/G is a
manifold because the action of G on M is locally free and proper. This proves (/)
and (2).
In order to prove (3), we check that the assumptions of Proposition 5.14 are

satisfied. The fibers of the canonical projection p : N — N /G are connected, since G
is connected. Therefore, we only need to verify that (5.30) holds, i.e., that

7 (T;-N) = T,,pn (5.55)

for every n € N, where we recall that p, is the fiber of p which passes through n.
Since 0 € g* is a regular value for the momentum map i, the space T;*N is, for
every n € N, given by

TnLN ={dsflx | x € g} .

Since 77 (d, i) = — (Z24,), = X,, this means that

TEIB(TnLN) = {En |x € g} =Tupn,

which proves (5.55), and hence that (M, u~'(0),u~'(0)/G) is Poisson reducible.
O

Remark 5.40. Let G be a reductive algebraic group, acting on an affine variety M.
Then one can define as in the case of a Lie group, acting on a manifold, the funda-
mental vector field x for all x € g, the Lie algebra of G. If M is equipped with a Pois-
son structure, one can define the notion of a momentum map as in Definition 5.38.
The algebraic version of Proposition 5.39 takes then the following form: let G be a
reductive algebraic group, acting on an affine Poisson variety (M, r). If the action is
Hamiltonian with momentum map g, then u~!(0) is G-invariant and u~'(0)/G is
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a Poisson variety with respect to a Poisson structure obtained by Poisson reduction
from the diagram (5.54). In order to prove this, one uses Proposition 5.7 instead of
Proposition 5.14.

Remark 5.41. Also, one can generalize Proposition 5.39 and obtain a Poisson struc-
ture on i~ '(&)/Gg for every regular value & € g* of u, where G is the sub-
group of G, defined in terms of the adjoint action Ad : G x g — g, by G¢ :=
{g €G|EoAd, = é} See [144] for this and for other generalizations.

5.5 Exercises

1. Let G be a Lie group, with Lie algebra g. For r € A%g, show that the following
are equivalent:

@) 7 is a Poisson structure on G;
(i) %7 is a Poisson structure on G;
@iii) [nr]=0.

Show that, when these equivalent conditions are satisfied, the Poisson structures 7
and %7 are compatible. For r of the form r = x Ay, where x,y € g, show that these
conditions are satisfied if and only if x and y span a Lie subalgebra of g.

2. Let M be a manifold on which a Lie group G acts. For x € g, the Lie algebra
of G, denote by x the fundamental vector field, associated to x. Let r = Zf-‘zl Xi \y; €
A%g, satisfying [, 7] = 0 and consider the bivector field r := ¥ | x; A yion M.

a. Show that r is a Poisson structure on M,
Prove that the action of (G, 7 — %) on (M, r) is a Poisson action;

c. Suppose that M is a vector space and the action of G on M is a representation.
Show that r is a quadratic Poisson structure (see Section 8.2).

3. Let M) and M; be Poisson manifolds and endow M| x M, with the product Pois-
son bracket. Show that for every m| € M, (respectively m, € M,), the submanifold
{m1} x M (respectively M} x {my}) is a Poisson-Dirac submanifold of M| x Mj.

4. Let M be a Poisson manifold, and let N be a Poisson—-Dirac submanifold of M.
Suppose that ¥ is a Poisson vector field on M, which is tangent to N at every point
of N. Show that the restriction of ¥ to N is a Poisson vector field.

5. Let P and M be Poisson manifolds and let ¢ : P — M be a submersive Poisson
map. Let N be a submanifold of M.

a. Show that if N is a coisotropic submanifold of M, then ¢ ~!(N) is a coisotropic
submanifold of P;

b. Show, by giving a counterexample, that if N is a Poisson—-Dirac submanifold
of M, then ¢ ~!(N) need not be a Poisson-Dirac submanifold of P.
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6. We assume in this exercise that the reader is familiar with the notion of sym-
plectic manifold (see Section 6.3). Let (M, @) be a symplectic manifold, and denote
by 7 the canonical Poisson structure, associated to . Let N be a submanifold of M.
Show that the following are equivalent:

(i) N is a Poisson—Dirac submanifold of (M, rr);
(ii)) The restriction of @ to N is non-degenerate.

Conclude that for symplectic manifolds the notions of symplectic submanifold and
Poisson—Dirac submanifold coincide.

7. We assume in this exercise that the reader is familiar with the Lie—Poisson struc-
ture on the dual of a Lie algebra (see Chapter 7). Let g be a finite-dimensional
Lie algebra and let g = g ©m be a vector space decomposition of g, where
gz = {x € g|ad;& =0} denotes the centralizer of an element & € g*. We consider
the affine subspace N := £ 4+ m" of g*, which is isomorphic to gz, via the affine

map ), which is defined, for all § € N, by x(n) := (n — §)|g§.

a. Show that, if m satisfies [gé ,m] C m, then N is a Poisson-Dirac submanifold of

g%, equipped with its Lie—Poisson structure, and the reduced Poisson structure
on N is isomorphic to the Lie—Poisson structure on g(’g, via x.

b.  As an example, consider g = gl,;(F), let x € g and let £ € g* be the linear map,
defined by & (y) := Trace(xy), for all y € g. Show that if x is diagonalizable, then
there exists a complementary subspace m of g¢ in g, such that [gg ,m] Cm.

8. Let (M,{-,-}) be a Poisson manifold and let N be a submanifold of M. We
endow .7 (M)[v]/v? with the structure of an F[v]-algebra, defined by

Fx,G:=FG+V{F,G}

for all F,G € .% (M) (see Exercise 8 of Chapter 3, where this product is proven to
be associative). Suppose that

@ F(M)[V]/v? x F(N)[v]/v’ = F(N)]v]/v?

defines the structure of a left module over the F[v]-algebra (.# (M)[v]/v?,xy) on
F(N)[v]/v?, satisfying @(F,H) = F,H (mod v) for every F € .% (M) and for
every H € . (N). Let 0 : (M) x #(N) — % (N) be the bilinear map, given for
all F € (M) and H € % (N) by

O(F,H)—F H
o(FFH) = ————*—

a. Show that o satisfies the identity
{F,G},H = o(F,G,H) - o(FG,H) +F, 06(G,H) (5.56)

forall F,G € .% (M) and H € % (N);
b. Deduce from it that N is a coisotropic submanifold of M.
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5.6 Notes

Lie groups and Lie algebras are standard tools in geometry and in physics; in turn,
the study of their structure and their representations is strongly inspired by ideas
which come from geometry and physics. A quick introduction to Lie groups is given
in Warner [198]; see Bump [29] for a more extensive treatment. For the theory of
Lie algebras, we refer to Humphreys [99]. A great introduction to both Lie groups
and Lie algebras and their representation theory is given in Fulton—Harris [80].

The starting point of reduction theory comes from the fact that integrals of motion
permit to eliminate degrees of freedom in Hamiltonian systems. One may cite here
Noether’s theorem, which is the predecessor of the notion of momentum map and
the theory of Dirac constraints, which eventually led to the notion of Poisson—Dirac
reduction. The modern, geometrical development of these ideas first appears in the
seminal papers by Sniatycki—Tulczyjew [184], Meyer [148] and Marsden—Weinstein
[146]. See Kosmann—Schwarzbach [114], Weinstein [199] and the introduction of
Ortega—Ratiu [160] for more details on the history of the subject; in the latter in-
troduction one also finds a detailed list of topics in the theory of moment maps and
reduction.

In our presentation of reduction, we have separated the Poisson reduction of
coisotropic submanifolds from the theory of reduction of Poisson—Dirac subman-
ifolds, which are both particular cases of the so-called Marsden—Ratiu reduction
procedure [144]. The notion of momentum map, presented here, has also been gen-
eralized in many different ways, see for example Alekseev—Malkin—Meinrenken [9]
for Lie group valued momentum mappings and Lu [133] for Poisson—Lie group val-
ued momentum mappings. These generalizations and their associated reduction can
be nicely understood with the help of Lie groupoids, see Xu [208].

We have not discussed the geometry of the image of a momentum map (which is,
under some assumptions, a convex polytope). See Guillemin [91] and the references
therein.
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Chapter 6

Constant Poisson Structures, Regular
and Symplectic Manifolds

Poisson’s original bracket on R?", given for smooth functions F and G by

{F,G} := Z

i=1

" (JF G 0G JF
(9%’ dpi  dq; api) ’ ©.1)

is of fundamental importance in classical mechanics, in quantum mechanics and in
other areas of mathematical physics. In fact, locally, the Poisson structure of ev-
ery symplectic manifold of dimension 27 is of this form, and symplectic manifolds
appear as phase spaces of many mechanical systems. The rank of the Poisson struc-
ture defined by (6.1), is maximal at every point; if we replace maximality of the
rank by constancy of the rank (i.e., the rank is independent of the point) we arrive at
the notion of a regular Poisson structure. Locally the Poisson structure of a regular
Poisson manifold is also given by (6.1), but 2r denotes now the rank of the Poisson
structure, and not the dimension d of the manifold, which may be larger: there are
d —2r local coordinates which are absent in the formula for the bracket. Notice that
the Poisson bracket (6.1), applied to a pair of coordinate functions, always yields
a constant function: this will be the starting point of the algebraic definition of a
constant Poisson structure. In fact, the Darboux theorem (Theorem 1.26) shows that
regularity of the Poisson structure corresponds locally exactly to constancy of the
Poisson structure (in an appropriate coordinate chart).

Constant Poisson structures are introduced in Section 6.1, and they will be re-
lated to regular Poisson manifolds in Section 6.2. The particular class of symplectic
manifolds will be discussed in Section 6.3. Entire (excellent!) books have been writ-
ten on symplectic manifolds, so we will restrict ourselves here to the most common
classes of examples of symplectic and regular Poisson manifolds, and our focus will
be on their properties from the Poisson point of view.

Unless stated otherwise, [F is an arbitrary field of characteristic zero.

C. Laurent-Gengoux et al., Poisson Structures, 161
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4_6, © Springer-Verlag Berlin Heidelberg 2013
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6.1 Constant Poisson Structures

Poisson’s original bracket on R?", defined by

(226 _s60r)

{F.G}:=Y

i=1

dqi dpi 9q; Ip; ©2)

has the property that the Poisson bracket {F, G} of two linear functions F and G is a
constant function on R?". This property leads to the following definition, which will
cover a first class of basic examples of Poisson structures.

Definition 6.1. A Poisson structure 7 on a finite-dimensional vector space V is
called a constant Poisson structure, if for each pair of linear functions F' and G
on V, their Poisson bracket 7[F,G], also denoted by {F, G}, is a constant function
onV.

Let X = (x;;) € Maty(IF) be an arbitrary skew-symmetric matrix, where d € N*. We
show that X defines a Poisson structure on F?, i.e., a Poisson bracket on .% (Fd ),
where we recall that, for a finite-dimensional F-vector space V, the notation .% (V)
stands for the algebra of polynomial functions on V, in general, but may also be
chosen as the algebra of smooth functions on V, when F = R, or as the algebra
of holomorphic functions on V, when F = C. In order to construct this Poisson
structure, consider the skew-symmetric biderivation of .# (]Fd), defined forall F, G €
F(F?), by

& JF IG
F,G}:= im— = 6.3
{ , } iz,lxtjaxi 8x,~ ) (6.3)
=
where xi,...,x; are the standard coordinates on F¢. Since each of the brack-

ets {xi,xj} = x;j is a constant function, we have that {{x,-,xj} ,xk} = 0, where
1 <i,j,k < d, so that the Jacobi identity holds for every triple of coordinate func-
tions (x;,x;,x;) for Z (F9). It implies that the Jacobi identity holds for all triples
of functions in .% (F?) (see Proposition 1.36), so that (6.3) defines a Poisson struc-
ture on F, which we denote by 7. Clearly, 7 is a constant Poisson structure and
every constant Poisson structure on F¢ is of this form. Since every d-dimensional
vector space V can be identified with F¢, by choosing a basis of V, the matrix X
defines a Poisson structure on every d-dimensional vector space V, equipped with a
basis (equivalently, with a system of linear coordinates). Thus, the following propo-
sition holds.

Proposition 6.2. Let V be a finite-dimensional vector space, with a fixed system
of linear coordinates (xi,...,xq). There is a one-to-one correspondence between
skew-symmetric matrices X € Maty(IF) and constant Poisson structures on V. It is
defined by assigning to X = (x;j) € Maty(F) the Poisson structure, defined for all
F,Ge Z#(V) by

& 9F 9G
{F,G}:= i;lxi e (6.4)
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Example 6.3. Poisson’s original bracket (6.2) corresponds to the skew-symmetric

. 01 .
matrix ( 1 0r> , where the standard coordinates on R?" are ordered as follows:
—dr

qlv"'7ql‘7p17"'7pr~

The matrix X in Proposition 6.2 is the Poisson matrix of 7 with respect to the co-
ordinates xi,...,xg (see Section 1.2.2). Since the entries of X are constant, the rank
of 7 is constant. According to the Darboux theorem (Theorem 1.26), if the rank of
a Poisson structure on a manifold is locally constant at a point m, then there exist
local coordinates around m in which the Poisson structure takes a canonical form
(so-called Darboux coordinates). We show that in the case of a constant Poisson
bracket on a d-dimensional vector space V, linear coordinates which are global Dar-
boux coordinates can be constructed explicitly. Namely, since X is skew-symmetric,
there exists an invertible matrix A € Mat, (FF) such that

0 1,0
ATXA=|-1,00|,
0 00
where 2r is the rank of X and hence of the Poisson bracket  (at every point). It
means that, in terms of new linear coordinates on V, defined in terms of xi,...,xy4
by

(q1y- s GrsPlse s PrsZly- - sZd—2r) = (X1,...,X0)A

one obtains the following brackets

{q”PJ} = 6i,j ) {CIqu} = {plap]} = {qiazk} = {piazk} = {Zk,Zé} = Oa

where 1 <i,j <rand 1 <k ¢ <d—2r. As a consequence, the d coordinates
q1s---+qr,P1s---3Pry21,- - - 2d—2r are Darboux coordinates for 7. Thus, by simple
linear algebra, we can construct (global) Darboux coordinates for every constant
Poisson structure on V. In terms of these Darboux coordinates, the Hamiltonian
vector field 2y which corresponds to H € .# (V) takes the well known form

_oH . om .
qz—apia pi= &qiv k=Y,

where ¢; is a commonly used shorthand for 2y [g;| = {q;,H }, and similarly for the
other variables.

In order to obtain a more intrinsic formulation of the notion of a constant Pois-
son structure on a finite-dimensional vector space V, we consider the vector space
A2V =V AV, whose elements are called bivectors of V. A bivector b of V is often
viewed as a linear map, or as a bilinear form, on V*. This is done as follows: writing
b=73Y7_,viAw;, where v, w; €V, we define! the linear map bivESV, by

! In terms of internal products, as recalled in Appendix A, bﬁ(é) = 1¢b, which shows that bt as
given by (6.5), is well-defined.
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N

BHE) = D ((E,vi)wi— (E,wi)vi) (6.5)

i=1

for every & € V*, and we define a skew-symmetric bilinear form 5 on V*, by

BEm) = (M HE)) = X (Ewd (now) — (v (Ew)) . (66)

i=1

for all £, € V*, where (-,-) denotes the canonical pairing between V* and V.
Both b and b are skew-symmetric, which means for the former that <n,bﬁ(§)> =
—(&,b*(n)), forall &, n € V*.In terms of a basis (e1,...,eq) of V and the dual ba-
sis (e,...,ey) of V*, the bivector b can be written as b = ¥, j<a b(e] , €7) ei Nej,
so that b can be recovered from b (and hence from b).

To a bivector b € V AV one naturally associates a bivector field on V, by iden-
tifying all cotangent spaces to V with V*, which can be done thanks to the affine
structure of V. If F € .Z (V) and m € V then we can view d,, F as an element of V*,
hence we can define a bivector field on V, by setting, for F,G € .% (V) andm €V,

{F,G} (m) := b(d,,F,d,,G) , (6.7)

where b : V* x V* — F is the bilinear form, associated to b, as in (6.6). Equivalently,
we can view b under the same identification as a bilinear form b,, on 7,,V*, for
any m € V, and the right-hand side of (6.7) can be written as b,, (dwF,dnG), where
the pairing now takes place between A’T,,V* ~ (A2T,,V)* and A’T,,V, rather than
between A2V* =~ (A2V)* and A%V.

For linear functions F,G on V, we have that {F,G} is independent of m, i.e., is
constant; first, this implies that the bivector field defined by (6.7) satisfies the Jacobi
identity, so that it is a Poisson structure, and second that it is a constant Poisson
structure. For H € .% (M), the Hamiltonian vector field 2 at m is given, as an
element of V, by

(2n),, = —b*(dnH) . (6.8)

Writing b as b =Y v Aw;, where v;, w; € V, the formula for the Poisson bracket
can also be written as

{R@=2WMMWFWMMWL 6.9)

The square brackets in this formula have the following meaning: for v € V, v[-] is the
unique derivation of .# (V') such that v[] = (&,v) for all linear functions & on V.
Geometrically, we think of v[-] as the directional derivative, defined by a vector v.
Equation (6.9) is a coordinate-free analog of (6.4).

The fact that every bivector on V defines a Poisson structure on V, motivates the
following definition.
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Definition 6.4. A Poisson vector space (V,b) is a finite-dimensional vector space V,
equipped with a bivector b € V AV.

By the above, we have the following abstract version and amplification of Proposi-
tion 6.2.

Proposition 6.5. For every finite-dimensional vector space V, there is a one-to-one
correspondence between bivectors on V (making V into a Poisson vector space)
and constant Poisson structures on V. If b € N*V is a bivector of rank 2r, then the
Poisson structure T = {-,-} on 'V which corresponds to b, has rank 2r and V admits
a system of linear coordinates (q1,...,qr,P1s---,Pry21,- - -,2s) in which the Poisson
structure is given by

forall F,G € F(V).

6.2 Regular Poisson Manifolds

In the case of a Poisson manifold (M, 1), there is no notion of linear functions on M,
so we cannot use Definition 6.1 as it stands, to define constant Poisson structures on
manifolds. Two natural generalizations of the latter definition are the following.

Definition 6.6. A Poisson structure 7 on a connected manifold M is said to be a
constant Poisson structure if for every point m € M, there exists a coordinate chart
(U,x), centered at m, such that all Poisson brackets {xi,x j} are constant on U.

Definition 6.7. A Poisson structure on a manifold M is said to be a regular Poisson
structure if it has the same rank at every point m € M. We say then that (M, ) is a
regular Poisson manifold.

Comparing the definitions, it is clear that every constant Poisson structure on a con-
nected manifold is regular: taking around an arbitrary point m € M a coordinate
chart (U,x) such that all Poisson brackets {xi,xj} are constant on U, we see that
the rank of 7 is constant on U, since it is given by the rank of the Poisson matrix
of @ with respect to x, whose entries are the Poisson brackets {x,',x j}; since M is
connected, it follows that the rank of 7 takes the same value at every point of M,
i.e., 7 is a regular Poisson structure. It is a fundamental fact that the converse is also
true, leading to the following proposition.

Proposition 6.8. Ler (M, ) be a Poisson manifold, which is assumed to be con-
nected. Then (M, ) is a regular Poisson manifold if and only if Tt is a constant
Poisson structure.
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Proof. Let (M,7) be a regular Poisson manifold and let m € M. We need to show
that there exists a coordinate chart (U, x), centered at m, such that all Poisson brack-
ets {x,-,xj} are constant (functions) on U. Since, by assumption, the rank of 7 is
constant at m, this is an immediate consequence of the Darboux theorem, which
we proved in Section 1.3.3 (Theorem 1.26). According to this theorem, if the rank
of a Poisson structure is constant (say, equal to 2r) in the neighborhood of a point
m € M, then there exists in a neighborhood of m a coordinate chart (U,x), with
X=1(q1,---1qr,P1s--sPrsZl;- - Zd—2r), centered at m, in which the Poisson struc-
ture takes the canonical form

{Qqu} = {plapj} = {qiazk} = {phzk} = {Zkazf} :07 {%7]7]} = 6i,j )

where 1 <i,j <rand 1 <k, ¢ <d—2r. In particular, all these Poisson brackets
are constant. The Darboux coordinates qi,...,qr, P1s---sPrsZ1,---,2d—2, are often
referred to as canonical coordinates, especially in the physics literature. O

The study of regular Poisson manifolds is in general much simpler than the study of
arbitrary Poisson manifolds. Being locally the product of a symplectic manifold and
RS or C* with the zero Poisson structure, their (local) study can often be reduced
to the case of symplectic manifolds. But sometimes, it is the regularity itself which
can be exploited, as we show in the following example.

Example 6.9. According to Proposition 1.21, the rank of a Poisson manifold (M, 1)
at a point m is equal to the dimension of the vector space of Hamiltonian vector
fields at that point, Rk,, M = dimHam,,(M). Therefore, if the rank is constant,
the Hamiltonian vector fields define a distribution of rank RkM. It is differen-
tiable, because it is defined by smooth vector fields. According to Proposition 1.4,
[ZF, Zc] = —3&”{ F,G}» S0 the distribution is integrable in the sense of Frobenius, so
through every point there passes a unique integral manifold of the distribution, by
Frobenius’ theorem. By definition, all Hamiltonian vector fields of (M, x) are tan-
gent to this integral manifold, at each of its points. By Proposition 2.10, this integral
manifold carries a (unique) Poisson structure of maximal rank. In this way we have
recovered, by simple means, the symplectic foliation? of a Poisson manifold, in the
regular case.

6.3 Symplectic Manifolds

The most important class of regular Poisson manifolds consists of the symplectic
manifolds (real or complex). We first consider the particular case of a symplectic
vector space.

2 In this case it is indeed a foliation, and not a singular foliation.
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6.3.1 Symplectic Vector Spaces

The skew-symmetric variant of an inner product space is a symplectic vector space.
Namely, let V be a finite-dimensional F-vector space and let ® € Hom(V AV, F)
be a skew-symmetric bilinear form on V. We say that w is a symplectic structure
if @ has maximal rank, Rk = dimV. Then (V, ) is called a symplectic vector
space. If (V, @) is a symplectic vector space, then V is even-dimensional, since the
rank of every skew-symmetric bilinear form is even. Since the rank of a symplectic
structure @ is maximal, the linear map ®”, which is by definition @, viewed® as
an element of Hom(V,V*), is invertible. Its inverse (@’)~' € Hom(V*,V) is skew-
symmetric, hence is of the form —z for some (unique) bivector & € A?V. It fol-
lows that every symplectic vector space (V, @) is in a natural way a Poisson vector
space, and hence, according to Proposition 6.5, V is equipped with a constant Pois-
son structure 7, called the canonical Poisson structure, associated to . Explicitly,
the Poisson bracket of F,G € .% (M) is computed at m € M from —n* = (@’)~!
using (6.7) and (6.6), namely

{F,G} (m) = n(d,,F,dG) = (d,,G,7*(d,,F))

—{(dwG, (@) (duF))
o((0") " (dnF), (@)} (dnG))
O((ZF)m, (Z6)m) »

(6.10)

where we used in the last line that (27),, = —7*(d,,F) (see (6.8)). The latter defi-
nition of (ZF)m s, in view of the definition of &, equivalent to saying that (ZF)m
is the unique element of 7;,V =~ V such that

O((ZF)m,") = duF . (6.11)

When o is viewed as a (constant) differential two-form on V, the formula for the
Poisson bracket is also written as

{F,G}Z(D(%F,%G) s (6.12)
and Eq. (6.11) for the Hamiltonian vector field is shortened to
o(Zp,)=dF .

The (constant) rank of 7 equals the rank of @’, which is dimV'.

The above construction is easily reversed: if 7 is a constant Poisson structure
on .% (V) of maximal rank, then it is the canonical Poisson structure of a symplectic

3 This can be done in two ways, which differ by a sign. Our convention is that @’ (v) = (v, -), for
vev.
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vector space (V, ), where @ € Hom(V AV,F). We leave this as an exercise to the
reader; a globalization of this statement will be worked out in the next section.

6.3.2 Symplectic Manifolds

Let M be a real or complex manifold (F =R or F = C). A (smooth or holomorphic)
differential two-form @ on M is called an almost symplectic structure if its restric-
tion to each tangent space 7,,M is non-degenerate, i.e., @, is a symplectic struc-
ture on T,,M, for every m € M, as defined in Section 6.3.1. Then (M, o) is called
an almost symplectic manifold. The globalization of (6.11) and (6.10) is naturally
given by

(25),, = () ' duF € T,M
{F,G}(m) :== @n((ZF)m: (26G)m) »

for m € M and F,G € % (M). In a compact form, these formulas are usually writ-
ten as

(6.13)

o(Zr,") =dF
(6.14)
{F,G} = w(%F,%G) .
As in the case of symplectic vector spaces, these definitions imply that
{Fv G} - dF(g'/VG) - %G[F] ) (6.15)

so that {-,-} defines a bivector field on V and ZF, as defined by (6.14), is the
Hamiltonian vector field of F* with respect to this bivector field. However, the Jacobi
identity does not need to hold. It holds if and only if ® is closed, dw = 0, in which
case o is called a symplectic structure and (M, ®) is called a symplectic manifold.
This equivalence is shown in the following proposition.

Proposition 6.10. Let (M, @) be an almost symplectic manifold. Then 7, as defined
by (6.14), is a Poisson structure on M if and only if (M, ®) is a symplectic manifold.
In particular, every symplectic manifold (M, ®) carries a canonical Poisson struc-
ture 1, which makes (M, 1t) into a Poisson manifold; it is a regular Poisson structure
whose rank is equal to the dimension of M.

Proof. Let us first assume that @ is closed. Notice that one important consequence
of this assumption is that @ is conserved by the flow of every Hamiltonian vector
field. To see this, use Cartan’s formula (3.50) for the Lie derivative %y,

Ly =1yd+diy (6.16)

when ¥ is a (locally) Hamiltonian vector field, ¥ = ZF, and use that 19, @ = dF
and o are closed; it yields .Z9;, @ = 0, for every function F, defined on an open
subset of M. It implies that the following formula,
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zm’«,/z](u = gy/l Iy, (0 — l//z.,f//l ,

which is a special case of (2) in Proposition 3.11, simplifies for Hamiltonian vector
fields to

U2p, 260 = D%%FZ%GCO = dlg(Flgg”Ga) =—d(o(ZF,Zc)) = —d{F,G} , (6.17)

where F' and G are functions, defined on an open subset U of M. By the definition
of 2, Eq. (6.17) means that 1 9;, 9,0 = LD oy @ Non-degeneracy of @ allows
us to conclude that [2F, Z6] = — Z{F ). Applying this equation to an arbitrary
function H € .#(U), we find

Xr 2GH]) — 26 ZrH|+ ZrcH] =0,

which is precisely the Jacobi identity, as follows from (6.15). Thus, we have shown
that if o is closed, so that (M,r) is a symplectic manifold, then 7 is a Poisson
structure on M.

Assume now that @ is an almost symplectic structure, and that the bivector
field m, defined by (6.13), satisfies the Jacobi identity. Using the explicit for-
mula (3.28) for computing the de Rham differential, we obtain, for a triple of Hamil-
tonian vector fields as above,

do (2F, Zo, Zn) = Zr [0 (X6, Zu)l+ 0 (2F, [ 26, Zu]) + O (F,G,H)
=2({({~, G}, H}+{{G,H} ,F} +{{H,F},G})
=0.

‘We have used that
‘%}: [w(%ca%]‘l)] = {{GaH}aF} = (D(%‘F, [‘%‘Ga%H]) 3

as follows from (6.14), (6.15) and item (5) in Proposition 1.4. Since ), is non-
degenerate for every m € M, we have that T,,M = Ham,,(r) for every m € M, the
above computation therefore shows that dw vanishes on every triple of vector fields,
i.e., that @ is closed, hence that (M, ) is a symplectic manifold. O

Proposition 6.11. Suppose that (M, 1) is a regular Poisson manifold, whose rank is
equal to the dimension of M. There exists on M a (unique) symplectic structure @,
whose canonical Poisson structure is T.

Proof. We consider for m € M the linear map 7r3, : T*M — TM, associated to . By
assumption, 7, is of maximal rank, hence n,u,, is an isomorphism for every m € M.
It follows that we can use 7, to associate to each differential one-form on M, a vec-
tor field on M: given n € Q' (M), the corresponding vector field 7 is defined by its

value atm € M as %, 1= n,i(nm). One often uses the compact* notation ¥ := 1t (n).

4 Some authors, such as [125] go one step further and write #n for 7% (n).
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In particular, for local functions F' and G on M, one has P (FdG) = —F Z¢. Simi-

larly, one uses the inverse of 71:,51 to associate to each vector field on M a differential
one-form on M; in the compact notation, the differential one-form associated to

7 € X1(M) is (nj)fl (7). We use n,ﬁ,, to define a non-degenerate differential two-
form @ on M: for vector fields ¥ and ¥, let w(¥1,%3) := <f (nﬁ)_l (7/1),“/2>
Then

a)(,%r,%g) = —<<7Tﬁ)_1 (%F)af%G> = <dF7 %G> = {FvG} ’

for F,G € #(M). It follows that (M, ®) is an almost symplectic manifold whose
associated bivector field is 7. Since 7 is a Poisson structure, Proposition 6.10 implies
that (M, @) is actually a symplectic manifold. O

The main properties of symplectic manifolds are listed in the following proposition.

Proposition 6.12. Let (M, ®) be a symplectic manifold of dimension d and let
denote its canonical Poisson structure.

(1) The dimension d of M is even;

(2) M is an orientable manifold;

(3) (M, r) is a unimodular Poisson manifold;

(4) Forevery k € N*, with 0 < k < d, the de Rham cohomology space HL',‘R (M), the
Poisson cohomology space H%(M) and the Poisson homology space HY , (M)
are isomorphic,

Hip(M) =~ HE(M) ~ HJ_ (M)

Proof. Since every symplectic vector space is even-dimensional, every tangent
space of a symplectic manifold is even-dimensional, hence also the symplectic man-
ifold itself. In order to prove (2), we assume that M is a real manifold (complex
manifolds are always orientable). Since @ is non-degenerate (at every point) the
differential d-form A := @%/2 is nowhere vanishing, hence it is a volume form and
M is orientable. The volume form A is called the Liouville volume form of (M, ).
It is preserved by the flow of every Hamiltonian vector field 27, since

a2 '
Loy A = g%wd/z _ Zwl—l /\z%w/\wd/z—z —0,

i=1

where we have used in the last step that £y, @ = 0 (see the proof of Proposi-
tion 6.10). Thus, (M, 7) is unimodular; see Section 4.4.4, where it is shown that
for a unimodular Poisson manifold, the Poisson cohomology spaces HX(M) and the
Poisson homology spaces H , (M) (with 0 < k < d) are isomorphic vector spaces,
which proves part of (4).

In the case of a symplectic manifold we show that, in addition, the de Rham and
Poisson cohomology spaces are isomorphic. To do this, we consider the isomor-
phisms o : TM — T,,M, which we used in the proof of Proposition 6.11. Notice
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that at every point m, the inverse of ﬂ:fn is just a),bn; for a local section ¥ of TM
(i.e., vector field), the inverse of 7% is given by (ﬂﬁ)fl (7) = (V). The natural
extension of ¥ to 2°*(M) yields, for every k with 0 < k < d, a map

Nt QK (M) — Ak (M) — Xk (M) |

which renders the following diagram commutative:

Qk(M) # Q/H-l(M)

Aknjl J/\kﬂni

,517;
Xt (M) —— ()

Indeed, for local functions F,Gy,...,G; we have on the one hand that

(Ak“nﬂ) A(FdGy A--- AdGy) = Tt (dF) AT (AG1) A --- A (dGy)
= (—D)" 2N 26, N N2,
while on the other hand
sk (Aknﬁ (FdG, /\---/\de)) = SK(F g, N A 2,)
= (~D*2Zr A2, NN 2,

where we have used in the last step that 2, , ..., Zg, are Poisson 1-cocycles. The
commutativity of the diagram implies that the Poisson complex (X*(M),[-,-]s) and
the de Rham complex (£2°(M),d) are isomorphic. In particular, they have the same
cohomology. O

Remark 6.13. A map ¥ : M; — M, between two symplectic manifolds (M, @)
and (M, ) is called a symplectic map if ¥* @, = ®;. Considering the Liouville
volume form on M, it is clear that dimM; < dimM> and that ¥ is an immersion. In
particular, for every m € My,

Rkl}/(m) T = dimM2 > dili = ka .

The resulting inequality Rky,,) > 2 RK,, 71, is in sharp contrast with the inequality
Rkl{/(m) m < Rk, m, which is valid for a Poisson map ¥ (see Exercise 4 of Chap-
ter 1). Thus, a symplectic map ¥ : M; — M, between two symplectic manifolds
(M, @) and (M;, ;) is not necessarily a Poisson map, as a map ‘¥ : (M, m;) —
(My, m), where m; is the canonical Poisson structure, associated to w;, for i =1,2. 1t
follows that the map, which associates to a symplectic manifold the corresponding
Poisson manifold, is not functorial.
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6.3.3 Symplectic Reduction

In this section, we specialize Poisson reduction, in particular Proposition 5.14, to
the case of a symplectic manifold. The main extra result is that the reduced Poisson
manifold is also a symplectic manifold.

Proposition 6.14. Ler (M, ®) be a symplectic manifold, N an (immersed or em-
bedded) submanifold of M with inclusion map 1: N — M, and let p: N — P be a
surjective submersion with connected fibers. If

i (T#N) =Tpn (6.18)

for every n € N, then N is a coisotropic submanifold of M, the triple (M,N,P) is
Poisson reducible and the reduced Poisson structure on P is regular and of maximal
rank, i.e., it is the canonical Poisson structure, associated to a symplectic structure
wp on P. Also, 1* 0 = p* wp.

Proof. In view of Proposition 5.14, we know that (M,N,P) is Poisson reducible,
hence that P inherits a Poisson structure 7p from (M, ®). In order to show that mp
is of maximal rank (equal to the dimension of P) at every point of P, let n € N
and suppose that F' is a function, defined in a neighborhood of p(n) in P, such that
(2F) p(n) =0. Let F be an extension of F o p to a neighborhood of 7 in M. According
to (5.27), dyp (Z7)n = 0, so that

(%F”)n €Tupn= 7'[,% (TnlN> .

Since M is a symplectic manifold, this means that d,F € T;"N, i.e., d,Fj;,y =0,
so that d,,(F o p) = d,(Fjy) = 0. Since d,p is surjective (as p is a submersion), it
follows that d,,(,)F = 0. This proves that 7p is of maximal rank at p(n). Since p is
surjective, this shows that 7p is of maximal rank at every point of P; it is therefore
the canonical Poisson structure, associated to a symplectic structure on P, which we
denote by wp.

We show that 1*@ = p*@p. To do this, let n € N and let v, w be arbitrary elements

of T,N, which we identify with elements of 7,,M. Since nﬁ is invertible, (6.18) im-

plies that nt (T;-pn) = T,N, so that we can write v as (£}),, where F' is defined in
a neighborhood of n in M and is constant on the fibers of p, so its restriction to N is
of the form F}, = F o p, where F is a function, defined on a neighborhood of p(n)

in P. On the one hand,
(1 ©)n (v, w) = O ((Z5)n,w) = (daF ,w) = (P*dyim) Fy W), (6.19)

where we have used in the last step that w is tangent to N. On the other hand, using
(5.27) it follows that
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(p*@p), (v;w) = (@p) pu)(Tup(ZF)ns Tup(W))

(6.20)

= (wP)p(n)((‘%'F)p(n)’Tnp(w)) = <dp(n)F7 TnP(W)> .
Comparing (6.19) and (6.20) we see that (1*®), = (p*wp), for every n € N, which
we needed to show. O

Remark 6.15. The fact that the reduced Poisson structure on P is of maximal rank
(symplectic) can also be read off from its Poisson matrix. Recall from Remark 5.16
that in well-chosen coordinates on an open subset U of M, centered at a pointn € N,
the Poisson matrix of (M, x) is given by

A B C
X=|-B" D E
—-C" —-ETF

and that the condition (6.18) implies that C‘N =F, = 0 (see the last line of Ta-
ble 5.1). Recall also that the Poisson matrix of the reduced Poisson structure 7p is
given by the matrix A, defined by A‘ v = Ao p. Notice that, in the present case, E is
a square matrix, because the dimension ¢ of the fibers of p : N — P is equal to the
codimension of N in M, a consequence of condition (6.18), combined with the fact
that 7 is of maximal rank. For every n’ € NNU,

detX (n') = (detE(n'))*detA(n') = (detE(n'))* detA(p(n'))

so that detA(p(n’)) # 0. This gives an alternative proof of the fact that A, and
hence 7p, is of maximal rank at every point of P. Notice that the argument also
reproves (in the symplectic case) that Rk(E(n')) =t for every ' € NNU (see again
the last line of Table 5.1).

Combining the above proposition with Proposition 5.39 leads to the following result.

Corollary 6.16. Let G be a connected Lie group and let (M, ®) be a symplectic
manifold. We assume that G acts locally freely and properly on M and that the
action is Hamiltonian. If 0 is a regular value of its momentum map |, then

(1) u='(0) is an embedded submanifold of M, invariant under the action of G;
(2)  u'(0)/G is a manifold;
(3)  The triple (M,u='(0),u=1(0)/G) is Poisson reducible.

The reduced Poisson structure on u~'(0)/G is regular and of maximal rank, i.e.,
it is the canonical Poisson structure, associated to a symplectic structure @y on
u='(0)/G. Also, 1* 0 = p*ax, where p: u='(0) — u=1(0)/G is the quotient map.
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6.3.4 Quotients by Finite Groups of Symplectomorphisms

Let (V, ) be a symplectic C-vector space of dimension 2d. We denote by SP(V) the
group of all linear symplectomorphisms of V, i.e., the group of all endomorphisms
of V which preserve @. Recall from Section 6.3.1 that the symplectic two-form @
leads to a (constant) Poisson structure of rank 24 on V, which we called the canon-
ical Poisson of (V,®). Let G be a finite subgroup of SP(V). The purpose of the
present section is to study the singular affine variety V /G, both as an affine variety
and as a Poisson variety. The case where the dimension of V is equal to 2 will be
studied in more detail in Section 9.2.4.

Let us specialize to the present setting what has been said at the very end of Sec-
tion 5.1.2 about the quotient of an affine variety by a finite group. Since G is a finite
subgroup of SP(V), it acts on V, and the quotient space V /G is an affine variety,
whose algebra of regular functions .% (V /G) is naturally identified with the algebra
Z (V)8 of all G-invariant polynomials on V. The canonical projection p:V — V /G
corresponds, dually, to the inclusion of algebras .#(V/G) ~ .F (V)6 — F (V).
Moreover, since every linear symplectomorphism of (V, ) preserves the canoni-
cal Poisson structure of (V, ®), the finite subgroup G C SP(V) acts by Poisson iso-
morphisms. As a consequence, according to the first item of Proposition 5.33, V /G
carries a unique Poisson structure with respect to which p : V — V /G is a Poisson
map. This justifies the following definition.

Definition 6.17. Let (V,w) be a symplectic C-vector space and let G be a finite
subgroup of SP(V). The unique Poisson structure {-,-},  on V/G with respect
to which the natural projection map p : V — V /G is a Poisson map, is called the
quotient Poisson structure associated to G. The pair (V/G,{-, }y ) is called the
quotient Poisson variety associated to G.

Since the quotient space V /G is, in general, singular, it makes no sense to ask
whether it is a symplectic manifold. However, the second item of the next proposi-
tion implies that V /G is as symplectic as it can be, i.e., {, ~}V/G is of maximal rank
at every non-singular point of V /G.

Proposition 6.18. Let (V,w) be a symplectic C-vector space of dimension 2d and
let G # {e} be a finite subgroup of SP(V), the group of all symplectomorphisms
of V. Denote by p the natural projection map p:V — V /G and by U the (non-
empty) Zariski open subset of all x € V for which the stabilizer Gy is trivial.

(1) A pointinV /G is a non-singular point if and only if it belongs to p(U);
(2) The rank of {-, '}V/G is equal to 2d at every non-singular point of V /G.
As a consequence, the restriction of {-,-}y g to p(U) is a holomorphic Poisson

structure, which is the canonical Poisson structure associated to a symplectic holo-
morphic two-form on p(U).

Proof. 1Tt is a classical result (valid for the action of an arbitrary finite group on a
vector space) that, for every x € V, the point p(x) is a non-singular point of V /G



6.3 Symplectic Manifolds 175

if and only if its stabilizer G is a complex reflection group, i.e., a group generated
by elements for which the space of fixed points is a hyperplane (see [42]). But
the set of fixed points of a linear symplectomorphism cannot be a hyperplane. As
a consequence, in the present case, the point p(x) is non-singular if and only if
G, = {e}. This proves ().

The open subset U C V is a G-invariant subset, the action of G on U is free
since the stabilizer of every point of U is by definition trivial and, according to Sec-
tion 2.3.2, U is equipped with a holomorphic Poisson structure. This implies on the
one hand that the projection map p : U — U /G = p(U) is a local biholomorphism
(when both sets are considered as holomorphic manifolds), and on the other hand,
since p is moreover a Poisson map between Poisson manifolds, that p preserves the
rank of the Poisson structure at each point, so that the rank of {-,-},, /G 1s 2d atevery
point of p(U). Therefore, {-, -}y  restricts to a regular holomorphic Poisson struc-
ture of maximal rank on p(U). According to Proposition 6.11, it is the canonical
Poisson structure, associated to a symplectic structure on the holomorphic manifold
p(U). This completes the proof of (2). O

Remark 6.19. For every A € C*, the map x — A ~'x leads to a regular map of V/G
to itself. Since x —+ A ~'x multiplies the canonical Poisson structure on V by A2, this
induced automorphism also transforms the quotient Poisson structure {-, -}, /G into

A{, v /G- As a consequence, for every non-zero u € C*, the Poisson varieties
(V/G.{,}y/g) and (V/G,u{-, }y ) are isomorphic as Poisson varieties.

The case where the dimension of V is 2 will be studied in more detail in Sec-
tion 9.2.4. We give here an immediate corollary of Proposition 6.18, which will
be useful then.

Corollary 6.20. Let V be a symplectic C-vector space of dimension 2 and let G #
{e} be a finite subgroup of SP(V). Then the image of the origin o of V through the
canonical projection p : V- — V /G is the only point of V /G which is singular. It is
also the only point where the rank of the quotient Poisson structure is zero.

Proof. For a vector space V of dimension 2, the group SP(V) coincides with the
group SL(V) of all linear maps of determinant +1. Every element of a finite sub-
group G of SL(V) is of finite order, hence is diagonalizable. Clearly, a diagonal-
izable element of SL(V), different from the unit, admits o € V as its unique fixed
point, hence U =V \ {0}. Clearly, the rank of {-,-},,  at p(0) is zero. According
to Proposition 6.18, the rank of {-, -}y ¢ is 2 at every other point of V/G. O

6.3.5 Example 1: Cotangent Bundles

It is shown in Section 1.3.4 that every Poisson manifold admits a (singular) foliation
whose leaves carry a symplectic structure. Thus, the number of examples of sym-
plectic manifolds is abundant. There are however two large classes of symplectic
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manifolds which need special attention: cotangent bundles and Kahler manifolds.
The first class, considered in this section, is of fundamental importance in classical
mechanics, see e.g. [1, 15] and [125].

The idea that cotangent bundles are symplectic manifolds comes from classical
mechanics: local coordinates on M and the corresponding momenta, which are lin-
ear coordinates on the fibers of p : T*M — M yield canonical coordinates on phase
space. To make this precise, let us first show how to build natural local coordi-
nates on 7*M from local coordinates on M. Suppose that x, ..., x; are coordinates
on U C M; it yields half of a system of coordinates on T*U C T*M by letting
qi *= x; o p. For the other half, let p; denote the function on 7*U, which is defined

’ ier=(en(2) ). o2

where &,, € T*U is in the fiber over m, i.e., p () = m. The functions p; and x; are
dual in the following sense: form € U and 1 <i,j < d,

d
pi(dmxj) = <dmxj7 (a_x> > = 5i,j .

On T*M there is a natural differential one-form, called the Liouville form, which
can in terms of the above local coordinates be defined as

d
6 := pidg; .
i=1
More intrinsically, 8 € Q'(T*M) is defined by
(0,7)(&n) = (&n Te,p (V%,)) » (6.22)

where &, € T*M and ¥ € X!'(T*M). The canonical pairing in this formula is be-
tween T,;M and 7,,M: indeed, Tt p : T¢, (T*M) — T,,M. To check that 0, as defined

by (6.22), is given in terms of the above coordinates ¢;, p; by 2;-1: 1 pidg;, take an ar-
bitrary vector field ¥ = Y% (Bid /dq; + % /dp:) on T*M and compare

d 0
/7/ m M V. = M i\Gm 3. y
0G0 =6 ()= (2. S 0060 (7))

1

which was computed from (6.22), using g; = x; o p, with

d d 0 9
<izipidqi’7/> <121P1d4h ﬁ]& “l‘}’j&p )>(gm)

d
zpz gm ﬁl ém

i=1



6.3 Symplectic Manifolds 177

nca(e(2).)

which was computed from (6.21).

M=

The canonical symplectic structure on 7*M is by definition the closed differential
two-form @ := d@, which is locally given by Z?’: 1dpi Adg;, so that the coordinates g;
and p; are canonical coordinates. Notice that the differential two-form @ is actually
exact, making 7*M into an exact symplectic manifold.

To a function F € .7 (M), respectively to a vector field ¥ € X!(M), one can
associate a function F, respectively ¥, on T*M by

F Z:FOp, 7](5’”) = <§m77/(m)>

for every &, € T'M. The reader will easily verify that the canonical Poisson bracket
of w satisfies the following formulas: if Fi,F> € % (M) and 71, % € X! (M), then

—~

(AR =0, {F,%)=1%%] and {#.F)="R].

In fact, these formulas can be used to define @ (see [3, Ch. 2]).

6.3.6 Example 2: Kdhler Manifolds

We now turn to a second class of examples, which is important from the point of
view of complex geometry. Let M be a complex manifold and let us denote the
underlying real manifold by M. Suppose that ds? is a Hermitian metric on M. This
means that, in terms of a system of local (holomorphic) coordinates zy,...,z4,

ds* = Y hijdz;®dz;,

1<i,j<d

where (h;;) is a positive definite Hermitian matrix. The imaginary part (up to a sign)
of such a metric is a non-degenerate differential 2-form on Mg, given by

V-1
w:=— 2 hijdz; NdZ; .

1<i,j<d

One says that the metric ds? is a Kdihler metric if @ is closed, i.e., if @ is a symplectic
structure. Then (Mg, @) is called a Kdhler manifold and o is called the associated
differential 2-form of the metric. Notice that the metric can be recovered from its
associated differential 2-form.

Two facts underlie the importance of Kahler manifolds. The first one is that the
complex projective space PV admits a Kihler metric. The second fact is that every



178 6 Constant Poisson Structures, Regular and Symplectic Manifolds

submanifold of a Kahler manifold is itself a Kahler manifold. This means that every
non-singular complex projective variety has a Kahler structure.

6.4 Notes

The study of symplectic manifolds, initiated by its importance in classical mechan-
ics, has become a subject of its own. Many books have symplectic manifolds as their
central theme, yet there are significant variations in how much the theory is con-
nected to classical, and eventually quantum mechanics, as well as in the advanced
topics which are treated. For an excellent introduction, see Cannas da Silva [33],
where the example of Kahler manifolds is treated in detail. For an introduction to the
subject, largely motivated by classical mechanics, see Arnold’s classical book [15].
Another classical book is the mechanics book [1] by Abraham and Marsden, where
symplectic geometry is used as a tool, rather than a subject of itself; in it, the utility
of symplectic structures is plain. The books [125] by Libermann—Marle and [92]
by Guillemin—Sternberg, two books of opposite style, are great complements to the
above references.

All the above books treat additional topics. Group actions and the momentum
map are studied in varying detail in all of them; for this, the books of Audin [18]
and Ortega—Ratiu [160] should also be consulted. Symplectic vector bundles and
contact manifolds are treated in Libermann—Marle [125], symplectic homogeneous
spaces are an additional topic in Guillemin—Sternberg [92], the Hamilton—Jacobi
method and perturbation theory are discussed in both Abraham—Marsden [1] and
Arnold [15].



Chapter 7
Linear Poisson Structures and Lie Algebras

Together with symplectic manifolds, considered in the previous chapter, Lie alge-
bras provide the first examples of Poisson manifolds. Namely, the dual g* of a finite-
dimensional Lie algebra g admits a natural Poisson structure, called its Lie—Poisson
structure, which provides new insights and technical tools in the study of Lie al-
gebras. For example, the coadjoint orbits in g* are precisely the symplectic leaves
of the Lie—Poisson structure, showing in particular that coadjoint orbits are even-
dimensional.

Lie—Poisson structures are linear Poisson structures, in the sense that they are
Poisson structures on a vector space V, for which the Poisson bracket of every pair
of linear functions on V (elements of V*) is a linear function on V. Also, every linear
Poisson structure (on a finite-dimensional vector space) is a Lie—Poisson structure
and we have a functorial equivalence between linear Poisson structures and Lie
algebra structures.

In many cases, one considers the Poisson structure on the Lie algebra g itself,
rather than on g*. This is usually done by identifying g with g*, using a non-
degenerate Ad-invariant symmetric bilinear form on g, which exists for example
for every semisimple Lie algebra. The coadjoint orbits are then identified with the
adjoint orbits and the Hamiltonian vector fields on g take a natural form, a so-called
Lax form.

The Lie—Poisson structure on g* is introduced in Section 7.1, while the induced
Poisson structure on g is discussed in Section 7.2. The main properties of the Lie—
Poisson structure are given in Section 7.3. A variant of Lie—Poisson structures,
namely affine (= linear + constant) Poisson structures and their Lie theoretical
interpretation is discussed in Section 7.4. We finish this chapter with a short in-
troduction to the linearization of Poisson structures (in the neighborhood of a point
where the rank is zero).

Unless otherwise stated, IF denotes an arbitrary field of characteristic zero.

C. Laurent-Gengoux et al., Poisson Structures, 179
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4_7, © Springer-Verlag Berlin Heidelberg 2013
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7.1 The Lie—Poisson Structure on g*

Suppose that g is a finite-dimensional Lie algebra over F, with Lie bracket [-,-]. We
denote the dual vector space to g by g*. We associate to each element! ¢ of g, a
linear function ¢* : g* — IF, defined by

*igt—> F
& —(G,e)=&(e).
In words, e* is “evaluation at e”. Taking a basis (ej,...,e4) of g, we obtain a
system of linear coordinates (xj,...,xs) on g* by letting x; := ¢;. We use it to

build the skew-symmetric matrix X = (x;;)1<;,j<4>» Whose elements are defined by
xij := |ej,e;]"; each entry of X is a function on g, which can be expressed as a linear
combination of the coordinates xi,...,x;. Consider the skew-symmetric bideriva-
tion {-,-} of Flxy,...,xy], defined by setting, for F,G € Flxy,...,x4],

d JF 9G
{F,G} = Xij=—=—- (7.1)
l}]z:‘l Y 8xi 8xj
It is the unique skew-symmetric biderivation of F[xj,...,x4] such that { e;, j} =

lei,e;]", forall 1 <i< j<d.By bilinearity of {-,-} and [ s

{e".f Y =le.ST, (7.2)

for all e, f € g. On the one hand, this implies that Definition (7.1) is independent
of the chosen basis (ej,...,e4). On the other hand, it yields, for all i, j,k with

<4 j,k<d,
{{x,,x,} xk} e,,e, s

so that the Jacobi identity for |-, -] implies that {{xi,xj} X+ O (i, j, k) =0 for all
1 <i< j<k<d. According to Proposition 1.8, this shows that {-,-} is a Poisson
structure on F[xy,...,x4]. Similarly, according to (iii) in Proposition 1.36, Eq. (7.1)
also defines a Poisson structure on the algebra of smooth functions on g*, when
F =R, or on the algebra of holomorphic functions on g*, when F = C; in either
case, it is the unique Poisson structure which satisfies (7.2). Thus, . (g*) inherits a
Poisson structure from the Lie bracket on g, irrespective of whether we take .% (g*)
to be the algebra of polynomial, smooth, or holomorphic functions on g*.

An intrinsic formula for {F,G} can be written down in terms of the differentials
of F and G. Since the differential of F € % (g*) at § is alinear map d¢ F : Tz g* — T,
and since T¢g" is naturally isomorphic with g*, we can think of d¢F" as being an
element of (g*)*, i.e., as an element of g, since g and its bidual are canonically
isomorphic (recall that g is finite-dimensional; the canonical isomorphism g — (g*)*

! We use in this section letters e and f to denote elements of a Lie algebra g, to reserve the letters
x,y,z for elements of the bidual (g*)*. After identification of g with its bidual, the letters x,y,z
become elements of g, just like everywhere else in the book.
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is given, for e € g, by e — e*). Thus, we can identify déF with an element of g,
which we will also denote by d¢ F'. With this notation, the differential of F € 7 (g*)
at & € g*, is given by

4 oF
deF =) — i 7.3
eF =X 5,00 7.3)
and (7.1), evaluated at & € g*, can be written in the compact, coordinate-free form,

{F,G} (&) = (€,[deF,d:G)) . (7.4)

Definition 7.1. Let (g, [-,-]) be a finite-dimensional Lie algebra and let .7 (g*) de-
note the algebra of polynomial, smooth or holomorphic functions on g*. The Poisson
structure on g*, defined for F,G € % (g*), at £ € g* by

{F,G} (&) := (&,[d:F,d: G)) (7.5)

is called the Lie—Poisson structure on g*, or the canonical Poisson structure on g*.

As we will show in Proposition 7.3 below, Lie—Poisson structures are in one-to-
one correspondence with linear Poisson structures, where the latter are defined as
follows.

Definition 7.2. A Poisson structure {-,-} on a finite-dimensional vector space V is
called a linear Poisson structure if for each pair of linear functions & and 7 on V,
their Poisson bracket {£, 1} is a linear function on V.

Proposition 7.3. For every finite-dimensional vector space V, there is a natural one-
to-one correspondence between linear Poisson structures on V* and Lie algebra
structures on'V.

Proof. As we have explained, when V = g is a finite-dimensional Lie algebra, its
dual vector space g* carries a Poisson structure. If x,y are linear functions on g*,
then they are of the form x = ¢* and y = f*, where ¢, f € g, and it follows from (7.2)
that their Poisson bracket is a linear function on g*. This shows that the Lie—Poisson
structure on g* is a linear Poisson structure. On the other hand, a linear Poisson
structure {-,-} can be restricted to linear functions on V* and the restriction is a
Lie bracket on (V*)* ~ V. The Lie-Poisson structure on V*, associated to this Lie
bracket, is the original Poisson bracket {-,-}, since both Poisson brackets coincide
for all linear functions on V*. 0O

Remark 7.4. Fori=1,2,1let (g;,[,-];) be a Lie algebra whose Lie—Poisson structure
(on g}) is denoted by {-,-},. If ¢ : (g1,[-,-]1) — (g2,[-,-]2) is a Lie algebra ho-
momorphism, then the transpose map ¢ ' : (g3,{-,-},) = (g}, {",-},) is a Poisson
map. It is easily checked that this leads to a contravariant functor from the cate-
gory of finite-dimensional Lie algebras to the category of Poisson manifolds (affine
Poisson varieties if IF is different from R and C).

It is often convenient to represent the Lie—Poisson structure by its Poisson matrix
(see Section 1.2.2). To do this, consider, as above, a basis (ey,...,e4) of g, which
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leads to a system of linear coordinates (xi,...,x;) on g*. Let us denote by cf.‘j the
structure constants of the Lie algebra g in terms of the above basis:

d
k ..
[ehej]: Zcije/ﬂ 1<l7]<d
k=1
Then, the entries of the Poisson matrix ({x,;x ]}) 1<i,j<d are given by

d
k
{Xi7Xj} = leie)]" = 2 Cij Xk -
k=1
In this notation, Eq. (7.1) for the Poisson structure takes the form

d OF G
= ko 22—
{F,G}:= ,-,]-%:16”)% 5 9%,

In tensorial terms, the algebra of polynomial functions on g* is canonically iso-
morphic to Sg, the symmetric algebra of g, and the construction of the Lie—Poisson
structure on Sg can be given without passing via g*, which has the advantage that its
construction does not require g to be finite-dimensional. Explicitly, a typical mono-
mial 712, ...z, € Sg is viewed as a polynomial function on g* by setting, for € g*,

(m1z2...2p)(&) ==& (21) &(22) .. & (2p) = (&,21) (€,22) -+~ (€, 2p) - (7.6)

For monomials of degree 1, the Poisson bracket {-,-} on Sg is just the usual Lie
bracket, {z,7'} := [z,7']. For monomials of higher degree, one uses the biderivation
property, which gives

P 4 ~
{zl...zp,zll...z/q} = 2 Zzl...z’;}...zpz/l...z’é...z; [zk,zz] )
k=1/(=1

From this formula, one easily gives a direct proof of the Jacobi identity for the
bracket {-,-} on Sg.

7.2 The Lie-Poisson Structure on g

Upon choosing an isomorphism between the finite-dimensional Lie algebra g and
its dual g*, the Lie—Poisson structure on g* can be transferred to a linear Poisson
structure on g. This is usually done by choosing a non-degenerate symmetric bi-
linear form (-|-) on g. Non-degeneracy of the bilinear form (-|-) means that the
linear map x : g — g*, which sends x € g to the linear form (x|-) : y — (x|y), is an
isomorphism. Explicitly, y is given by
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(2 (x),3) = (x[y) = (2 (),%) (7.7)
for all x,y € g. The inverse map to x is denoted by y : g* — g. Asin (7.7),
(& wn) = (v ym)=nyE) (7.8)

for all £,m € g*. To a function on g*, we can associate a function on g and vice versa,
simply by composing it (on the right) with y or with y. Similarly, every Poisson
structure on g* can be transferred to g and vice versa. In particular, the Lie—Poisson
structure on g*, introduced in Section 7.1, leads to a unique Poisson structure {-,-} g
on g with respect to which y is an isomorphism of Poisson manifolds. We call {-,-} g
the Lie—Poisson structure on g with respect to (-] -).

Explicitly, let F, G € .7 (g) and compute their Lie-Poisson bracket {F, G}, (with
respect to (-|-)) at a point x € g by using (7.5) as follows.

{F.G},(x) ={Foy,Goy}(x(x))
= (x(x), [dy)(Fow),dyy (Gow)]) (7.9)
= (x| [w(d:F), w(d:G)]) .

We have used that d, (F oy), viewed as an element of g, is precisely w(d,F). To
check the latter, first use the chain rule and the fact that y is a linear map to find that

dy(Foy)=dFoy,

so that, for every & € g*,

<dx(x)(Fol//)7§> = <dxF7 W(g» = <€aW(dxF)> )

where we have used (7.8) in the last step. Equation (7.9) is usually written in the
following form,
{F, G}y (x) = (x[[ViF, ViG]) (7.10)

where V,F, the gradient of F at x (with respect to (-|-)) is defined, for F € .#(g)
and x € g by
(ViF y) = (diF'y) (7.11)

for every y € g, which is equivalent to saying that V.F = y(d,F). Since F is a
function on a vector space, (7.11) can also be written in the following form,

d
(ViF13) = g Flern). (7.12)

which is the most useful form for explicit computation.

The Lie—Poisson structure on g is often restricted to a subspace of g which is
defined by a Lie ideal of g. If A is a subset of g, the orthogonal to A, with respect
to {-|-), is the subspace A+ C g, defined as
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At:={xecg|Wea, (x|y)=0} . (7.13)

Proposition 7.5. Ler (g,[,-]) be a finite-dimensional Lie algebra, equipped with a
non-degenerate, symmetric bilinear form (- |-), and suppose that ) C g is a Lie ideal
of g. Then its orthogonal, b+, is a Poisson submanifold of g. For F,G € .Z (h*),
their Poisson bracket {F, G}hL is given, at x € hl, by

{F,G}yr (x) = {F,G} (x), (7.14)
where F and G are arbitrary extensions of F and G to a neighborhood of x in g.

Proof. We first show that if b is a Lie ideal of g, then b= is a Poisson submanifold
of g. Let x € h* and let G be an arbitrary function, defined in a neighborhood of x
in g. According to Proposition 2.12, we need to show that (25), € Toh* ~ h. To
do this, let F be an arbitrary function, defined in a neighborhood of x in g, which is
constant on h. For such a function, we have that V. F € b; indeed, F (x+ty) = F(x)
for every y € b and every r € T, so that

d
VxF - — F = s
(VaF' 1) = G F o+ ) =0

for every y € ht. Since (-|-) is non-degenerate, we may conclude that V,F € b.
Since b is a Lie ideal of g, we have for every x € h= that

(26), [F] = {F,G}y (x) = (x| [VaF, VaG]) = 0 .

This shows that 2 is tangent to h at every point x € h=. Proposition 2.12 also
leads to the formula (7.14) for the Poisson structure {-, -}h Lonht. O

We now show that the Hamiltonian vector fields 2y on (g,{-,-}) can be writ-
ten down in a simple form, if (-|-) is ad-invariant (i.e., when g is a quadratic Lie
algebra). Recall from Section 5.1.4 that this means that (x|[y,z]) = ([x,y]|z) for
all x,y,z € g. Then we have that (7.10) can be written, for H = G, as

{F,H}g (x) = (ViF | [ViH, x]) = (dcF, [ViH, x])
Comparing this to

{FH}g (x) = (Zn), [F] = (d:F, (Zh),)

we find that x := (Zy) ,» the Hamiltonian vector field 2% at x, is given by the Lax
equation
x=[V.H,x] . (7.15)

Lax equations are very important in the theory of integrable systems, as one easily
shows that their flows are isospectral, hence admit many constants of motion (see
Section 12.2.5 below).
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Example 7.6. The basic example of a finite-dimensional quadratic Lie algebra is
given by the F-vector space g := gl;(F) of d x d matrices with coefficients in F.
The Lie bracket on g is the commutator [x,y| := xy — yx. If E;; denotes the d x d
matrix with a 1 at position (i, j) and zeros elsewhere, then [E;;, Ex/| = 8 1Eir —
0 ¢Exj, for all 1 <i,j,k,f < d. A natural symmetric bilinear form on g is given
by (x|y) := Trace(xy). It is non-degenerate, thanks to the orthogonality relations
<Ei il Ekg> = 0, x6; . Moreover, ad-invariance follows at once from the basic prop-
erty Trace(xy) = Trace(yx) of the trace form. Thus, g is a quadratic Lie algebra. Let
us denote by &;; the linear function on g which picks the entry at position (i, j) of a
matrix: &;(x) :=x;; = (Ej;|x). Forallx,y € g,

(Vi&ijly) = (de&ijoy) = (&ij.y) = (Ejily) |

so that V, &;; = V&;; is independent of x and is given by V&;; = Ej;. It follows that
the Poisson bracket of two such linear functions on g is given, at x € g, by

{&, &} ()= (x| [Eji,Eq]) = (x| 8; ¢E jx — 8 kEpi)
= (5i,é§kj - 5j,k<§ié)(x) )

so that {&;;, Ejkg}g = 8.0&xj — 8 x&iv- Let us show that for every p € N*, the function
H,:g— T, defined by H,(x) := % Tracex?, is a Casimir function for {-,-} . For all
Xy €9,
d ~1 1
(ViH, |y) = d_t\;—oHp(x+ty) = Trace (x"~'y) = (X" '[y) .

It follows that VH,, = x”~!, which implies that [V H,,x] = 0, for every x € g. In
view of (7.15), this means that the functions H,, are Casimir functions of {-,-} g

7.3 Properties of the Lie—Poisson Structure

In this section we first study the symplectic foliation of a Lie—Poisson structure and
show how it is related to the coadjoint action. We then explain how the Poisson
cohomology of a Lie—Poisson structure is related to Lie algebra cohomology. In
Section 7.3.3, we relate the modular class of a Lie—Poisson structure to the modular
form of a Lie algebra.

7.3.1 The Symplectic Foliation: Coadjoint Orbits

We have seen in Section 1.3.3 that a Poisson manifold naturally decomposes into
symplectic manifolds. We now show that in the case of a Lie—Poisson structure
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on g*, these symplectic manifolds are the coadjoint orbits of G in g*, where G is
any connected Lie group whose Lie algebra is g; we also show that the Casimir
functions are the Ad*-invariant functions. See Section 5.1.3 for the definition and
the basic properties of the coadjoint action and of Ad*-invariant functions on g*.

Proposition 7.7. Ler (g,[-,-]) be a finite-dimensional Lie algebra and let G be an
arbitrary connected Lie group whose Lie algebra is g. The symplectic leaves of the
Lie—Poisson structure on g* are the coadjoint orbits of G and the Casimir functions
are the Ad*-invariant functions.

Proof. We first show that at each point & € g* the vector space of all fundamental
vector fields of the coadjoint action of G on g* at & coincides with Hamg (g*,{-,-}),
the vector space of all Hamiltonian vector fields of the Lie—Poisson structure on g*,
at £. To show it, rewrite (7.5) as

(26 IF) = (&~ ada,6deF ) = (i, &,deF)
to find that the Hamiltonian vector field 2 is given, at & € g*, by
(Z5); = adi G

For every x € g, the linear function x*, defined by x*(&) := (&, x) for all £ € g*,
satisfies dzx* = x*, for every & € g*. It follows that

Hamg (g°) = {adj € | G € F(s)} = {ad} & | xe g} |

as we needed to show. Since the coadjoint orbits of G are connected, this shows that
the leaves of the symplectic foliation of the Lie—Poisson structure on g* are precisely
the coadjoint orbits. It follows that the Ad*-invariant functions are precisely the
functions which are constant on every leaf of the symplectic foliation. According to
Proposition 1.31, they are the Casimir functions of the Lie—Poisson structure on g*.
O

Suppose now, as in Section 7.2, that we have a non-degenerate symmetric bilin-
ear form (-|-) on g, and let )y : g — g* be the resulting isomorphism (see (7.7)).
Since y realizes an isomorphism between the Lie—Poisson structure on g* and the
Lie—Poisson structure on g with respect to (- | -), Proposition 7.7 leads to the follow-
ing result.

Proposition 7.8. Ler (g, [-,|) be a finite-dimensional quadratic Lie algebra, whose
bilinear form is denoted by (- |-). Let G be an arbitrary connected Lie group whose
Lie algebra is g. The symplectic leaves of the Lie—Poisson structure on g with respect
to {-|-) are the adjoint orbits of G and the Casimir functions are the Ad-invariant
functions.

The fact that the symplectic foliation of the dual of a Lie algebra is given by the
orbits of the coadjoint action shows that, even in the case of a linear Poisson struc-
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Fig. 7.1 For r > 0 the sphere x> +y? +z> = r? is a symplectic leaf of the Lie—Poisson structure
on (so3(R))*.

ture, the symplectic foliation can be rather complicated. This is illustrated in the
following examples of (real) three-dimensional Lie algebras.

Example 7.9. We start with the Lie—Poisson structure of (so3(R))*, which is defined
by the following brackets

[x,y]:z, b@Z]:)C, [va]:y~

The Poisson matrix is given by

0 z —y
-z 0 x |,
y —x 0

and C := x> +y* + 7> is a Casimir function. The rank of the Poisson structure is
two at every point, different from the origin o, and at such a point the differential of
the Casimir function C is non-zero. According to Proposition 1.32, the symplectic
leaves in R3\ {0} are the connected components of the fibers of C, i.e., the spheres
x? 4y + 72 = 2, with r # 0. Of course, {0} is itself a symplectic leaf, so the sym-
plectic leaves are the concentric spheres x> +y? 4 z> = r2, with r € R, where the

origin appears as a sphere of radius r = 0. See Fig. 7.1.

Example 7.10. We next consider the Lie—Poisson structure of (sl;(R))*, where the
standard sl (R) brackets

bol=z, =2y, [z4=2x,
lead to the following Poisson matrix

0 z —2x
-z 0 2
2x =2y O
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e o o €T

0

Fig. 7.2 Every point of the plane x = 0 is a symplectic leaf for the Lie—Poisson structure on the
dual of the Heisenberg algebra. The planes x = ¢, with ¢ # 0, are the other symplectic leaves.

Clearly, C := 4xy + z* is a Casimir function and the rank of the Poisson structure
is two at every point, except at the origin; also, the differential of C is non-zero,
except at the origin. As in the previous example, Proposition 1.32 implies that the
symplectic leaves are the connected components of the fibers of C, namely,

(1) The one-sheeted hyperboloids 4xy +72=c¢, forc>0;

(2) The two components of the two-sheeted hyperboloids 4xy +z> = ¢, for ¢ < 0;
(3) The two components of the cone 2= —4xy minus the origin;

(4) The origin.

Notice that the previous example and the present example are geometrically
very different, yet the underlying Lie algebras have the same complexification,
namely sl (C).

Example 7.11. Our third example is the Heisenberg algebra, with Lie brackets
)] =0, nd=x, [zx=0.

The Poisson matrix is now given by

000
00 x
0—x0

It is immediate that the Casimir functions are precisely the functions which are
independent of y and of z. The Poisson structure has now rank zero on the plane
x =0, so that each point of this plane is a symplectic leaf; together, these points
form the zero locus of the Casimir function x. The other symplectic leaves are two-
dimensional, they are the planes x = ¢, with ¢ € R*. See Fig. 7.2.

Example 7.12. In the fourth example we show that, for a linear Poisson structure
on R3, non-trivial smooth Casimir functions may even not exist locally (at some
points). Take on R, with respect to the system of coordinates (x,y,z), the following
Poisson matrix,

0o 0 yl. (7.16)
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Z

>0

Fig. 7.3 For the open book foliation, which is the symplectic foliation of the Lie—Poisson structure,
given by the Poisson matrix (7.16) the leaves are the points of the Z-axis and the half-planes,
obtained by removing the Z-axis from the planes passing through it.

On R?, minus the plane x = 0, y/x is a Casimir function, while on R3, minus the
plane y = 0, x/y is a Casimir function. The symplectic leaves of dimension 0 are
the points on the Z-axis, while the symplectic leaves of dimension 2 are the half-
planes, obtained by removing the Z-axis from all the planes which pass through the
Z-axis, as follows again from Proposition 1.32. This symplectic foliation is called
the open book foliation. Taking an arbitrary point on the Z-axis, it is clear that on no
neighborhood of it is there a non-constant Casimir function. See Fig. 7.3.

Example 7.13. We consider, in the last example, for a fixed o € C, the basic Lie
brackets

ey =0, [ni=y, [ga]=ox,
which lead to the following Poisson matrix for the corresponding Lie—Poisson struc-
ture on C3,

0 0 —ox
00 vy
ax—y 0

A holomorphic function F, defined on an open subset U C C3, is a Casimir function
for this Poisson structure if and only if

JF o JF JF 0
= ax— —y=— =0,
dz ox 2 dy

on U. A solution of these equations is easily found, giving F = cxy® + d, where
¢ and d are integration constants. If o ¢ Q, then the level sets of F' are not even
algebraic varieties.
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7.3.2 The Cohomology of Lie—Poisson Structures

We show in this section that the Poisson cohomology of a Lie—Poisson structure
is naturally related to Lie algebra cohomology, leading under some conditions to
a fairly explicit description of it. Let g be a finite-dimensional Lie algebra, whose
Lie—Poisson structure (on g*) is denoted by 7 or by {-,-}. The algebra of func-
tions .% (g*) which we consider can be taken indifferently as the algebra of polyno-
mial, holomorphic or smooth functions.

For x € g, we will denote as in Section 7.1, by x* the element x, viewed as an
element of the bidual of g, i.e., x* is the linear function on g*, defined by (x*,&) :=
(&,x) for all £ € g*. Consider the map g — X'(g*), which associates to x € g the
Hamiltonian vector field of —x* with respect to the Lie—Poisson structure. It is a Lie
algebra homomorphism, since

%-[xw)’]* = %‘{X*a}'*} = [%*7 %’*] )

for all x,y € g. Equivalently, the assignment g x .% (g*) — .% (g*) given by (x,F) —
|[F] = {x*,F} defines a representation of g on .% (g*). We can therefore con-
sider H} (g,-Z (g")), the .% (g*)-valued Lie algebra cohomology of g. Recall from
Section 4.1.1 that for every ¢ € N, the space of .% (g*)-valued g-cochains of g is
given by
C!(g;#(¢")) = Hom(Ag, 7 (g")) ,

while the differential is given, for all ¢ € C%(g;.% (g*)) and all xo,...,x, € g, by

q .
8 (c)(x0,-- - xg) = D (=)' {x],c(x0,. ... X, ... ,xg) } (7.17)
i=0
+ z 1)+ (x,,xj],xo,...,)’c},...,)f},...,xq).
0<i<j<q

We show in the following proposition that, for every g € N, the cohomology space
H{(g,.#(g*)) is canonically isomorphic to the g-th Poisson cohomology space
of (g*,m).
Proposition 7.14. Let g be a finite-dimensional Lie algebra. The dual g* of g is
equipped with its algebra F (g*) of polynomial, holomorphic or smooth functions.
The Lie—Poisson bracket on % (g*) is denoted by w. For every q € N there is a
canonical isomorphism

Hy (9,7 (8")) = Hi(g") .
Proof. We show that the % (g*)-valued Lie algebra cohomology complex of g is
isomorphic to the Poisson cohomology complex of (g*, ). Let Q be a Poisson g-
cochain of (F(g*),m), i.e., Q € X9(g*). We associate to Q the element ¥,(Q) €
Ci(g: 7 (g")) = Hom(A?g, 7 (g")), defined by

¥(0): ANg = F(g)

XA ANxg = QXX

(7.18)
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It is easy to see that for every g € N the resulting linear map ¥, : X9(g*) —
Hom(A%g,.%#(g*)) is an isomorphism. Moreover, a direct comparison of (4.4)

and (7.17), using {x?‘,x;‘- = [xi,xj]", shows that the following diagram is commu-
tative.
87
X(g") ———— X" (g")

‘P{ ﬂf'qﬂ
5‘]

Hom(A\%g,.7 (g)) —— Hom(A*'g, #(g"))
The isomorphisms () cn therefore induce isomorphisms in cohomology. O

For a representation (p,V) of g, recall that V9 stands for the space of all g-
invariant elements, i.e., elements v € V such that p(x,v) = 0 for every x € g. Recall
also that we denote by H; (g) the trivial Lie algebra cohomology (see Example 4.2).
Since V9 is a subrepresentation of V, on which g acts trivially, we have linear maps

H{(g) V9 — H[(3,V®) — H{(g,V), (7.19)

where the first map is an isomorphism, but the second map is in general neither
injective nor surjective. In the case of the above representation of g on .% (g*), it
leads for every g € N to the linear map

1q: H}(g) ® Cas(g*) — Hi(g") (7.20)

since the invariant elements of % (g*) are the functions F € .%#(g*) such that
{x*,F} =0 for every x € g, i.e., the Casimir functions of (g*, 7). Recall from Propo-
sition 7.7 that these functions are the Ad*-invariant functions. For a semi-simple Lie
algebra, a non-trivial property on its Lie algebra cohomology (with coefficients in a
finite-dimensional representation) implies that 1, is an isomorphism, for every g € N,
as we show in the following proposition.

Proposition 7.15. Let g be a semi-simple Lie algebra. We denote by F#(g*) the al-
gebra of polynomial functions on g* and by Cas(g*) C % (g*) the subalgebra of
polynomial Casimir functions. For every q € N, the map 14, given by (7.20), is an
isomorphism:

1q: Hj (9) ® Cas(g") ~ Hz(g") -
Proof. We denote by .%;(g*) the vector space of homogeneous polynomials of de-
gree k on g*, where k € N. It is a subrepresentation of .% (g*), and

Z(g") =P Flg"),

keN

which implies that the .7 (g*)-valued Lie algebra cohomology of g decomposes as

a direct sum,
H] (9,7 (")) = DH] (9, F(g")) ,
keN



192 7 Linear Poisson Structures and Lie Algebras

for every g € N. Since the Lie—Poisson structure on g* is linear, a function F €
Z (g*) is a Casimir function if and only if for every k € N its homogeneous com-
ponent of degree k is a Casimir function. Setting Cas;(g*) := Cas(g*) N Zk(g*), it
follows that

H{(g) ® Cas(g*) = @D H{ (g) ® Casi(g")

keN

for every g € N. Moreover, for every g,k € N, the linear map 1, restricts to yield a
map

gk - Hf'(g) ® Casy(g") — H[ (9, Zi(g")) -

Now, according to [95, Th. 11], for every finite-dimensional representation V of a
semi-simple Lie algebra g, the natural linear map H; (g) @ V® — H/(g,V') described
in (7.19) is bijective for every g € N. In particular, for every k € N, 1, is an iso-
morphism, which, in turn, implies that 1, is an isomorphism, as was to be shown.
O

7.3.3 The Modular Class of a Lie—Poisson Structure

The modular form of a finite-dimensional Lie algebra g is the linear form pigy on g,
defined for x € g by
Hg(x) := Trace(ad,) .

A Lie algebra is said to be unimodular when its modular form vanishes. For x,y € g,
Ug([x,y]) = Trace(ad ,)) = Trace([ad,ady]) =0, (7.21)

so that 14 vanishes on [g, g]. Every Lie algebra which satisfies [g, g] = g is therefore
unimodular; in particular, if g is semi-simple, then g is unimodular. If g is nilpotent,
then g is unimodular, since ad, is nilpotent, hence traceless, for every x € g. For
a different reason, quadratic Lie algebras are unimodular as well. However, solv-
able Lie algebras are not unimodular in general, for instance, the two-dimensional
Lie algebra defined, on a basis (e, f) of g by [e, f] := f, is not unimodular, since
Trace(ad,) = 1.

In the following proposition, we relate the modular form g of g with the modular
vector field @ of the Poisson manifold (g*, 7r), where 7 stands for the canonical Lie—
Poisson structure on g*. The volume form which we choose on g* is any translation
invariant volume form (see Remark 4.13). @ is a constant vector field on g*, hence
corresponds in a canonical way to an element of g*.

Proposition 7.16. Let g be a finite-dimensional Lie algebra. Interpreted as an ele-
ment of g*, the modular vector field of (g*, ) with respect to any translation invari-
ant volume form is, up to a sign the modular form of g.

Proof. Let (ey,...,e;) be a basis of g and let (£;,...,&;) be the dual basis of g*.
We use the functions x; = ej,...,xs = €} as linear coordinates on g*. According
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to (4.22), the divergence of the Lie—Poisson structure 7 on g* is given by

. P ) RN
Dlv(ﬂ'): 2 W{x”x]}g_xi: 2 <[€i7€j] 75/>8_xl

1<i,j<d 9% 1<i,j<d

Since @ = — Div(r) (see Proposition 4.17), it follows that

O(x)=— Y (lene]" &)xi=— X (&lxej])=—Trace(ad,),

1<i,j<d 1<j<d

for every x = 34| x;e; € g. This shows that @ = —p,. O

7.4 Affine Poisson Structures

We now turn to a combination of constant and linear Poisson structures, which we
call affine Poisson structures.

Definition 7.17. A Poisson structure {-,-} on a finite-dimensional vector space V is
called an affine Poisson structure if, for every pair of affine functions ¥ and Gon V,
their Poisson bracket {F,G} is an affine function on V.

Equivalently, for every pair of linear functions F' and G on V/, their Poisson bracket
{F, G} is an affine function on V.

Proposition 7.18. For every finite-dimensional vector space V, there is a one-to-
one correspondence between affine Poisson structures on'V and pairs of compatible
Poisson structures (7y, ) on V, where my is a constant Poisson structure and T, is
a linear Poisson structure.

Proof. Suppose that 7 is a skew-symmetric biderivation of % (V) such that for every
pair of linear functions F and G on V, one has that 7[F, G] is an affine function on V.
For such functions, let my[F, G] and m; [F, G] denote the constant, respectively linear
parts of ©[F,G]. We view my and m; as bilinear maps on V* and we extend them to
biderivations of % (V), still denoted by 7y and 71, so that T = 7y + 7;. According to
Chapter 6, 7y is a constant Poisson structure. In terms of the Schouten bracket [-, s,
one has that 7 is a Poisson structure if and only if 7, 7] = 0, which is equivalent
to the vanishing of [r, | [F, G, H| for all linear functions F,G and H on V. Since
[0, o) s = 0, because m is a Poisson structure, we have that

[r,n]g[F,G,H| = [m,m 4 [F,G,H]+ 2 [my, 1) [F,G,H] .

In view of (3.37), the first term in this expression is a linear function on V, while the
second term is a constant function on V. Thus, [r, 7] = 0 if and only if [, m1]¢ =0
(i.e., m is a linear Poisson structure) and [, 7T ] s =0 (i.e., m and 7y are compati-
ble). It follows that the map, which sends an affine Poisson structure 7 to its constant
and linear parts (7, 71 ), yields the announced one-to-one correspondence. 0O
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In view of Proposition 7.18, it is natural to look for a Lie algebraic interpretation of
affine Poisson structures. Indeed, if 7 is an affine Poisson structure on V*, then V*
is the dual of a Lie algebra V and m, restricted to V, is a skew-symmetric bilinear
formon V.

Proposition 7.19. For every finite-dimensional vector space V, there is a one-to-one
correspondence between affine Poisson structures on V* and pairs ([-,-],c) where
[-,+] is a Lie algebra structure on 'V and c is a 2-cocycle in the trivial Lie algebra
cohomology of (V,]-,+]).

Proof. According to Proposition 7.18, we need to show that there is a one-to-
one correspondence between pairs (7, 771 ) of compatible Poisson structures on V*,
where 7 is constant and 7 is linear, and pairs ([-,-],c), where [-,-] is a Lie algebra
structure on V and ¢ is a 2-cocycle in the trivial Lie algebra cohomology of (V,[-,]).
Let (my, 71 ) be a pair of Poisson structures on V*, where 7 is constant and 7; is lin-
ear. Let [-,] be the Lie algebra structure on V, defined® by [v,w]* := m[v*,w*], for
all vyw € V, and let ¢(v,w) := mo[v*,w*], which defines a linear map ¢ : VAV — TF.
We show that mp and 7; are compatible if and only if ¢ is a 2-cocycle in the trivial
Lie algebra cohomology of g := V; since the Poisson structures 7y and 7} can be
reconstructed from the pair ([-,-],¢), this will prove the proposition. We have for
allu,vyweV =g,

o[ [ v ], w4+ O (u,v,w)

= C([”av] 7W)+ ©) (M,V,W)
= _6£(C) (M, v, W) )

see Example 4.2, in particular formula (4.2) for the Lie algebra coboundary opera-

tor &z, in the case of a trivial representation. It follows that [y, 71 = 0 if and only
if ¢ is a Lie 2-cocycle, §2(c) =0. O

[EOvnl]S(u*v‘}*?W*)

In view of the above proposition, affine Poisson structures are also called modified
canonical Poisson structures or modified Lie—Poisson structures.

If g is semisimple, then HL2 (g) is trivial (see Lemma 4.1), so that, if ¢ is a Lie 2-
cocycle, then c is a Lie 2-coboundary, ¢ = &} (¢'), written out, ¢(x;,x;) = ¢’ ([x},xi])
and we see that the affine Poisson structure, corresponding to ([-, -], ¢), is nothing but
the Lie-Poisson structure associated to [-, -], with x replaced by x; +¢’(x;), i.e., both
Poisson structures are the same up to an affine change of variables (a translation).

Affine Poisson structures are, in general, also closely related to Lie—Poisson

structures in a different way. Namely, given a Lie algebra (g,[-,]) and a Lie 2-
cocycle c, as in Proposition 7.19, we consider on g x I the Lie bracket
[(,a), (%)) = (b, e(x,y) - (7.22)

For every (x;,a;) € g x F, where i = 1,2, 3, one has that

2 As in the case of Lie algebras, if v € V, then v* denotes its image under the canonical isomor-
phism V ~ (V*)*,
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[(x1,a1), (x2,@2)].., (x3,a3)],. = [([¥1,%2] , c(x1,%2)), (x3,03)],

= (Hxl 7x2] ,X3] 70([x17x2] ,X3)) )

so that the Jacobi identity for [-,-] and the cocycle condition for ¢ imply the Jacobi
identity for [-,]., i.e., (g x F,[-,]) is a Lie algebra. In the following proposition we
show that the Lie—Poisson structure {-,-}, on (g x F)*, restricted to a hyperplane,
is isomorphic to the affine Poisson structure {-,-} on g, defined by the 2-cocycle c.

Proposition 7.20. Let (g,[-,-]) be a finite-dimensional Lie algebra and let ¢ be a 2-
cocycle in the trivial Lie algebra cohomology of g. Denote the Lie—Poisson structure
on (g x F)*, associated to (g x F,[-,-]¢), by {-,-}.. and denote by {-,-} the affine
Poisson structure on g*, with constant term c.

(1) The linear function 1* : (g x F)* — T, defined by ¢ — ¢(0,1), is a Casimir
function of {-,-},;

(2) The hyperplane N := {¢ € (g xF)*| ¢(0,1) = 1} is a Poisson submanifold
of (g xF)*;

(3)  The isomorphism ¥ : N — g*, defined for ¢ € N by ¢ — ¢(-,0), is a Poisson
isomorphism between (N, {-,-}.) and (g*,{-,-}).

Proof. We first show that 1* is a Casimir function of {-,-}. Notice that 1* = (0, 1),
as an element of g x IF. For (§,a) € g* x ¥, it follows that dg ,1* = 1" = (0,1),
which belongs to the center of [-, -], (see (7.22)). It follows that for every function
Fon (gxTF)*,

{F. 1*}0 (§,a)= <(§7a)7[d(§,a)F7 (0, 1)]C> =0.

This shows (). Since the hyperplane N, as defined in (2), is a level set of the
Casimir function 1%, it is a Poisson submanifold of (g x F)*, which yields (2).
It is clear that ¥ is an isomorphism between the affine space N and the vec-
tor space g*. In order to prove that ¥ is a Poisson morphism, it is sufficient to
prove that {x*o¥,y*o ¥}, = {x*,y*} o P, for every x,y € g, where, as above,
stars stand for the corresponding linear functions on g*. By a slight abuse of no-
tation, we will also consider x* as a linear function on (g x F)*, where we put
x*(9) := ¢(x,0), for all ¢ € (g x F)*. With this abuse of notation, x* o ¥ = x*,
and {x*,y*} o ¥ = [x,y]* + c(x,y). For {x*o¥,y* 0¥}, which is now written
as {x*,y*}.. let € N and compute

{57} (9) = (9, [dox™, doy] ) = (9,[(x,0), (3,0)].)
= (0, (3], c(6,3)) = o)™ (@) +¢(xy)

which is {x*,y*} o P, evaluated at ¢. This shows that ¥ is a Poisson morphism;
since YV is an isomorphism, it is a Poisson isomorphism, which is the content of (3).
O

As we have shown earlier in this section, every affine Poisson structure which is
constructed by using a Lie 2-cocycle which is a coboundary, is isomorphic to the



196 7 Linear Poisson Structures and Lie Algebras

original Lie—Poisson structure, by an affine change of variables, which implies that
both Poisson manifolds have the same symplectic foliation, up to a translation. We
show in the following example that when the Lie 2-cocycle is not a coboundary,
these symplectic foliations may be quite different.

Example 7.21. Consider on R? the linear and affine Poisson structures m; and 7,
whose Poisson matrices are given by

—Xx 0 —Xx
y and -1 0 vy
x =y 0 x —y 0

The underlying Lie algebra of both Poisson structures is defined by the brackets
[x,y] =0, and [y,z] =y and [z,x] = x. The corresponding Lie 2-cocycle is given by
c(x,y) = 1 and c(x,z) = c(y,z) = 0. Notice that 7 is a regular Poisson structure,
of rank two, while the rank of m; vanishes at the origin. Clearly, xy is a Casimir
function of 7j, while xy + z is a Casimir function of 7. The symplectic leaves of
are the points on the Z-axis, the two half-planes obtained by removing the Z-axis
from the plane x = 0, the two half-planes obtained by removing the Z-axis from
the plane y = 0, and the connected components of the hyperbolic cylinders xy = c,
with ¢ € R*. For the affine Poisson structure 7, the symplectic leaves are the parallel
hyperboloids xy +z = ¢, with ¢ € R.

7.5 The Linearization of Poisson Structures

According to Weinstein’s splitting theorem (Theorem 1.25), every Poisson manifold
(M, ) is, in the neighborhood of each of its points, isomorphic to the product of a
symplectic manifold and a Poisson manifold whose Poisson structure vanishes at
a point. According to Darboux’s theorem (Theorem 1.26), the symplectic Poisson
structure can be written in a canonical form in well-chosen coordinates. For Poisson
structures which vanish at a point m, there is no canonical form; we will explain
in this section that, under some conditions, such a Poisson structure is isomorphic
in a neighborhood of m to a linear Poisson structure, which is canonically associ-
ated to the Poisson structure at m. This linear Poisson structure is introduced in the
following proposition.

Proposition 7.22. Let (M, ) be a real or complex Poisson manifold, and suppose
that m € M is a point at which 1 vanishes. There exists a unique linear Poisson
structure {-,-}, = m on T,,M, such that, for every neighborhood U of m in M and
forall F,G € #(U),

{dwF,d,G}, =dn{F,G} , (7.23)

where the elements d,,F, d,,G and d,,, {F, G} of T,:M are viewed as (linear) functions
on T,,M.
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Suppose that ¥ : (M,nt) — (M', &) is a Poisson map, where (M', ') is also a
Poisson manifold. Then i’ vanishes at ¥ (m) and d,'¥ : (T,;M, m1) — (T (yM’, 7))
is a Poisson map, where the linear Poisson structure T, on Tlp(m)M/ is defined as
in (7.23).

We call the linear Poisson structure m; on 7,,M the linearized Poisson structure of
at m.

Proof. Every linear function on 7;,M is an element of 7,;M, and is therefore of the
form d,,,F for some function F', defined in a neighborhood of m in M. Since a Poisson
structure on a vector space (here 7,,,M) is uniquely determined by its value on linear
functions, it follows that there exists at most one Poisson structure 7r; on 7,,M,
satisfying (7.23). In order to establish the existence of this Poisson structure, we
use (7.23); namely for &, € T,*M, which we view as linear functions on 7,,M, we
define {&,n}, :=d,, {F,G}, where F and G are arbitrary local functions, whose
differentials at m are £ and 1) respectively. In order to show that d,,, { F, G} does not
depend on the choice of F and G, we use a system of local coordinates (xj,...,xg),
centered at m: writing

{F,.G}:= x,»jga—xj , (7.24)

where x;; 1= {xi,x j} forall 1 < i, j < d, the assumption that & vanishes at m amounts
to x;j(m) = 0 for all 7, j, so that the differential of both sides of (7.24) at m is given
by

& 9F, 9G
d, {F,G} = —(m) =—(m) dpxi; -
i,jZ:‘l 8x,~ &Xj I

This gives the required independence of the chosen functions F and G, since

o) )-(e(3).)

and similarly for the partial derivatives of G at m. The Jacobi identity for the Poisson
structure 7t implies the Jacobi identity for m; since it follows at once from (7.23) that

{5>{W7C}1}1 = dm {F7{G?H}} )

where F,G and H are arbitrary functions, defined in a neighborhood of m, whose
differentials at m are &, 1 and , respectively. This shows that there exists a (unique)
Poisson structure 7; on 7,; M, satisfying (7.23) for all open subsets U of M which
contain m and for all F,G € .7 (U).

Suppose now that (M,7) and (M’,7’) are two Poisson manifolds and that ¥ :

M — M’ is a Poisson map. If m,, = 0, then 7t(1[,(m> = 0 and we can consider the

linearized Poisson structures at 7,,M and at Tq.t(m)M/ ; we denote them by {-,-},
and {-,-}| respectively. We show that d,,'¥' : (T,,M,{-,-},) — (T.p(m>M’,{-,~}’1) is
a Poisson map. To do this, it suffices to show that for all linear functions L;,L;
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on Tlp(m)M/,
{L1,L2} 0d,¥ = {L 0d,, P, Ly 0d,, P} (7.25)

Given such functions L; and L, there exist functions F' and G, defined on a neigh-
borhood of ¥(m) in M’, such that dy,,F = L; and dy,)G = L,. Since ¥ is a
Poisson map, {F,G} o¥ = {F o¥,Go¥}, which we differentiate at m, giving

d‘l’(m) {FvG}/odm‘P:dm {FOIP7GO'P} .

Written in terms of the linearized Poisson structures, this becomes

{d‘P(m)Fad‘P(m)G}/l od,¥ = {dm(FO'P),dm(GOlP)}l
= {dlp(m)FOdmlII,dly(m>GOdmlI’}l s

which is (7.25), since L = dy,,) F and Ly = dy(,,) G. O

Definition 7.23. Let (M, ) be a Poisson manifold, suppose that m is a point of M
at which 7 vanishes and denote the linearized Poisson structure of 7 at m by m;. We
say that 7 is linearizable at m, if there exists a Poisson diffeomorphism ¥, between
a neighborhood of m in (M, ) and of the origin o in (T,,M, 7, ), with ¥ (m) = o.

Example 7.24. Let m be a point of a Poisson manifold (M, rr). Suppose that 7 van-
ishes at m and that the linearized Poisson structure of 7 at m is the trivial Poisson
structure. Then 7 is linearizable at m if and only if 7 is zero in a neighborhood of m.

Example 7.25. If m is a linear Poisson structure on a finite-dimensional vector
space V (over R or C), then 7 is linearizable at the origin o. In fact, the canoni-
cal isomorphism V ~ T,V is a Poisson isomorphism, where V is equipped with 7
and where T,V is equipped with the linearized Poisson structure of 7 at o.

Example 7.26. Let m = {-,-} be a non-trivial Poisson structure on a finite-dimen-
sional vector space V, such that for every pair of linear functions on V, their Poisson
bracket is either zero or it is a homogeneous function of degree k > 2 (in the lan-
guage of Section 8.1, 7 is a homogeneous Poisson structure of degree k). Then &
vanishes at the origin 0 € V and the linearized Poisson structure {-,-}, is trivial,
since for all linear functions F,Gon V,

{d,,F, doG}l = do {Fa G} =0 )

because {F,G} is either zero or is homogeneous of degree k > 2. Since 7 is non-
trivial and is homogeneous, there is no neighborhood of 0 on which 7 is the trivial
Poisson bracket. It follows from Example 7.24 that 7 is not linearizable at o.

Example 7.27. Let F be a smooth or holomorphic function, defined on a neighbor-
hood U of the origin o of [F2. We assume that F vanishes at o, but that the restriction
of F to every neighborhood of o is different from zero. Consider the Poisson struc-
ture on U, defined in terms of the standard coordinates x, y of F2 by {x,y} =F. We
claim that 7 is linearizable at o if and only if d,F # 0.
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Let us prove the claim. First, if d,F = 0, then {d,x,d,y}, = d,F =0, so that the
linearized Poisson structure is trivial; in view of Example 7.24, r is in this case not
linearizable at 0. Assume now that d,F # 0 and consider the vector field

_OFd OF d

which does not vanish at 0. By the straightening theorem (Theorem B.7), there exists
a function G, defined in a neighborhood of o, such that ¥ [G] = 1. Since

OFIG_OFOG_ 0

we have on the one hand that d,F and d, G are linearly independent, and on the other
hand that {F,G} = F. Thus, (F,G) is a system of coordinates on a neighborhood
of 0 and 7 is linear in terms of these coordinates. According to Example 7.25, & is
linearizable at o.

Remark 7.28. For i = 1,2, let (M;, ;) be a Poisson manifold, whose Poisson struc-
ture vanishes at m; € M;. Let ¥ : M| — M> be an isomorphism of Poisson manifolds
with ¥ (m) = my. Then the tangent map 7,,'¥ : T,,, M| — T,,,M> is an isomorphism
of Poisson manifolds, where both tangent spaces are equipped with the linearized
Poisson structures of m; and 7.

In particular, if two finite-dimensional vector spaces V; and V,, equipped with a
linear Poisson structure, are isomorphic as Poisson manifolds via a map ¥ which
sends the origin o of V| to the origin of V;, then the linear map d,'¥' : V| ~ T,V| —
T,V, ~ V; is a Poisson isomorphism. In other words, if there exists (in the neighbor-
hood of the origin) a Poisson isomorphism between two linear Poisson structures,
then a linear Poisson isomorphism between them also exists.

The condition that a Poisson structure 7 which vanishes at m € M is linearizable
at m can be expressed as the existence of a neighborhood U of m in M and of a
diffeomorphism ¥ between U and a neighborhood of the origin o in 7,,M, with
¥(m) = o, such that

{golp?nolp} = {é’n}l o‘P’

forall £,m € T,;:M. Denoting for £ € N by f,,g“l)(U) the ideal of .# (U), consisting
of all functions which vanish, together with all their partial derivatives up to order #,
at the point m, leads to the following weaker notion of linearizability.

Definition 7.29. Let (M, ) be a Poisson manifold, and suppose that m € M is a
point at which & vanishes. Then 7 is said to be linearizable at m up to order ¢ € N*
if there exists a neighborhood U of m in M and a diffeomorphism ¥ between U and
a neighborhood of the origin o in T;,M, with ¥ (m) = o, such that

{EoW,no¥}—{En} 0¥ e AT W),

forall &,n € T:M.
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Example 7.30. 1t is clear from the definition that every Poisson structure which is
linearizable at a point is at that point linearizable up to order ¢, for all £ € N*.
However, the converse is not true, in general. To show this, we define a (smooth)
Poisson structure 7 on R? by {x,y} := f(x), where f(x) := e for x # 0 and
f(0) := 0. The fact that f vanishes at 0, together with all its derivatives at 0, implies
that {x,y} € JO(HI) (R?), for all £ € N, where o denotes the origin of R2. It follows
on the one hand that the linearized Poisson structure at o is trivial, and on the other
hand that 7 is linearizable up to order ¢, for all £ € N*. However, the Poisson struc-
ture 7 is not linearizable at o, since there is no neighborhood of o on which 7 is
zZero.

In order to clarify and compare the different notions of linearizability at a point m
in a Poisson manifold (M, r), we consider a coordinate chart (U,x) centered at m,
we define, for 1 < i, j,k < d, the constants ci-‘j = a%k {xi,xj} (m) and we consider
the following four statements.

d
2
{x,-,xj} — 2 cf-cjxk € fn(l )(U) , (7.26)
k=1
d k
5.5 = i, (7.27)
k=1
d k
{viyit =2 cipns (7.28)
k=1
d k (6+1)
{yiyi} = X cime In (V). (7.29)
k=1
The inclusion (7.26) holds for all 1 < i, j < d if and only if 7 vanishes at m. In this
case, the linearized Poisson structure 7| at m is given by (7.27), where %1, ..., %; are
the linear coordinates on 7,,M, defined by X; := d,.x;, fori =1,...,d. Still assuming

that 7 vanishes at m, there exists a coordinate chart (V,y) for M, centered at m € M,
such that (7.28) (respectively (7.29)) holds for all 1 < i,j < d, if and only if & is
linearizable at m (respectively 7 is linearizable at m up to order ).

According to Proposition 7.3, there is a one-to-one correspondence between lin-
ear Poisson structures on 7;, M and Lie algebra brackets on 7, M. It follows that there
corresponds to the linearized Poisson structure at m (where m is a point at which &
vanishes) a Lie algebra structure [-,-] on T,:M. It satisfies, by construction,

[devde] = {de7 de}l =dp {F» G} s

for all functions F and G, defined on an arbitrary neighborhood of m in M. The
structure of this Lie algebra is a key element in Conn’s linearization results, which
we formulate in the following theorem.
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Theorem 7.31 (Conn’s linearization theorem). Let (M, 1) be a Poisson manifold,
and let m € M be a point at which T vanishes. Let [-,-] denote the Lie bracket
on T,»M, associated to the linearized Poisson structure at m.

(1) Inthe holomorphic case, if (T,;M,]-,-]) is a semi-simple complex Lie algebra,
then 1 is linearizable at m;

(2) In the real case, if (T;;M,]-,-]) is a compact semi-simple Lie algebra, then 1
is linearizable at m;

(3) In both cases, if (T;M,]-,-]) is a semi-simple Lie algebra, then T is lineariz-
able at m up to order ¢, for all £ € N*.

Proof. We do not prove Conn’s results (/) and (2), as the proof is long and rather
technical (see [45, 46]); instead, we prove the analogous (but easier to prove) re-
sult (3). We do this by recursion on ¢. Every Poisson structure which vanishes at m
is linearizable up to order 1, so that the statement holds true for ¢ = 1. Assume
now that 7 is linearizable up to order £. According to Definition 7.29, there exists a
neighborhood U of m in M and a diffeomorphism ¥ between U and a neighborhood
of the origin o in T,,M, with ¥;(m) = o, such that

{xoW,yo ¥} —[x,y] oW € £ (W), (7.30)

for all x,y € T,;M; we write here, and in the rest of the proof, the elements of
TxM with latin letters x,y,z, because we view T,;M = g as a Lie algebra. For
X € g, we write F, as a shorthand for the element xo ¥ of % (U) and we denote
I = J,,(,EH)(U) and I = f,ffﬂ)(U). Notice that .# /.#" is finite-dimensional,
because .# /.#" is isomorphic to the space of homogeneous polynomials of degree
£+ 1 in dim M variables. With these notations, (7.30) can be written as

{F.F}—Fyye.7. (7.31)

Since 7 vanishes at m, we have that {.#,.Z(U)} C .# and { ¥, #(U)} C &' It
follows that we can define a map

x:9x (79— ]9

(x,p(F)) + x-p(F):=p({F.F}), (7.32)

where p: .# — .# /.9 denotes the canonical projection. We claim that y is a (finite-
dimensional) representation of g. To prove this, we need to show that for all x,y € g
and for every F € .Z,

eyl p(F) =x-(y-p(F)) =y (x-p(F)) . (7.33)
On the one hand, (7.31) and the inclusion {.#,.# } C .#' imply that
[x,y]-p(F) = p({Fir,;, F}) = p{{F,F } ,F}),

while, on the other hand,
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x-(v-p(F) =y (x-p(F)) = p({ Fe, {F,, F} }) — p({ . {F:. F}})

so that (7.33) is a consequence of the Jacobi identity for 7. Since g is semi-simple
and .# /%' is finite-dimensional, the cohomology space H7 (g; . /.#") is trivial (for
a proof, see [102, Th. III.13]; Lie algebra cohomology is recalled in Section 4.1.1),
so every Lie 2-cocycle is a Lie 2-coboundary. The Lie 2-cocycle ¢ which we con-
sider is constructed from (7.31):

c:ghg — I/ I'

7.34
(3) = p({F B} = Fiey) - 7

We have that ¢ is a Lie 2-cocycle, which means that for all x,y,z € g,

x~E(y,z) +E(x’ [,Y,Z])‘f’ @) (xayvz) =0,

because, using (7.31),

x-e(y,2) +e(x, P{E AR, F:}}) = p(F )

Since H}(g;.%/.9") is trivial, there exists a linear map b:g— .7 /5, such that ¢
is the coboundary of b,

c(x,y) =x-by—y-by—bpy (7.35)

forall x,y € g. For every x € g, let F! := F, — by, where the linearmap b : g — .# is
an arbitrary lift of . We claim that

{FLR}—F €7, (7.36)

X7 Ty

for all x,y € g. Since

{FLE} ={F B} = {F.by} = {bo B} +{boby}

and since {bx,b } is an element of JWH)(U) C ,ﬂ,,(,é+2)(U) =7 asl>1,(7.36)
amounts to saying that

{anFy} _F[x,y] +b[x,y] - {nyby} - {bmFy} s (7.37)

which is an element of .#, belongs to the kernel of p. According to the definition
of ¢, the image of (7.37) under p is given by
P ({F By} = Fy) +p(by) —x- p(by) +y- p(by)
= E(x,y) +l_7[x,y] _X'By +y'l_7x )
which is zero in view of (7.35). This proves (7.36). Since x — F, is a linear map,

there exists a map ¥ from U to a neighborhood of o in T,,M, such that F] =
xo¥1, for every x € g. Since d,,'¥% = d,,%¥ 1, there exists a neighborhood U’ C U
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of m in M on which ¥, is a diffeomorphism. In terms of ¥, |, (7.36) is written as

{(xo W1, y0 Wi} — xyloW € A P (U") (7.38)

for all x,y € g, which means that 7 is linearizable up to order /+ 1 at m. 0O

Remark 7.32. Tt is clear from the above proof that the open subsets on which the
diffeomorphisms ¥ are defined form a sequence which decreases with ¢, and that
the intersection of all these open subsets may be reduced to a point. Notice that,
even if this intersection is not reduced to a point, the Poisson structure may not be
linearizable at m (see Example 7.30).

7.6 Notes

The fact that Lie—Poisson structures are in one-to-one correspondence with Lie al-
gebra structures is implicit in Lie’s works, in which one also finds the relation to the
coadjoint representation of the adjoint group of the Lie algebra. In the first half of
the twentieth century, the theory of Lie algebras and Lie groups became a subject of
its own, with focus on applications to theoretical physics and differential geometry.
The cited observations of Lie were rediscovered and reinforced in the works of Kir-
illov [105, 106], Kostant [117] and Souriau [185], who clearly exhibit the symplectic
structure on the coadjoint orbits which is inherited from the Lie—Poisson structure;
this structure is nowadays known as the Kostant—Kirillov—Souriau symplectic struc-
ture. For general information about Lie algebras and their representation theory, we
refer to Jacobson [102] or to the first chapter of Bourbaki [27].

Exactly as Lie algebra structures are in one-to-one correspondence with linear
Poisson structures, Lie algebroids are in one-to-one correspondence with fiberwise
linear Poisson structures [64], i.e., Poisson structures on a vector bundle which have
the property that the bracket of any two fiberwise linear functions is a fiberwise
linear function, while the bracket of a fiberwise linear function with a basic function
is a basic function. See [53] for an introduction to Lie algebroids.

The linearization problem was first posed and studied by Weinstein [199]. The
main results, which give conditions under which a Poisson structure is linearizable,
were obtained by Conn [45, 46]; a geometrical proof of these results is given in [52].
See Dufour—Zung [63] for a detailed account on the linearization problem.



Chapter 8
Higher Degree Poisson Structures

Constant and linear Poisson structures, studied in the previous two chapters, are
particular cases of a bigger class of Poisson structures, namely the (weight) ho-
mogeneous Poisson structures on a finite-dimensional vector space V: constant and
linear Poisson structures are the homogeneous Poisson structures of degree zero and
one, respectively. Like in the constant or linear case, (weight) homogeneous Poisson
structures are easier to study than general Poisson structures. For example, homo-
geneity of a Poisson structure permits one to split the determination of its Poisson
cohomology into its homogeneous parts. Also, weight homogeneous Poisson struc-
tures turn out to be useful for studying general Poisson structures. We will see an
example of this in Section 9.1.3 of the next chapter, when classifying Poisson struc-
tures on [F2, with a simple singularity.

Among distinguished classes of weight homogeneous Poisson structures, one
finds — besides constant and linear Poisson structures — quadratic Poisson struc-
tures (i.e., homogeneous Poisson structures of degree two), rank 2 Poisson structures
which arise from Nambu—Poisson structures and the transverse Poisson structures
to adjoint orbits in a semi-simple Lie algebra.

Section 8.1 is devoted to the study of general properties of (weight) homoge-
neous Poisson structures, while we study in Section 8.2 a few special properties and
characterizations of quadratic Poisson structures: their multiplicativity, their mod-
ular class and the decomposition of a quadratic Poisson structure, using a related
unimodular Poisson structure. In Section 8.3 we define the notion of a Nambu—
Poisson structure and we explain the construction which leads to a large class of
(weight homogeneous) rank 2 Poisson structures. Finally, Section 8.4 deals with the
transverse Poisson structure to a nilpotent orbit in a semi-simple Lie algebra.

Unless otherwise stated, IF denotes an arbitrary field of characteristic zero.

C. Laurent-Gengoux et al., Poisson Structures, 205
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4_8, © Springer-Verlag Berlin Heidelberg 2013
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8.1 Polynomial and (Weight) Homogeneous Poisson Structures

In this section, we define and study polynomial Poisson structures on a vector space,
with special emphasis on homogeneous and weight homogeneous Poisson struc-
tures.

Throughout the section, we consider Poisson structures and, more generally, mul-
tivector fields on a finite-dimensional vector space V, which is equipped with its al-
gebra of functions, denoted by % (V). If F is an arbitrary field, this algebra is the al-
gebra of polynomial functions on V; however, if F = R (respectively F = C), .# (V)
may stand either for the algebra of smooth (respectively holomorphic) or polyno-
mial functions on V, depending on the context. It is clear that, in either case, % (V)
contains all polynomial functions on V. For p € N, the corresponding space of p-
vector fields on V (skew-symmetric p-derivations of .% (V)) is denoted by X (V).
The origin of V will be denoted by o.

8.1.1 Polynomial Poisson Structures

Let ¥ be a vector field on a finite-dimensional vector space V. Then, 7 is said to
be a polynomial vector field on V if, for every polynomial function F on V, ¥[F]
is a polynomial function on V. More generally, a p-vector field Pon V (p € N*) is
said to be a polynomial p-vector field on'V if P[Fy,...,Fp] is a polynomial function
on V, for all polynomial functions F1,...,F, on V. In the case of Poisson structures
on V, this leads to the following definition.

Definition 8.1. A Poisson structure 7 on a finite-dimensional vector space V is said
to be a polynomial Poisson structure if for all polynomial functions F and Gon V,
their Poisson bracket {F, G} is a polynomial function on V.

In terms of arbitrary linear coordinates xi,...,x; of V, every p-vector field P on V
can be written as

0 d
P= D P[x,'l,...,x,-p]x/\-~-/\ax'7 (8.1)
1] Ip

1<ip<--<ip<d

so that P is a polynomial p-vector field if and only if Plx;,...,x;,] is a polynomial
function, for all 1 <i; < --- <i, <d. In this case, the maximum of the degrees of
all Plx;,,... ,xip] is called the degree of P. In particular, every polynomial Poisson
structure on V is of the form

1<i<j<d

where, for every 1 <i < j < d, the function x;; := {x;,x;} is a polynomial function
on V, and the degree of 7 is the maximum of the degrees of the polynomials x;;.
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Example 8.2. Constant Poisson structures (see Chapter 6) are polynomial Poisson
structures of degree zero, while linear and affine Poisson structures (see Chapter 7)
are polynomial Poisson structures of degree one.

It is clear that when .% (V) is the algebra of polynomial functions on V, then all
Poisson structures on V' are polynomial Poisson structures on V.

8.1.2 Homogeneous Poisson Structures

Let V be a finite-dimensional vector space. A function F € (V) is said to be
homogeneous if there exists an integer r € N, such that for every A € F and for
every v € V, we have

F(AW)=A"F(v). (8.2)

The integer r, which is unique if F # 0, is then called the degree of F, de-
noted deg(F). If F is expressed in terms of a system of linear coordinates (xj,...,xg)
for V, which we write as F = F(xy,...,x4), then condition (8.2) is equivalent to the
fact that

F(Axi,...,Axq) = A"F(x1,...,%4) , (8.3)

for every A € F. A homogeneous function of degree zero is constant, since the condi-
tion F(Av) = F(v) forall A € F and v € V implies that F(v) = F(0) forevery v V.

The following proposition states that smooth or holomorphic functions which are
homogeneous, are polynomial functions.

Proposition 8.3. Ler V be a finite-dimensional real (respectively complex) vector
space. If F is a smooth (respectively holomorphic) function on V and F is homoge-
neous of degree r, then F is a polynomial function on V, whose degree is r.

Proof. Let F € .Z (V) be a smooth or holomorphic function on V, satisfying (8.2)
for every A € F and every v € V. By differentiating, for a fixed A, both sides of
this equation in the direction of a vector u € V, we obtain that, for every u € V, the
directional derivative of F along the vector u is a homogeneous function of degree
r — 1. By iterating this procedure, we obtain that the directional derivatives of F of
order r are all homogeneous of degree 0, i.e., are constant functions. This implies
that F is a polynomial function on V, of degree less than or equal to r. Then, because
of equation (8.2), we can conclude that the degree of Fisr. O

According to Proposition 8.3, the notions of “homogeneous function” and “homo-
geneous polynomial function” do not have to be distinguished and the notion of
degree coincides with the usual notion of degree of a polynomial.

A (smooth or holomorphic) vector field #” on a finite-dimensional vector space V
is said to be a homogeneous vector field on V if, for every F € .% (V') which is ho-
mogeneous, the function ¥ [F] € .#(V) is also homogeneous. More generally, a
(smooth or holomorphic) p-vector field P € X?(V) is said to be homogeneous if,
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forall Fy,...,F, € #(V) which are homogeneous, the function P[Fi,...,F)] is ho-
mogeneous. Since every polynomial function is the sum of homogeneous functions,
Proposition 8.3 implies that every homogeneous p-vector field on V is a polynomial
p-vector fieldon V.

In the following proposition, we give a few characterizations of homogeneous

multivector fields. For one of them, we use the Euler vector field on V, which is
denoted by & and is defined as the unique vector field on V which acts as the identity

on all linear functions on V; in terms of linear coordinates xp,...,x; on V, it is
given by
d d
E=x1=—++x3—. 8.4
' x s (3.4)

Clearly, & is a homogeneous vector field on V. Notice that, by differentiating (8.3)
with respect to A, at A = 1, we obtain that a function F on V is homogeneous of
degree r € N if and only if

E|F) = %sF =rF . (8.5)

This formula is called the Euler formula.

Proposition 8.4. Let P be a non-zero p-vector field on a finite-dimensional vector
space V, where p € N. The following conditions on P are equivalent.

(i) P is homogeneous;

(ii)  There exists an integer r € N, such that for all linear functions Fy, ..., F,onV,
one has that P[Fy, ..., F,] is zero, or is a homogeneous function of degree r;

(iii)  There exists an integer r € N, such that for all homogeneous functions
Fi,...,F,onV, one has that P[F\, . ..,F,| is zero, or is a homogeneous func-

tion of degree deg(Fi) + - -+ deg(F,) +r — p;
(iv)  There exists an integer r € N, such that £gP = (r — p)P.

The integer r, which appears in (ii)~(iv) is the same and is called ' the degree of P,
denoted deg(P), while r — p is called the weight of P, denoted @ (P).

Proof. Let P be a non-zero p-vector field, P € XP(V). We assume that p > 1, since
the proposition is clear for p = 0. Condition (ii) implies obviously condition (i), in
view of (8.1). We only show that (i) implies (ii) for p = 1, since the generalization of
the proof to arbitrary p > 1 will be clear. Thus, we assume that P is a homogeneous
vector field, and we consider two linear functions F and G on V, satisfying P[F] # 0
and P[G] # 0. For a generic ¢ € F the polynomial P[(1 —¢)F +tG] is non-zero and
homogeneous, with a degree r which is independent of ¢; in particular, since P[F|
and P[G] are different from zero, they have the same degree r, which proves (ii).
The equivalence between conditions (ii) and (iii) follows immediately from the fact
that a p-vector field P is a derivation in each of its arguments. Finally, let F,...,F,
be homogeneous elements of .% (V') and let r € N. Using (3.7) and (8.5), we have

! In order that the formulas which involve the degree or weight are valid also for the zero p-vector
field, we adopt the convention that both the degree and weight of the zero p-vector field are —eoo.
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(ZeP—(r—p)P)[F1,....F)

:(5)[ F], , i Fl, ] ..,FP]—(V—p)P[Fl,...,FP]

_gwm,wﬂﬂ—(Zdﬁ@@—@—M)Hﬂww@y

(=1

Using (8.5), we conclude that there exists r € N such that £sP = (r — p) P if and
only if there exists r € N such that the following holds: for all homogeneous ele-
ments Fy,...,F, of Z#(V), we have that P[Fy,...,F},] is zero, or is homogeneous of
degree ¥7_, deg(F;) — (r — p). This shows the equivalence (iii) < (iv). O

As a corollary, every polynomial p-vector field P on V can be written uniquely
as a finite sum of homogeneous p-vector fields on V, whose degrees are pairwise
different.

Notice that, according to (iii) of Proposition 8.4, if Fi,...,F, € #(V) and
P € XP(V) are homogeneous, then the polynomial P[Fi,...,Fp] is either zero, or
is homogeneous of degree

deg (P[Fi,...,Fp]) = deg(Fi)+---+deg(F,) +deg(P)—p, (8.6)
which, in terms of weights, becomes
o (PIF,....F)))=0(F)+ - +0(F,) +@©(P). (8.7

Since L& = [£,&] = 0, the Euler vector field is weight homogeneous of degree
one, i.e., of weight zero.

Specializing the definition of homogeneous bivector fields to Poisson structures
on V, we obtain the following definition.

Definition 8.5. Let V be a finite-dimensional vector space. A Poisson structure 7
on V is said to be homogeneous if for all F,G € .% (V'), which are homogeneous,
their Poisson bracket {F,G} € .% (V) is also homogeneous.

According to Proposition 1.35, every Poisson structure 7 on V can be written in the
following form:
0
=Y X —
1<i<j<d 8x, 8xj

according to Proposition 8.4, it is homogeneous (of degree r) if and only if all the
functions x;; := {x,»,x j} are homogeneous of the same degree r; in this case, Lem =
(r—2)m.

Example 8.6. Let m be a Poisson structure on a finite-dimensional vector space V.
Then 7 is homogeneous of degree zero (equivalently, of weight —2) if and only if ©
is a constant Poisson structure. Also, 7 is homogeneous of degree one (equivalently,
of weight —1) if and only if 7 is a linear Poisson structure.
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Example 8.7. Consider the bivector field @ := ¥ A ¥5, where ¥] and %, are two
homogeneous vector fields on a finite-dimensional vector space V. Then r is homo-
geneous of weight @(¥]) + @ (%), because

Lo(7) = Lo () NVa+Ti N Lo (1) = (@(1) + B(15) i A Vs .

Since
[T, 7]g =[N AL, NAW]g= "2V NVKNN, T,

we have that & is a (homogeneous) Poisson structure on V' if and only if the vec-
tor fields ¥1, 5,1, V2] are linearly dependent at all points of V. This condition is
automatically satisfied when %] is the Euler vector field & and % = ¥ is an ar-
bitrary homogeneous vector field, since then [&, 7] = L ¥ = @(¥') ¥, which is
a multiple of . The Poisson structure & A ¥ is homogeneous of weight @ (%),
since @ (&) = 0.

To finish this section, we give a proposition whose main content is that an isomor-
phism between two homogeneous Poisson structures on a vector space can always
be realized by a linear isomorphism.

Proposition 8.8. Let m; and mp be two homogeneous Poisson structures on a finite-
dimensional vector space V. Then the following are equivalent:

(i) There exists a Poisson isomorphism L : (V,m) — (V,mp) which is a linear
map;

(ii)  There exists a Poisson isomorphism ¥ : (V, 1) — (V,m) with ¥ (o) = o;

(iii) ~ There exists a Poisson isomorphism ¥ : (U, 1) — (Uz, m) with W (o) = o,
where Uy, U, are neighborhoods of the origin o in'V.

Proof. The implications (i) = (ii) = (iii) are clear. Assume now that (iii) holds,
and let ¥ : (U;,m) — (Uz,m) be a Poisson isomorphism with ¥ (o) = 0. We are
going to prove that the differential L = d,'¥ of ¥ at the origin is a linear Poisson
isomorphism between (V, 71 ) and (V, 7, ). This can be done by comparing the Taylor
expansions at o of both sides of the following identity, which is valid for all functions
F,G € F(V)

{F,G}, 0¥ ={Fo¥,Go¥},

where {-,-}; = m and {-,-}, = m are the Poisson brackets corresponding to 7
and m,. Since 7; and @, are homogeneous of degree k, the Taylor expansions at
the origin o of both sides of this equality vanish for degrees O, ...,k — 1, while the
components of degree k are equal to {d,F,d,G}, oL and {d,F oL,d,G oL}, respec-
tively. Since every linear function on V is the differential at the origin of a function
in .7 (V), we obtain that for all linear functions F',G’' € .Z (V),

{F',G'},oL={F'oL,G'oL},

which, in turn, implies that L is a Poisson map. Moreover, since L = d,,'¥' is invert-
ible, L is in fact a Poisson isomorphism. O
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We will use the above proposition in Section 9.2.3, when we classify the set of
all quadratic Poisson structures on C>.

8.1.3 Weight Homogeneous Poisson Structures

Many known examples of (non-homogeneous) Poisson structures on a vector space
F become homogeneous Poisson structures upon assigning specific (positive inte-
ger) weights to the natural coordinates xi, . .., x; on F¢. This means that many prop-
erties and techniques of homogeneous Poisson structures carry over to this more
general class of Poisson structures, which we will call weight homogeneous Pois-
son structures.

We first introduce the notion of weight homogeneity for functions and for multi-
vector fields on . A d-tuple of integers @ := (@, ..., ®,;) will be called a weight
vector (for ]Fd); unless otherwise stated, we will always assume that all integers @;
are positive. Generalizing (8.3), a function F on F? is called weight homogeneous
with respect to @ if there exists an integer » € N, such that

F(ﬂ,wlxl,...JLwdxd)ZA,VF(xl,...,xd), (8.8)

for all A € FF. In this case, the integer r, which is unique if F' # 0, is called the weight
of F and is denoted by @(F). It is easy to see that, if F,G € .7 (F¢) are weight
homogeneous with respect to @, then their product F'G is also weight homogeneous
with respect to @, of weight ®(FG) = @ (F) + @ (G).

Remark 8.9. Tt is clear that a function F on F¢ is homogeneous if and only if it is
weight homogeneous with respect to @ = (1,...,1), and in this case, the weight
of F is equal to the degree of F.

Taking F := x; in (8.8), we see that each coordinate function x;, with 1 <i < d is
weight homogeneous of weight @;, so that we often refer to @; as being the weight
of Xi.

Similarly to the case of homogeneous functions (see Proposition 8.3), we show
in the following proposition that a smooth or holomorphic function which is weight
homogeneous, is a polynomial function.

Proposition 8.10. I F is a smooth function on R (respectively a holomorphic func-
tion on C¢) and F is weight homogeneous with respect to some weight vector, then F
is a polynomial function.

Proof. Let® = (@, ...,®,) be a weight vector for F (F = R or F = C) and assume
that F € .7 (F¢) satisfies (8.8), forall A € F. Let us consider s € N*, such that, for all
1 <ji,...,Js <d, we have that @}, +---+ @;, > r. By differentiating both sides of
equation (8.3) with respect to x;,, ..., x;, forall 1 <ij,...,i; < d, we obtain that all

functions axaiax have negative weight, hence are zero on F¢. This implies that
) 0%y

is necessarily a polynomial function on F¢. O
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A p-vector field P on F¢ is said to be weight homogeneous (with respect to @),
if for all Fy,...,F, € Z(FY), which are weight homogeneous with respect to @,
the function P[Fy,...,F,] € 7 (F?) is weight homogeneous with respect to @. One
shows, as in the case of homogeneous multivector fields, that a weight homogeneous
multivector field on F¢ is a polynomial multivector field.

Remark 8.11. 1t is clear that a multivector field on F¢ is homogeneous if and only if
it is weight homogeneous with respect to @ = (1,...,1).

We will give a few characterizations of the weight homogeneity of a multivector
field, which generalize the characterizations of the homogeneity of a multivector
field, given in Proposition 8.4. To do this, we introduce the weighted Euler vector
field &z on T, which is defined by

d d

Eg =01 x1 —+ -+ Oyx5— . (8.9)
8x1 8xd

Notice that the weighted Euler vector field & is weight homogeneous with re-

spect to @. It is clear from (8.8) that a function F on F¢ is weight homogeneous of

weight r if and only if
EplF)=LgyF =rF . (8.10)

This formula, which generalizes the classical Euler formula (8.5), is called the
weighted Euler formula.

Proposition 8.12. Let ® = (@, ...,®;) be a weight vector for F¢ and let P be a
non-zero p-vector field on B¢, where p € N. The following conditions on P are
equivalent.

(i) P is weight homogeneous with respect to ©;

(ii))  There exists an integer r € Z, such that for all 1 < i) < --- <i, <d, the
Sfunction Plx;,. .. ,xl-p] is zero, or is weight homogeneous of weight r + @;, +
e + wip N

(iii)  There exists an integer r € 7., such that for all weight homogeneous elements
F,...,Fy of Z(F%), one has that P[Fy,...,F,] is zero, or is weight homoge-
neous of weight r + @(Fy) +---+ @ (Fp);

(iv)  There exists an integer r € Z, such that £ P = rP.

The (possibly negative) integer r, which appears in (ii)—(iv) is the same and is
called? the weight of P, denoted @(P).

Proof. Since the proof is very similar to the proof of Proposition 8.4, we will not
repeat it here; we only focus on the implication (i)=(ii), which requires some extra
explanation. Suppose that 7 is a vector field on F¢ and that for some 1 <i < j <d
the functions #'[x;] and 7 [x;] are different from zero. We claim that if ¥ is weight

2 In order that the formulas which involve the weight are valid also for the zero p-vector field, we
adopt, as for homogeneous multivector fields, the convention that both the degree and weight of
the zero p-vector field are —eco.
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homogeneous, then the integers @ (7 [x;]) — @; and @ (¥ [x;]) — @; are equal. In or-

der to prove this property, we consider for ¢ € F the function ¥ [(1 - t)xiwj + tx;ﬁ’},
which is weight homogeneous, because (1 — t)x?j +tx?" and ¥ are weight homo-
geneous. As in the proof of Proposition 8.4, it follows that ¥ [x?j ] and ¥ [x?’}
have the same weight. Since ¥ [x."'] = @, x;’ ' [x] and ¥ (7] = ox k)],
we have that

oi(@; — 1)+ o(V[x]) = 0o, — 1)+ o (V[xj)
and hence @ (7 [x;]) — @; = @ (7 [x;]) — @;, which is what we wanted to show. O

It follows, as in the case of homogeneous multivector fields, that every polyno-
mial p-vector field P € XP(F?) can be written in a unique way as a finite sum of
weight homogeneous p-vector fields, whose weights are pairwise different. Also, if
PeXP(F!)and Fi,...,F, € Z(F?) are weight homogeneous, then the polynomial
P[Fy,...,F,] is weight homogeneous, of weight

oO(PF,....F)))=0/P)+o0(F)+--+0O(F,). (8.11)

Since £y, Ep = [6p, 6] = 0, the weighted Euler vector field is weight homoge-
neous of weight zero.

Finally, we specialize the definition of weight homogeneity to the case of Poisson
structures.

Definition 8.13. A Poisson structure 7 on F is said to be weight homogeneous if for
all F,G € .% (F¢) which are weight homogeneous with respect to @, their Poisson
bracket {F,G} is weight homogeneous with respect to @.

Writing a Poisson structure 7 on F¢ in the form

1<i<j<d

it follows that 7 is weight homogeneous (of weight @ (7)) with respect to @ if and
only if each one of the functions x;; := {x,-,x j} is a weight homogeneous polyno-
mial, of weight @(7) 4 @; + ®@;; this is also equivalent to the equality

Lesn)=o(n)m.

8.2 Quadratic Poisson Structures

A bivector field on a finite-dimensional vector space V is said to be quadratic, if it is
homogeneous of degree 2. A quadratic Poisson structure on V is a Poisson bivector
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field on V which is quadratic. In terms of an arbitrary system of linear coordinates

(x1,...,x4) on 'V, every quadratic Poisson structure 7 takes the form
0 d
1<i<j<d Xi Xj

where all x;; := {x;,x; }, with 1 <i < j <d, are homogeneous polynomial functions
of degree 2 on V. Notice that a Poisson structure 7 on V is quadratic if and only if the
Poisson bracket of every pair of linear functions on V is a homogeneous polynomial
function of degree 2 on V.

To start with, we give two important classes of quadratic Poisson structures.

Example 8.14. Let A = (a;;) € Mat,(F) be an arbitrary skew-symmetric d x d ma-
trix. A quadratic bivector field £ = {-,-} is defined on ' by setting

0 0
.= z aijx,'x]'a—x[_/\a—xj. (8.13)

I1<i<j<d

A direct computation from (8.13) gives, forall 1 <i< j <k <d,
{{xixi} o} + O (i, j,k) = aijlaw + aj) xix o+ O (i, . k)

which is zero since A is skew-symmetric. This proves the Jacobi identity for every
triple of coordinate functions, which shows, in view of Proposition 1.36, that the
bivector field 7 is a Poisson structure on F¢. A quadratic Poisson structure of the
form (8.13) is called a diagonal Poisson structure.

Notice that the rank of this Poisson structure is equal to the rank of the matrix A.
More precisely, for every m € F?, the rank of 7 at m is equal to the rank of the
matrix, obtained by removing from the matrix A the k-th line and the k-th column
for all k for which x(m) = 0.

Example 8.15. If ¥ is a linear vector field on a finite-dimensional vector space V,
then & A ¥ is a quadratic bivector field, where & is the Euler vector field (8.4). Since

[EANV,ENV]g= 26NV ANE, V] =0,

the bivector field & A ¥ is a quadratic Poisson structure. It is a particular case of the
class of homogeneous Poisson structures, constructed in Example 8.7.

In the following proposition, we give two characterizations of quadratic Poisson
structures. We recall from Section 1.3.2 that, by definition, a vector field ¥ on (V, 1)
is a Poisson vector field if the Lie derivative of & with respect to ¥ is zero.

Proposition 8.16. For a Poisson structure & on a finite-dimensional vector space V,
the following conditions are equivalent:

(i) The Poisson structure T is quadratic;
(ii)  The Euler vector field & is a Poisson vector field;
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(iii)  For every a € F*, the scalar multiplication by a is a Poisson automorphism
of V.

Proof. The equivalence between (i) and (i) is a particular case of the equivalence
between (i) and (iv) in Proposition 8.4 with p = 2. Let & = {-,-} be a Poisson
structure on V. The multiplication by a € F* is a Poisson map if and only if

{F,G} (av) = {aF,aG} (v) = a’ {F,G}(v),

for all linear functions F,G € V* and all v € V, which is equivalent to saying that
{F,G} is a homogeneous polynomial function of degree 2, for all F,G € V*. By
Proposition 8.4, the latter means that 7 is quadratic. This shows that (i) and (iii) are
equivalent. 0O

The projective space P(V'), which is the variety of 1-dimensional subspaces of V,
is naturally identified with the quotient space (V\{o})/F* of the free action of F*
by scalar multiplication. By Propositions 5.33 and 8.16, if 7 is a quadratic Pois-
son structure on V, then P(V) admits a (unique) Poisson structure, such that the
canonical projection map V \ {o} — P(V) is a Poisson map.

8.2.1 Multiplicative Poisson Structures

Let V be a finite-dimensional vector space and let it : V XV — V be a bilinear map.
We refer in this section to u as a product on V, even if we do not demand that u
is associative. We say that u is a product with unit, if V admits an element e, such
that u(v,e) =v = p(e,v) for all v € V. A Poisson structure 7 on V is said to be
multiplicative with respect to t if i : V XV — V is a Poisson map, where V x V is
endowed with the product Poisson structure.

We show in this section that Poisson structures, which are multiplicative with
respect to a product with unit, are quadratic. We will do this by using the following
elementary lemma.

Lemma 8.17. The only polynomial p in one variable, satisfying
plab) = a’p(b) +b?pla) (8.14)
forall a,b €T, is the zero polynomial.

Proof. Let p be a polynomial which satisfies (8.14), for all a,b € F. The degree r of
p is at most 2, because (a,b) — p(ab) is a polynomial function (in two variables)
of total degree 2r, while the total degree of a’p(b) +b*>p(a) is at most r + 2. But
(8.14) implies that p(0) = p(1) = p(—1) =0, so that p is the zero polynomial. O

We now establish the link between multiplicative and quadratic Poisson structures.
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Proposition 8.18. Let V be a finite-dimensional vector space and let |L : V XV —V
be a product with unit. Every polynomial Poisson structure on V which is multi-
plicative with respect to U, is quadratic.

Proof. Let & be a polynomial Poisson structure on V, which is multiplicative. In
view of (2.12), multiplicativity of {-,-} = 7 implies that, for all F,G € .%(V), and
allvweV:

{F,G} (u(vyw))={FoR,,GoR,}(v)+{FoL,,GoL,}(w), (8.15)

where R, : V —V and L, : V — V are the endomorphisms of V, defined for u € V
by Ry, («) := u(u,w) and L, (u) := u(v,u) respectively. By bilinearity of u, for every
a € F and v € V, the equalities f1(v,ae) = av = l(ae,v) hold, as well as the dual
equalities F oR,, = aF = F o L,, valid for all linear functions F on V and all a € FF.
Let F, G be two linear functions on V. For all a,b € I, (8.15) specializes to

{F,G} (abe) = {F,G} (u(ae,be)) = a* {F,G} (be) +b* {F,G} (ae) . (8.16)

The map p : F — F, defined for all a € F by p(a) := {F,G} (ae), is a polynomial
function, since 7 is a polynomial Poisson structure, and (8.16) states that p satisfies
condition (8.14) of Lemma 8.17. Therefore, {F, G} (ae) = 0 for all a € F. Special-
izing (8.15), we obtain therefore that

{F,G} (av) = {FvG} (»u(vvae)) =a’ {FvG} (V) )

for all a € F and v € V. This shows that {F, G} is a homogeneous polynomial of de-
gree 2. Since this holds for all linear functions ' and G on V, the Poisson structure 7
is quadratic. 0O

Proposition 8.18 takes in the smooth or holomorphic context the following form.

Proposition 8.19. Let V be a finite-dimensional vector space over R or over C and
let 4 :V xV =V be a product with unit. Every smooth or holomorphic Poisson
structure on 'V, multiplicative with respect to UL, is quadratic.

Proof. The proof of the proposition goes along the same lines as the proof of Propo-
sition 8.18; the only difference is that one needs to reprove Lemma 8.17 in that
context, namely, to prove that there exists no non-zero smooth or holomorphic func-
tion p satisfying (8.14). Deriving condition (8.14) three times with respect to a,
yields that if p satisfies (8.14) for all a,b € F, it also satisfies bp" (ab) = p"'(a), for
all a,b € F. Plugging b = 0 in it, we obtain that p"’(a) = 0 for all a € F, and there-
fore that p is a polynomial. According to Lemma 8.17, p is the zero polynomial.
O

Remark 8.20. 1t is clear that the only differentiability condition which we use on
the function p in Proposition 8.19 is that p is of class C? in a neighborhood of o
in V. Therefore, Proposition 8.19 can be easily generalized to multiplicative bivector
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fields of class C*, with k > 3, where for k € N*, we call bivector field of class C* on
R? every bi-differential operator 7 of the form

where all the functions x;; are of class C* on RY. Notice that, if 7 is of class C¥ on
R (with k € N*), then for every pair of smooth functions (F,G) on V, the bracket
{F,G} is a function of class C*, so one can still consider the Jacobi identity for
smooth functions and define Poisson structures of class C¥, with k € N*, by saying
that a bivector field 7t on R is a Poisson structure of class CX if 7 satisfies the Jacobi
identity for all triples of smooth functions F,G,H on V.

For Poisson structures of class C2, it can be shown that Proposition 8.19 still
holds, but for Poisson structures of class C! this is not the case (in general), as is
shown in the following example.

Example 8.21. On R? we consider the product (with unit) p which corresponds
to the natural product on R[A]/h?, via the vector space isomorphism, defined by
(a1,a2) — ay + hay. Explicitly, u is given by

p((ar,a2),(b1,b2)) = (a1br,a1b2 +azby)

and the unit for u is (1,0). It follows that xj o L = y1z; and x; 0 L = y122 + 212,
where (x,x2), respectively (vi,y2,21,22), are the natural systems of coordinates
on R?, respectively on R? x R? ~ R*.

A Poisson structure 7 of class C! on R? is defined by {x1,x2} := x}In(|x;|). We
denote the product Poisson structure on R* = R? x R? by «’. In order to show that 7z
is multiplicative with respect to u, notice that {xj o tt,x, o}’ = {x1,x2} o ut, which
follows from

{x1,:0} o = (xi In(|x1)) ot = (y121)*In(Jy121])

and

{x1 Oﬂaxzoﬂ}/ = {yi1z1,y122 +21y2}/
=gyt +yi{ann}
= ziy7 In([y1|) +yizi In(|z1]) -

However, 7 is not quadratic.

Example 8.22. Let V := Mat,(F) the vector space of square matrices of size d. For
1 <i,j < d, we consider on V the linear function, defined for all x = (x; j);-"f -1 € \%
by &;;(x) := x;;. These functions provide a set of linear coordinates on V. For i and j
as above, let g j:=1if i > jand ¢ j:= —1if i < jand & j := 0 if i = j. Then the
brackets, defined for 1 <1, j,k,¢ < d, by
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{éij, ékf} = (&ix+&0)inkj

define a multiplicative quadratic Poisson structure on V. This can be checked by
direct computation; see Example 11.14 below for a more conceptual proof.

8.2.2 The Modular Vector Field of a Quadratic Poisson Structure

On a finite-dimensional vector space V, which is equipped with a Poisson structure,
there is a vector field, which is naturally associated to the Poisson structure: the
modular vector field, with respect to an arbitrary translation invariant volume form A
on V. Recall from (4.24) that the modular vector field @, of a Poisson structure 7w
on V is, up to a sign, the divergence Div(m) of m, i.e., @z = —Div(m). As a first
application, we have, in view of the explicit formula (4.22) for the divergence of a
bivector field, that the modular vector field is homogeneous of degree r — 1, if the
Poisson structure is homogeneous of degree r; in the particular case of quadratic
Poisson structures, this leads to the following proposition.

Proposition 8.23. Let A be an arbitrary translation invariant volume form on a
finite-dimensional vector space V. The modular vector field of every quadratic Pois-
son structure on 'V, with respect to A, is a linear vector field on V.

In the study of quadratic Poisson structures, the modular vector field plays a par-
ticular role, which we now underline, and which will lead in Section 9.2.3 to a
classification of all quadratic Poisson structures on C>.

Example 8.24. We compute the modular vector field @, of the diagonal Poisson
structure 7 on P, introduced in Example 8.14 with respect to the translation invari-
ant volume form A = dx; A --- Adxy. By using the formula @, = —Div(r) and the
explicit expression of the divergence of a bivector field (4.22), we obtain

d d
d
(157,:—2; <2a,-j> Xia_xi . (817)

Jj=1

Example 8.25. Let V be a d-dimensional vector space and let ¥ be a linear vector
field on V. As we have seen in Example 8.15, w := & A ¥ is a quadratic Poisson
structure on V. In order to compute its divergence, notice that Div(&’) = d, which
follows from (4.21), and that [&’, 7] = 0, because the weight of a linear vector field
is 0. Substituted in equation (4.23) for the divergence of a wedge product, one finds

Div(€ AY) =Div(¥)& —d ¥V | (8.18)

so that the modular vector field @, of the Poisson structure 1 = & A Y is @ =
d¥V —Div(¥) 8.

We show in the following proposition that every quadratic Poisson structure 7 can
be decomposed as a sum of two compatible quadratic Poisson structures: one of the
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terms involves only the modular vector field of 7, while the other term is unimodu-
lar. This decomposition is very useful, as we will see in Section 9.2.3.

We first recall two more facts from Section 4.4.3, namely that, given a volume
form A on V, the star operator * is the family of isomorphisms

* 1 XU(V) = QI7UV)

defined for Q € X9(V) by *xQ =194 as in (4.19), and that Div is defined in terms of
the de Rham differential d by

Div =+ lodox.

Since @, = —Div(7), it follows that 7 is unimodular if and only if the differential
(d —2)-form * 1 is closed.

Proposition 8.26. Let V be a d-dimensional vector space and let A be a translation
invariant volume form on V. Every quadratic Poisson structure © on'V decomposes
as follows

1
n:*’1a+gé"/\(bﬂ,

where @y, is the modular vector field of T with respect to A, and where o is a closed
differential (d — 2)-form which satisfies L, 0 = 0. Also, x~ ' has the following
properties: it is a quadratic unimodular Poisson structure, compatible with 1, and
it satisfies Lo, (x ') = 0.

Proof. Since @y is a linear vector field, & A @y is a quadratic Poisson structure (see
Example 8.15). This Poisson structure is compatible with 7, since

[ENDy, 7] g = (L) NP —EN(ZLop,7) =0,

where we have used in the last step that both & and @, are Poisson vector fields
(with respect to 7). The modular vector field @, of the Poisson structure 7’ :=
& N\ Dy is given by

@, = —Div(6 N Dy) = d @ — Div(Py) & = d Oy (8.19)

where we have used (8.18), together with the fact that Div(®,) = 0, which holds
because @y is itself the divergence of a bivector field. Since the quadratic Poisson
structures 7 and 1’ = & A @, are compatible, and since their modular vector fields
are proportional (see (8.19)), there exists a linear combination of 7 and & A @,
which is a unimodular Poisson structure: R := 1w — éé’ A @, is a Poisson structure
on V which is quadratic, compatible with 7 and unimodular.

Let us denote by o the differential (d —2)-form on V, defined by o := xR = 1gA.
It is a closed form since R is unimodular. It remains to be checked that Zp R =0
and that %, a = 0. First, we have that £, w = 0 (since @, is a Poisson vector
field), and we also have that Zg, (& A @) = 0 (since the vector fields & and @,
commute). We therefore have Zp R = 0. It follows from this, upon using (2) of
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Proposition 3.11, that
Lo, 0= f@ﬂ(ZR/l) = (Lo, L)+ l[(me]Sl =0,

where we used in the last step that [@;,R]; = Zp,R = 0 and that Lo A =
Div(®;) A = 0 (see (4.20)). This finishes the proof of the announced properties
ofcandof R=+"'a. O

The quadratic Poisson structures whose modular vector field satisfies a genericity
assumption, stated below, are diagonal, when expressed in a system of well-chosen
coordinates. We devote the end of this section to explain and to prove this. First, we
introduce the required notions. Let ¥ be a linear vector field on a d-dimensional
vector space V. Since ¥ sends linear functions on V (elements of V*) to linear
functions on V, we can restrict ¥ to V*, which yields an endomorphism ¥’ (M) of V*,

y) L yr v

F e V[F]. (8.20)

Definition 8.27. Let 7 be a linear vector field on a finite-dimensional vector spa-
ce V. We say that ¥ is diagonalizable if the endomorphism ¥(!) of V* is diago-
nalizable. In this case, the eigenvalues, respectively eigenvectors of ¥ (1) are called
eigenvalues, respectively eigenvectors of V.

It is clear that, if (xq,...,x;) is a basis of eigenvectors of a diagonalizable linear
vector field ¥/, with corresponding eigenvalues ay,...,a; € F, then (x1,...,x4) is
a system of linear coordinates on V, and that ¥ takes, in these coordinates, the
following form:

d P
YV = ;aix,-&—xi . (8.21)

It is also clear that, conversely, every vector field on V, which is of the form (8.21)
is a diagonalizable linear vector field.

Comparing (8.17) and (8.21), we see that the modular vector field of every diag-
onal quadratic Poisson structure is diagonalizable. As we will see, the converse is
almost true: up to a technical assumption on the eigenvalues of the modular vector
field, a quadratic Poisson structure is diagonal (in some system of linear coordinates)
if its modular vector field is diagonalizable. It motivates the following definition of
a diagonalizable Poisson structure.

Definition 8.28. A quadratic Poisson structure 7 on a finite-dimensional vector
space V is said to be diagonalizable, if there exist linear coordinates x,...,x; on 'V
in terms of which 7 is diagonal, i.e.,

d 0
T = 2 aijxixja—%/\gj , (8.22)

1<i<j<d

where (a;;) € Maty(IF) is a skew-symmetric matrix. The system of linear coordinates
(x1,...,x4) is then said to be log-canonical for 7.
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The above-mentioned converse, which yields a sufficient condition for the diago-
nalizability of a quadratic Poisson structure is given in the following proposition.

Proposition 8.29. Let w be a quadratic Poisson structure on a d-dimensional vector
space V. Suppose that

(1) The modular vector field @y of 7 is diagonalizable, with eigenvalues ay,. ..,
ag, which belong to TF;
(2) The (dgl) sums a; +aj with 1 <i< j<d are all different.

Then 1 is a diagonalizable Poisson structure on V. Moreover, every system of linear
coordinates on 'V, consisting of eigenvectors of @y, is log-canonical for 7.

Proof. Since the modular vector field @y is linear, it restricts to a linear endomor-
phism (D,(tz) of the space % of all homogeneous polynomial functions of degree 2

onV,

S AIA
F — @g[F].
Suppose that @, is diagonalizable and let x,...,x; be independent eigenvectors
of @, with eigenvalues ay,...,a;. We use xi,...,x; as linear coordinates on V.

The (dgl) polynomial functions {x;x; | 1 <i< j < d} form a basis of <%, and
each one of them is an eigenvector of @,(rz), because @y is a derivation: x;x; is an
eigenvector of ¢(2), corresponding to the eigenvalue a; +aj, forall 1 <i < j<d.
If we assume that the (dzl) sums {a;+a;|1<i< j<d} are all different (which
is assumption (2)), then all eigenvalues of CD,TZ) are different, hence the eigenspace

decomposition of @% with respect to <D,<[2) is given by

h= P Cxix;. (8.23)

1<i<j<d

We show that this implies that 7 is diagonalizable. To do this, we use that the mod-
ular vector field @y is a Poisson vector field: writing {-,-} for 7 and specializing

@ [{F,G}| = {D:[F],G} +{F,P:[G]} ,
to F'=x; and G = xj, where 1 < i, j < d, we obtain that
d)ﬂ;[{x,',xj'}] = {@n[xi],xj} + {x,', CD;I-[X/}} = (Lll' +aj) {x,-,xj} .
Therefore, {x,-,x j} is zero or it is an eigenvector of d),(Tz) with respect to the eigen-
value a; + a;. In view of the eigenspace decomposition (8.23), it follows, in either
case, that }xi,x j]i is proportional to x;x}, i.e., there exists a unique constant a;; € F,

such that (x;,x;; = a;;x;xj. By construction, a;; = —aj;, and 7 is of the diagonal
form (8.22) in the system of coordinates (xj,...,x4). O
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8.3 Nambu-Poisson Structures

Let V be a d-dimensional vector space, equipped with linear coordinates xi, ..., x4
and denote the algebra of functions on V by % (V), as before. Let x, @1,...,04_2
be d — 1 functions on V and define, for F,G € .#(V), a function on V by

JoF 0G 8(p1 ) 8god,2

8x1 axl 8x1 B 3)61

8(F7G7(p1»~~~7(pd—2)
a(xl,...,xd)

{F,G} =1 =x

8xd 8xd 8)6,1 8xd

It leads to amap .Z (V) x & (V) — %#(V), which is a skew-symmetric biderivation
of .% (V') and which, up to a non-zero constant, does not depend on the chosen linear
coordinates xp,...,xg, since (8.24) can also be written as

dF AAGAd@r A---ANd@g_»
dxy Adxp A--- Adxy '

{F,G} =y (8.25)
Moreover, it defines a Poisson structure on V, a fact which we will prove in this sec-
tion. When the functions ¢y, ..., @ _» are polynomial or weight homogeneous, then
so is the corresponding Poisson structure. In order to prove that {-,-} defines a Pois-
son structure on V, we briefly introduce the notion of a Nambu—Poisson structure,
which generalizes the notion of a Poisson structure.

Definition 8.30. For g > 2, a g-vector field {-,...,-} on a finite-dimensional vector
space V is called a Nambu—Poisson structure of order g on V if it satisfies the so-
called fundamental identity:

{Fl,...,qul,{Gl,...,Gq}}:

q (8.26)
Z{Gh'"aGifla{Flv'"7Fq717Gi}7Gi+1;"'7Gq}a
i=1

for all functions Fi,...,F,_1,Gy,...,Gy € F (V).

Remark 8.31. The definition is easily generalized to arbitrary (real or complex) man-
ifolds by demanding that the g-vector field satisfies the fundamental identity for lo-
cal functions, which yields the notion of a Nambu—Poisson manifold. Replacing the
algebra of functions .# (V) by an arbitrary commutative associative algebra, leads
to the abstract notion of a Nambu—Poisson algebra, which generalizes the notion of
a Poisson algebra, as given in Definition 1.1.

Example 8.32. Specializing Definition 8.30 to the case of ¢ = 2, we find that a
Nambu-Poisson structure of order 2 is a bivector field {-,-} which satisfies

{F,{G1,G2}} = {{F,G1},G2} +{G1,{F, G2} } ,
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for all F, Gy, G, € % (V), which is precisely the Jacobi identity for {-,-}. Therefore,
a Nambu—Poisson structure of order 2 is the same as a Poisson structure. In this
sense, Nambu—Poisson structures are a generalization of Poisson structures.

Given a Nambu—Poisson structure {-,...,-} of order ¢ > 2 on V, one can associate
to g — 1 elements Fi,...,F,_ of Z#(V), a vector field ZF, F,., onV by defining,
forGe #(V):

%Fls-“qu—l [G] = {G,F],. .. ,Fq,I} .

It is called the Hamiltonian vector field associated to Fy,...,F,_;. The fundamental
identity (8.26) says that all Hamiltonian vector fields 2 Fi,..,F, are derivations of
(ﬁ(V%{av})

We show in the following proposition how Nambu—Poisson structures of or-
der g — 1 can be constructed from Nambu—Poisson structures of order g.

Proposition 8.33. Let {-,...,-} be a Nambu—Poisson structure of order q > 3 on a
finite-dimensional vector space V. Given H € .F (V), define a (q — 1)-vector field

on'V by
{ovty=1{,..,,H}.
Then{-,...,-}y is a Nambu—Poisson structure of order g—1on'V.

Proof. The fundamental identity (8.26) for {-,...,-} takes the form

{F] g ,quz, {Gl,. .. ,Gqfl}H}H =
q—1 (8.27)
N AGi,....Gio1,{F1,...,F4—2,Gi}11,Gis1,....Gg—1 1
i=1
forall Fi,...,F;—,Gy,...,G4—1 € Z (V). To prove (8.27), substitute F,_; = H and
G, = H in the fundamental identity (8.26), to find

{Flv'"7Fq727H’{G17'"7Gq717H}} =
g—1
> {Gi,....Gi-1,{F,....Fy—2,H,Gi},Gis1,...,Gg1 ,H}  (8.28)
i=1

+ {Gl,...,Gq_l,{Fh...,Fq_z,H,H}},

which is precisely (8.27), since the skew-symmetry of {-,...,-} implies that the last
term in (8.28) is equal to zero. O

We show in the following proposition that for d-vector fields on a d-dimensional
vector space V, the fundamental identity is automatically satisfied.

Proposition 8.34. Let V be a d-dimensional vector space, with d > 2. Every d-
vector field on 'V is a Nambu—Poisson structure of order d on'V.

Proof. Let {-,...,-} be a d-vector field on V. We need to prove that {-,...,-} sat-
isfies the fundamental identity (8.26). To do this, we consider the multilinear map
N F (V)M Z(V), which is defined by
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JV(F],...,Fd_l,Gl,...,Gd)
= {F],...,Fd,l,{Gh...,Gd}}

d
- Z{le°"7Gi717{F17“'7Fd—l7Gi}7Gi+l7“'7Gd} )
i=1

for F1,...,Fy_1,Gi,...,Gy4 € # (V). Obviously, the vanishing of . /" is equivalent to
the fundamental identity (8.26) for {-,...,-}. Moreover, since for all Fy,...,F;_| €
F(V), the map

FWV) = F(V)

8.29
(Gl,...,Gd)HJV<F17...,Fd,1,G1,...7Gd) ( )

is a skew-symmetric d-derivation of .%(V), as is easily checked directly from the
definition of .4, the vanishing of ./ is equivalent to

JV(Fl,...,Fd,17x1,...,xd):O, (830)
for all Fy,...,Fy_; € #(V), where (x1,...,x;) is an arbitrary system of linear co-
ordinates on V. If we denote y := {xi,...,xs}, then the d-vector field {-,..., -} can

be written, according to (8.1), as

d d
{.7“".}7)687)(1/\.“/\37)%’ (8.31)

so that (8.30), which we need to prove, takes the form
d 9
(R By =0 25— AF o Facrxih (8.32)
i=1 %A

In order to prove (8.32) we compute its left-hand side from (8.31):

of . dFa Ix
8x1 8x1 (9)61

R, Rt =x | : :
R | iy g
8xd 8xd 8xd

dFy A~ ANdFy_ Ady
do A Adiy

. d(xdFlA---AdFd,l)

= (=0T dxy A Adxg

d d(Cidxl/\---/\d/;i/\n-/\dxd)
dxi A--- Adxy
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d JC;
_ _1\d—i !
*XZ{( ) axia
where
o 9 9
= x (dFy A--- ANdFy;_ ey Ty
Cl x( 1/\ A d 1) (axla 7axi7 78)(,1)
o 9 9 9
= FiA---ANdFy_ )l =—s y5—y ey 5—y =
x(d 1A /\dd lAdxl) (axla 7axi7 7axdaaxi>
. 0 d
= (=) y (AR A---ANdF_  Adxy) [ =—, ..., =—
()" (@F e ) ()
= (_l)dii {Fla"deflaxi} .
We thus have obtained (8.32), so that {-,...,-} satisfies the fundamental identity

and is a Nambu—Poisson structure on V. 0O

Combining Propositions 8.33 and 8.34, we find the following proposition, which
yields the Poisson structures of rank 2, which we introduced in (8.24).

Proposition 8.35. Let V be a d-dimensional vector space and let ), @1, ..., Q42 €
F (V) be d— 1 functions on V. A Poisson structure T is defined on'V by

8(F,G,(p17...,(pd,2)
F,G}:= , 8.33
{ } x 8(x1,...,xd) ( )

forall F,G € F(V), where (x1,...,x4) is an arbitrary system of linear coordinates
on V. The given functions @y,...,Q —» are Casimir functions for  and the rank
of w is 2 at all points of V, except at the zeros of y and at the points m € V where
dn@1,...,dn@s_2 are linearly dependent (in those points the rank is zero).

Proof. Repeated use of Proposition 8.33 on the d-vector field (Nambu—Poisson
structure of order d) {-,...,-} := xaixl JARERWAN 8% on V, yields a Nambu—Poisson
structure 7w of order 2, which is given by

d(F,G,1,...,04-2)
ETE

{F7G} = {FaGa(Pla"'a(Pd72}:X (834)

Since 7 is a Nambu—Poisson structure of order 2, it is a Poisson structure (see Exam-
ple 8.32). The skew-symmetry of {-,...,-} implies that {F, ¢;} =0 forall F € .F (V)
and 1 <i<d—2, so that each one of ¢y,...,¢ > is a Casimir function of 7.
If meV with y(m) =0ord,,@; A---Ad,@s_2 =0, then it is easy to see from (8.25)
that {F,G} (m) =0 for all F,G € .% (V), so that the Poisson structure vanishes at .
Suppose now that m is a point of V for which y (m) # 0 and d,,, @1 A- - - Ady, @g—2 # 0.
Then there exist i,j such that d,x; A duxj Adu@r A - Adp@s—p # 0, so that

{xi,x;} (m) # 0. This shows that Rk, 7w > 2; since we have d — 2 independent
Casimir functions at m, the rank is at most 2 at m, so it is precisely 2. O
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It follows at once from Eq. (8.33) that, if the functions y, ¢y,...,¢;— are polyno-
mial functions on V, then the Poisson structure 7 is a polynomial Poisson struc-
ture on V. If, moreover, for some fixed weights @y, ..., @, of the linear coordinates
X1,...,%Xqg on V, the functions y, ¢1,..., ¢s—» are weight homogeneous, then it also
follows from this formula that the Poisson structure 7 is a weight homogeneous
Poisson structure on V, of weight

d=2

d
o(r)=o(x)+ ; o(p) — ;wi :

4

Remark 8.36. In the case of a d-dimensional manifold M, every d-vector field on M
defines a Nambu—Poisson structure of order d and hence, upon fixing d — 2 functions
Q1,...,04—2 on M, a Poisson structure of rank two on M (assuming that there is at
least one point where the differentials of these functions are independent). In local
coordinates xi,...,x4, a d-vector field {-,...,-} takes the form

d d

and the formula for the Poisson structure is given by

d(F,G,Q1,...,042)
F,G} = ,
o ==, )

so it is in local coordinates formally given by the same expression as in (8.33).
A coordinate-free description of the Poisson structure can be given when M is an
orientable manifold, so that there exists a volume form A on M. Then a Nambu—

Poisson structure {-,...,-} of order d is defined on M by letting
dFy A---AdFy
{F,....Fy} ::Xf ,
for all (local) functions Fi,...,F; on M. In particular, if we fix d — 1 functions
X;®1,--.,04_2 on M and a volume form A, then a Poisson structure 7 on M is
defined by
dF AAGAdQLA---ANd@g_»
{Fv G} =X 2 )
for all (local) functions F, G on M. The functions ¢y, ..., ¢z, are Casimir functions

of m and the rank of & is two at all points of M, except at the zeros of y and at
the points where the differentials of the latter Casimir functions are dependent. In
this case, a simple proof of the fact that & is a Poisson structure can be given by
extending, at points where the rank is two, the Casimir functions ¢@y,...,@ ;> to a
system of local coordinates.
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8.4 Transverse Poisson Structures to Adjoint Orbits

In this section, we show that, in terms of a system of natural coordinates which we
will construct, the transverse Poisson structure to a nilpotent orbit in a semi-simple
Lie algebra is weight homogeneous (of weight —2).

8.4.1 S-triples in Semi-Simple Lie Algebras

In this section, we recall a few facts which we will use about complex semi-simple
Lie algebra (see [99, 190] for details and proofs). Let (g, [-,-]) be a semi-simple Lie
algebra over IF = C; we denote the algebra of polynomial functions or of holomor-
phic functions on g by .#(g). The Killing form of g is the symmetric bilinear form
on g, defined for all x,y € g by

(x|y) := Trace (ad,oad,) ,

where we recall that ad, : g — g is the linear map, defined by ad,z := [x,z], for
all z € g. For a subspace n of g, the orthogonal complement of n in g with respect to
the Killing form is denoted by n'. For x € g, we denote g(x) := {y € g | [x,y] = 0},
the centralizer of x in g. An element x € g is said to be nilpotent if the endomorphism
ad, of g is nilpotent, i.e., if there exists a k € N, such that adI; = 0. According to the
Jacobson—Morozov theorem, if e € g is nilpotent, then there exist i, f € g such that

[hae] =2e, [haf] =-2f, [evf] =h. (8.35)

Every non-zero triple (h,e, f), satisfying (8.35), is called an S-triple of g. In view
of (8.35), the vectors h, e and f generate a Lie subalgebra of g, isomorphic to sl,(C),
which we denote by s. It leads to two decompositions of g:

(1) A decomposition of g into eigenspaces relative to ady,, making g into a graded
Lie algebra. Since each eigenvalue of ady, is an integer, we have

92@91'7

i€Z

where g; is the eigenspace of ad;, which corresponds to the eigenvalue i. For exam-
ple,e € grand f € g_». Forx € g; and y € g, we have an inclusion ad, cad,(gx) C
git j+k» for every k, so that

(gilgj) =0 if i+j#0. (8.36)

(2) A decomposition of g as an s-module:

g=PV, (8.37)
j=1



228 8 Higher Degree Poisson Structures

where each Va; is a simple s-module, with adj-eigenvalues (also called ad;,-weights)
nj,nj—2,nj—4,...,—nj, so that dimV,; = n;+ 1. It follows that

N
Y nj=dimg—s. (8.38)
J=1

Moreover, s = dim g(e), since the centralizer g(e) of e is generated by the vectors of
highest ad;,-weight of each V,,_,..

8.4.2 Weights Associated to an S-Triple

We show in this section that every S-triple (h, e, f) of g leads to a system of linear
coordinates on g, centered at e, such that the Lie—Poisson structure on g is weight
homogeneous with respect to some weight vector @, which has a natural Lie alge-
braic interpretation: up to a shift of 2, it consists of the weights of g as an s-module.
For every t € C*, choose a complex number A, such that exp(—A;) = ¢. Such a
choice cannot be made in such a way that A, depends in a continuous way on ¢, but
that will be irrelevant for what follows. We denote the adjoint group of g by G and
we consider the map
A:C"—>G
t — exp(Ah).

For a fixed 7, the map Ad) ;) : g — g is well-defined (independent of the choice made
for ;) and it acts on each of the eigenspaces g; of adj, as a homothecy with ratio ¢/,

Adyyx=1"'x, (8.39)
for all x in g;. Indeed, for all t € C* and x € g;,
Adl(,)x = Adexp(l,h)x = exp(ad;bh)x = CXP(A,, adh)x

(id)*x = exp(id)x =1 "'x;

Ms

k=0

also, replacing in this computation A, by A, +27n\/—1, where n € Z, clearly leads
to the same result, which shows that the above choice of A, is irrelevant. It follows
that 7 — Ad, ) is a (linear) action of C* on g. Since e € ga, the action p of C* on g,
defined forr € C* and for y € g by p; -y := 12 Ady 1)y, fixes e; the action p is known
as Slodowy’s action. Let us denote for x € g by F, the affine function on g, defined
by
Fi(z) == (z—elx),

for all z € g. We consider a basis (xi,...,x;) of g, where each x; belongs to some

eigenspace g;, , and we denote the function Fy, which corresponds to x; simply by Fy.
For k =1,...,d, the functions Fj define linear coordinates on g, centered at e. For
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X € gi, (8.39) and Ad-invariance of the Killing form imply that

(0 F) (2) = (p1-z—elx) =177 <Ad/1(z—1)(z—e) |x>
=17 <Z_ e| Adl(r)x> =172 <Z— €|tiix> = tii*zFx(z) .

We claim that, if we define for x € g; the weight @ (F}) of F; to be equal to i + 2,
then the Lie—Poisson structure {-, -} > Which is an affine Poisson structure in terms
of the coordinates Fi,..., Fy, is weight homogeneous of degree —2 with respect to
the weight vector (@ (F}),...,®(Fy)) = (i1 +2,...,iz+2). To prove this, first recall
from Section 7.2 that the Lie-Poisson structure {-,-} g on g is given, for F,G €
7 (g), by

{F.G}q(2) = (2| [V.F, V:G]) , (8.40)

where we recall from (7.11) that VF, the gradient of F at z (with respect to {-|-))
is defined, for F € % (g) and z € g by

(VoF |u) = (d.F.u) |
for all u € g. Since V,F, = x, for all x,z € g, we have, for all x, y, z € g,

{F By}, (@) = (2] [0)]) = Fioy(2) + (e [x,y]) - (8.41)
If x € g;and y € g;, with i+ j # —2, then (8.36) implies that (e| [x,y]) =0, so that

w({FmFy}g) - G)'(EC) - (U(EV) = aj(F[x,y]) - w(Fx) - w(Fy)
=it j 2 (i+2)—(j+2)=-2.

This result extends to the case i + j = —2, since then @ (Fy,)) = i+ j+2 = 0, which
is the weight of the constant function (e|[x,y]), and then @ ({F},F,}¢) — @ (F) —
o (Fy)) = —(i+2)— (j+2) = —2. This shows, according to (8.11), that the Lie—
Poisson structure on g is weight homogeneous of degree —2 with respect to the
weight vector (i; +2,...,i;+2). Notice that this weight vector contains, in general,
both positive and negative integers.

8.4.3 Transverse Poisson Structures to Nilpotent Orbits

In this section we consider the transverse Poisson structure to a nilpotent orbit
in a semi-simple Lie algebra g. Such an orbit is by definition the orbit G - ¢ of a
nilpotent element e € g under the adjoint action of G (the adjoint group of g) on g;
in this case, all elements of & are nilpotent. Since & is a symplectic leaf of the
Lie—Poisson structure on g (see Section 7.3.1), the transverse Poisson structure at
e € 0 is independent of the chosen point on the orbit; we speak of the transverse
structure to the orbit. Recall from Theorem 5.28 that the transverse Poisson struc-
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ture at e is the reduced Poisson structure on an arbitrary Poisson-Dirac manifold
which is transversal to the symplectic leaf & at e. We show in the following propo-
sition that, in terms of coordinates which we will construct, the transverse Poisson
structure to a nilpotent orbit is polynomial and weight homogeneous of weight —2,
just like the Lie—Poisson structure on g. Recall from Section 8.4.2 that the weight
homogeneity of the Lie—Poisson structure on g was determined by the choice of an
S-triple (h,e, f) of g which contains e, that this S-triple generates a Lie subalgebra
s of g, isomorphic to s,(C) and that up to a shift of 2, the weight vector consists of
the weights of g, as an s-module.

Proposition 8.37. Let & = G - e be a nilpotent orbit in a semi-simple Lie algebra
g and let (h,e, f) be an S-triple of g which contains e. If v is a complementary
subspace to g(e) in g, which is ady-invariant, [h,n] C n, then

(1) N:=e+nlistransverse to O at e;

(2) N is a Poisson—Dirac submanifold of g;

(3)  The transverse Poisson structure on N is a polynomial Poisson structure which
is weight homogeneous of weight —2, with respect to the weight vector (n) +
2,...,ns+2).

The integers ny,...,ng are the highest weights of g as an s-module, where s denotes
the Lie subalgebra of g, generated by h,e and f.

Proof. First, let us point out that an adj,-invariant complementary subspace n to g(e)
exists, because the centralizer g(e) is generated by the highest weight vectors of
each V,,j in the decomposition (8.37) of g. Also, it is clear that

Teg:Teﬁ@TeN7

since under the natural isomorphism 7,g ~ g, the subspace 7,0 = T,(G - e) corre-
sponds to adge = g(e)* and T,N corresponds to n'. In particular, N is transverse
to O at e, which is (1).

In order to show (2) and (3), we use a natural basis of g = g(e) ®n. As we already
pointed out, the centralizer g(e) of e in g admits a basis (xy,...,x;), consisting of the
highest weight vectors of V,,,...,V,, in the decomposition (8.37) of g; recall also
that the ady,-weight of x; is n;. Since n, which has dimension 2r := dim &, is ad,-
invariant, we can also choose a basis (X41,...,Xst2,) for n, where each vector x, ¢
is an eigenvector of ady,; we denote the ad;,-weight of x,,; by v, where 1 < £ < 2r.
The basis (xy,...,xs12,) of g leads to linear coordinates Fj, ..., Fy; 2, on g, centered
at e, defined by Fi.(z) := (z—e|xy), fork=1,...,5+2rand z € g. Since V_ F;, = x;
fork=1,...,5+42r, it follows from (8.40) that the Poisson matrix of {-, -}g atzeg

is given by AQ) B()
({E’E}ﬂ (Z))1<i7j<s+2r - <—B(E)T Dé)) ’

where



8.4 Transverse Poisson Structures to Adjoint Orbits 231

Aij(z) = (z|lxixj]) 1<i,j<s;
Bin(z) = (z| [xis Xs1m]) 1<i<s, 1<m<2r;
Dém(z) = <Z‘ [xs+i7xs+m]> 1<l,m<2r

At e, both matrices A and B vanish, so the rank of D(e) is the rank of {-, -}g at e,
which equals dim & = 2r. It follows that D(e) is invertible and hence that D(z) is in-
vertible for z in a neighborhood V C N of e in g. According to Proposition 5.27, V is
a Poisson—Dirac submanifold of g and the Poisson matrix Xy of the reduced Poisson
structure {-, -}, is given, for n € N, by

Xn(n) = A(n) +B(n)D(n)"'B(n)" . (8.42)

The functions Fy,...,F;, restricted to N, will be denoted by gqy,...,qs; they yield
linear coordinates (centered at ¢) for N and all other functions Fj, vanish on N, so

that N can also be defined as the submanifold defined by F1; = --- = F;12, = 0.
Since the weight of F; is n; + 2, we define the weight of g; to be @(g;) := n; + 2, for
i=1,...,s. Notice that these weights are all positive.

We prove that the determinant of D is a non-zero constant function on N, which
shows that the transverse Poisson structure {-,-}, is polynomial, in view of (8.42).
Since the restriction of the polynomial function det(D) on g to N is obtained by
setting Fyy1 = --- = Fy49, = 0 and since the remaining coordinates ¢1,...,qs have
positive weight, it suffices to show that the restriction of det(D) to N is a weight
homogeneous function of weight 0. A typical term of det(D) is, up to a sign, of
the form D o, ... Do a,,, Where {ou,...,00,} = {1,...,2r}, so that its weight is
given by

2r 2r 2r

ZE(DUX{) = Z(V£+Vag+2):22(w+l).

(=1 (=1 =1

Since 2%;1 Ve + Xi_n; is the sum of all ad,-weights, it is zero, which yields in
combination with (8.38)

2r K

N (ve+1)=2r—Y nj=2r—(dimg—s)=0.
(=1 i=1

This shows that every term of det(D), restricted to N, is of weight zero, hence det(D)
is constant; since det(D(e)) # 0, this constant is different from zero and the trans-
verse Poisson structure is polynomial.

To finish, we show that the Poisson structure {-,-}, is weight homogeneous of
weight —2 with respect to @ = (n; +2,...,n,+2). According to (8.42) we need to
show that for all 1 < i, j < s the functions A;; and (BD™'B");; are weight homoge-
neous of degree @(g;) + ®(q;) —2 = n;+n;+2. For A;; this is clear, since A is part
of the Poisson matrix of the Lie—Poisson structure on g, which we have seen to be
weight homogeneous of weight —2. Similarly, we have that @(B;,) = n; + Vi, + 2.
Since

@ (BimD,,)Bjt) =ni+nj+vp+vi+4+@(D,}),

ml
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it means that we need to show that

oD N=—v,—v,—2. (8.43)

ml

/

D
A typical term of the element Dn’u} of the inverse matrix D~! is of the form Ku(‘g),

where D:xﬁ =Dy, ---Dg,, ,p,, ,» With

{oq,...,aZ,,l} = {1,...,2r}\{€} and {ﬁl,...,ﬁzrfl} = {1,...,2]’}\{”1} .

Since det(D) has weight zero, we need to show that D/, 8 has weight —v,,, — v, -2,

which is done in precisely the same way as the above proof that det(D) has weight
zero. This gives us (8.43). O

8.5 Notes

For higher order Poisson structures, starting with quadratic Poisson structures, there
is no general theory and there is no immediate interpretation, as there is in the
case of constant Poisson structures (in terms of bivectors) and in the case of lin-
ear Poisson structures (in terms of Lie brackets). For a few subclasses of quadratic
Poisson structures there is, however, a quite general theory and an interpretation.
Namely, multiplicative quadratic Poisson structures are closely related to Poisson—
Lie groups: the datum of a skew-symmetric -matrix on an associative algebra leads
to multiplicative quadratic Poisson structure, which makes the set of invertible el-
ements into a Poisson—Lie group; see Section 11.1.6 for details. It also leads to a
cubic Poisson structure, whose virtue seems at this point still very mysterious. Pois-
son structures coming from r-matrices or R-matrices are the subject of Chapter 10;
see Section 10.3.

See Dufour—Zung [63] for an extensive account on Nambu—Poisson structures.
Transverse Poisson structures to general adjoint orbits in a semi-simple Lie alge-
bra, with special emphasis to transverse Poisson structures to subregular orbits, are
studied in Damianou—Sabourin—Vanhaecke [56].



Chapter 9
Poisson Structures in Dimensions Two and Three

Low-dimensional Poisson manifolds are often used as toy models, to obtain a better
understanding of the theory of Poisson manifolds, as well as to illustrate their unex-
pected complexity. In the two-dimensional case, for example, describing all Poisson
structures on the affine space F? is deceivingly simple, because the Jacobi identity is
satisfied for all bivector fields; however, their local classification is non-trivial, and
has up to now only been accomplished under quite strong regularity assumptions
on the singular locus of the Poisson structure, which can be identified with the zero
locus of a local function on the manifold. As a result, the study of Poisson structures
in two dimensions already takes us to the non-trivial singularity theory of functions
of two variables!

Dimension three is the smallest dimension in which the Jacobi identity for a
bivector field is not always satisfied. In this dimension, the Jacobi identity can be
stated as an integrability condition of a distribution, which eventually leads to the
symplectic foliation, or as the integrability condition of a differential one-form, dual
to the Poisson structure with respect to a volume form (assuming that the manifold
is orientable). Despite the extra complexity which comes from the extra dimension,
Poisson structures in dimension three have one key property in common with Pois-
son structures in dimension two: their rank is equal to two (except when the Poisson
structure is trivial). Many results about three-dimensional Poisson manifolds are es-
sentially true because the Poisson structure is of rank two. A key example of such a
result is the characterization of a regular Poisson structure of rank two in terms of
its symplectic foliation.

Poisson structures in dimensions two and three are presented in different sections
(Sections 9.1 and 9.2). In both cases, we pay special attention to the global/local and
geometrical/algebraic aspects of these Poisson structures and we prove at the end of
each section a (partial) classification result.

Unless otherwise stated, IF is an arbitrary field of characteristic zero.

C. Laurent-Gengoux et al., Poisson Structures, 233
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4_9, © Springer-Verlag Berlin Heidelberg 2013
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9.1 Poisson Structures in Dimension Two

In this section, we study Poisson structures on manifolds or affine varieties of dimen-
sion two. Since a Poisson structure is a bivector field or a biderivation, the smallest
dimension which one can consider for studying non-trivial Poisson structures is di-
mension two. In this case, the Jacobi identity is always satisfied, so that every bivec-
tor field or skew-symmetric biderivation is a Poisson structure. We present Poisson
structures in dimension two first from the global point of view, then from the local
point of view and finally we discuss their formal classification.

9.1.1 Global Point of View

First of all, let M be a manifold (real or complex, depending on whether FF = R
or F = C) of dimension two and let .7 (M) be the algebra of smooth or holomorphic
functions on M. According to Proposition 3.5, every bivector field & on M is a Pois-
son structure because [, 7] 5 is a trivector field on M, hence is zero. We conclude
that the space of all Poisson structures on M coincides with the vector space X%(M)
of all bivector fields on M. In particular, two Poisson structures on M are always
compatible (see Section 3.3.2). For every point m of M, the rank of 7 at m is zero or
two. Discarding the case of the trivial Poisson structure, it follows that the singular
locus of (M, ) coincides with the set of points of M where 7 vanishes.

Next, let us consider a complex affine surface M C C4 of dimension two,
equipped with its algebra % (M) = Clx,...,x4]/.# of regular functions. We show
that every skew-symmetric biderivation 7 of .%# (M) is a Poisson structure of M.
To do this, we prove that every skew-symmetric triderivation of .% (M) is zero;
since [r, 7| is a skew-symmetric triderivation of .% (M), it follows that 7 is a Pois-
son structure on M. Let us denote by M*™ the set of all smooth points of M. Let P
be a skew-symmetric triderivation on M and suppose that P is different from zero at
some point m € M. Since P can be written as

d d d
P= 3 Pus-N5-N5—,
1<idiiked 9% 0xj Oxg

where Pjj := P[x;,x},x;], this means that P, (m) # 0, for some i, j, k. It follows
that P is different from zero in a neighborhood of m in M. Since M*™ is dense
in M, this means that P is non-zero in the neighborhood of some smooth point of M.
However, as we have seen in Section 2.3.2, the set of smooth points of M carries
a natural structure of a complex manifold, and every skew-symmetric triderivation
of .Z (M) corresponds on it to a trivector field. Since M*™ is a two-dimensional
manifold, every trivector field on M*™ is zero, hence P is zero on M*™, and we
arrive at a contradiction. This shows that P vanishes at every point of M, hence
that every skew-symmetric biderivation 7w of % (M) is a Poisson structure on M. As
in the case of two-dimensional Poisson manifolds, the rank of 7 can only take the
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x=0

Fig. 9.1 The singular locus of the Poisson structure = = % A 9%_ is the zero locus of y, i.e., the
curve defined by y = 0. A

values zero and two at the points of M, and the singular locus of (M, 7) coincides
with the set of points where 7 vanishes (assuming that 7 is non-trivial).

Finally, consider F2, with standard coordinates (x,y), equipped with its algebra
of functions .7 (F?); recall that .7 (F?) denotes the algebra of polynomial functions
on [F? if IF is an arbitrary field, but can also be the algebra of smooth or holomorphic
functions on F? if F = R or F = C. Every skew-symmetric biderivation on .% (IF?)
or bivector field on F? (i.e., every Poisson structure on Fz) is of the form

n:xi/\i, where y € .7 (F?) , 9.1)
ox dy

and by the above, every such 7 is a Poisson structure on F2. Hence, there is a one-
to-one correspondence between the following three objects: the algebra .7 (F?) of
all functions on F2, the vector space X?(IF?) of all bivector fields on F? and the set
of all Poisson structures on [F2. The singular locus of 7 coincides with the zero locus
of x, which is the curve {y =0} C F2. See Fig. 9.1.

9.1.2 Local Point of View

Let M be a (real or complex) manifold of dimension two and let .% (M) denote its
algebra of smooth or holomorphic functions. Let (U, (x,y)) be a coordinate chart
of M. According to (1.23), every bivector field on U can be written as

Jd d
T=Y—A—, here ¥y = n[x,y| € #(U) . 9.2
Xg gy Wherex yle Z#(U) 9.2)
We have seen in Section 9.1.1 that every bivector field on U is a Poisson structure.
The rank of 7 is two at all points m € U where y(m) # 0 and is zero at all other
points of U.
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Let us show that, although the Jacobi identity is trivially satisfied in dimension
two, and although all Poisson structures in dimension two are locally given by the
simple formula (9.2), two Poisson structures in dimension two may, both from the
algebraic and geometric points of view, be very different in the neighborhood of
their singularities.

To illustrate this, let (M, ) be a two-dimensional Poisson manifold and let m be
an arbitrary point of M. We write 7 in a neighborhood of m in M as

PP dy’
where x,y are local coordinates, vanishing at m, and where y := 7|x,y]. We distin-
guish the following three cases:

(1) If y(m) # 0, which means that the rank of 7 at m is two, then there exists,
according to Weinstein’s splitting theorem (Theorem 1.25), a coordinate neighbor-
hood U of m in M, with coordinates x,y, centered at m, such that, on U,

p=2pnl
Cox  dy’

(2) If x(m) =0 but d,,)y # 0, Example 7.27 tells us that & is linearizable at m,
i.e., there exists a coordinate chart for M, still denoted by (U, (x,y)) and centered
at m, such that

(3) If x(m) =0 and d,,y = 0, then the zero locus of the function y has a sin-
gularity at m. Let us consider the case of quadratic Poisson structures on C2. Two
examples are given by

(22 20 0

o= (x"—y )ﬁAa_y and m:=x a/\a—y.
Since the singular locus of 71 consists of the pair of lines y = £x, while the singular
locus of m, consists of the (double) line x*> = 0, it is clear that these Poisson struc-
tures are (even locally, in the neighborhood of a point of their singular locus) not
isomorphic. This simple example illustrates the fact that there are at least as many
non-isomorphic Poisson structures on the plane, as there are non-isomorphic alge-
braic curves in the plane. In fact there are more. In order to see this, consider the
following two Poisson structures:

9,9
dx dy’

Jd d
2 .2 2 .2

m o= (x" — and m3:=2(x"—y" ) =—A—=.

1 ( y ) 3 ( y )ax 8)’

Since they are proportional, they have the same zero locus, but they are not isomor-
phic as Poisson structures, a fact which can easily be checked by using Proposi-

tion 8.8.
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As we will see in the next section, there is a partial local classification of Poisson
structures on C? (or R?), under the strong hypothesis that the singular locus of the
Poisson structure admits a simple singularity (at the origin).

9.1.3 Classification in Dimension Two

In this section, we consider the classification problem for Poisson structures in di-
mension two. Since the Jacobi identity is trivially satisfied in dimension two, the
classification amounts to the simpler problem of classifying bivector fields in di-
mension two, yet only partial results are known. The classification theorem which
we will present below has the following restrictions:

(1) The Poisson structures and the coordinate transformations which are consid-
ered are formal,

(2) The Poisson structures which are considered, are assumed to have a singular
locus which admits a simple singularity at the origin;

(3) The ground field is C.

As is made explicit in the notes at the end of the chapter, some of these restrictions
can be weakened.

We first give an overview of the results and the ideas which will be presented in
this section; full proofs will be given in Subsections A, B, C and D below. We begin
by giving the definition of a formal Poisson structure on C2.

Definition 9.1. A formal Poisson structure on C? is a Poisson bracket on the algebra
of all formal power series in two variables C|[x, y]].

As we show in Subsection 9.1.3.1, every formal Poisson structure on C? is of the
form « % A (%, with o € C[[x,y]], and every such biderivation is a formal Poisson

structure on C2,

By definition, a formal coordinate transformation of C? is an algebra isomor-
phism @ : C[[x,y]] = C|[x,y]] such that the formal power series @(x) and @(y) have
no constant term. Two formal power series o, 3 € C|[x,y]] are said to be equivalent
if there exists a formal coordinate transformation @ of C2, such that ®(o;) = . The
following formal version of the inverse function theorem holds: if @ is an algebra
homomorphism such that the formal power series @(x) and @(y) have no constant
term and whose Jacobian

ID(x) ID(x)

: ox dy
Jac ® :=det
ID(y) IP(y)
ox dy

is invertible, i.e., its constant term is different from zero, then @ is a formal coordi-
nate transformation.



238 9 Poisson Structures in Dimensions Two and Three

Let @ be a formal coordinate transformation of C2. Given a formal Poisson struc-
ture 7 on C2, there exists a unique formal Poisson structure on C2, denoted @, 7,
such that @ : C[[x,y]] = C|[x,]]

@ : (Cllx,yl], @) = (C[[x,y]], 7)

is a morphism (hence isomorphism) of Poisson algebras. Explicitly, @, 7 is given
by
(@.7)[B.7]:= @~ (m[@(B), 2(7)])

for all 3,y € C[[x,y]]. Since

o d
.= (d)*ﬂ:)[x,y}a N a—y 5

it follows that, if we write 7 in the form & = (x% A (%, then @, i takes the form

&, =D (ot Jac(D)) 9,2

> A ER 9.3)

It leads to the notion of equivalence of formal Poisson structures (on C?).

Definition 9.2. Two formal Poisson structures 7; and 7, on C? are said to be for-
mally isomorphic if there exists a formal coordinate transformation of C2, such
that mp = @, ;.

We consider formal Poisson structures on C2, with a simple singularity at the origin,
i.e., formal Poisson structures of the form o % A a%, where a € C[[x,y]] is a formal
power series, without constant term, which admits a simple singularity at the origin
(see Subsection 9.1.3.1 below for a precise definition of this notion). According to
a theorem by Arnold, such a formal power series ¢ is equivalent to a weight ho-
mogeneous polynomial )y € Clx,y] (see Theorem 9.7 below). Combined with (9.3),
this implies that every formal Poisson structure on C? is formally isomorphic to a
Poisson structure of the form 5

0
Xﬁa/\a—y ) 9.4)

where y € C[x,y] is a weight homogeneous polynomial and 8 € C|[x,y]] is a for-
mal power series whose constant term is different from zero. The next step in the
classification is the following proposition, which states that the formal power se-
ries f in (9.4) can be replaced, modulo a non-zero additive constant, by a weight
homogeneous polynomial.

Proposition 9.3. Let m = y 3 % A g—) be a formal Poisson structure on C?, where
x € Clx,y] is a non-constant polynomial, which is weight homogeneous with respect
to the weight vector ® = (@1, @), and B € C|[x,y]] is a formal power series, with
constant term 1. Then 1 is formally isomorphic to a Poisson structure of the form
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Jd 4

x(1+w)£Aa—y,

where y € Clx,y| is a weight homogeneous polynomial of weight @ () — ©) — ©.

See Subsection 9.1.3.3 below for a proof of this proposition. It follows that a Poisson
structure which admits a simple singularity at the origin is formally isomorphic, up
to a non-zero multiplicative constant, to a Poisson structure of the form

Jd d

where y is one of the weight homogeneous polynomials which appear in Arnold’s
classification theorem of formal power series with a simple singularity (Theo-
rem 9.7) and ¥ € C[x,y] is an arbitrary weight homogeneous polynomial of weight
@ ()) — @) — @,. For each y in Arnold’s list, one easily determines all possibili-
ties for y, which leads to the following classification theorem of formal Poisson
structures on C?, which admit a simple singularity at the origin.

Theorem 9.4. Let © = a% A g—) be a formal Poisson structure on C2, where
o € C[[x,y]] is a formal power series, which has a simple singularity at the ori-
gin. Then, up to a non-zero multiplicative constant, T is formally isomorphic to a
Poisson structure of the form n % A a% where 1 € Clx,y] is one the polynomials
which appear in the third column of the following table.

Type k n
A k>1 X2 42k
Ayy | k=1 (¥ +y%) (1445 1)
Dy k>2 (xzy—&—yz"*l) (1+7Lx+uyk*1)
Doypyr | k=2 (Py+y) (1+Ax)
Es x4yt
E7 (x3+xy3) (1+ly2)
Eg X +y

Remark 9.5. The Poisson structures which appear in the classification theorem are
not claimed to be all non-isomorphic. Special care has to be taken with respect to the
phrase “up to a non-zero multiplicative constant”, which appears in its statement. In
general, a formal Poisson structure 7 on C? is formally isomorphic to every Poisson
structure of the form Ax, with A € C*, but there are exceptions. We already gave
in Section 9.1.2 an example of two proportional quadratic Poisson structures which
are non-isomorphic. In order to make a more general statement, let y be a weight
homogeneous polynomial of C[x,y], with respect to the weight vector (@}, ®,) and
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of weight @(y). Let us consider the Poisson structure on C? corresponding to ,
namely 7 :=y % A (%. Define, for arbitrary a € C*, the formal coordinate transfor-

mation of C2, which amounts to rescaling x and y as follows:
D,(x) :=a"x, D@,(y):=a"y.
According to (8.8) and (9.3), we have

(@), = a® TP~ 00)y % A jy :
This formula permits us to conclude that, if @()) # @ + @, then every Poisson
structure of the form Az, with A € C* is formally isomorphic to . However, if
@ ()) = @ + @, then each of the formal coordinate transformations @, acts triv-
ially on x; in fact, as can be checked by using Proposition 8.8, the homogeneous
Poisson structures 7 and A7 are, for A # +1, non-isomorphic.

9.1.3.1 A —Formal Power Series and Simple Singularities

In this subsection, we recall some basic notions about formal power series (in two
variables) and we introduce some concepts which are needed to state the theorem of
Arnold about the classification of formal power series with a simple singularity.

A formal power series o € C[[x,y]] can be written in a unique way as o =
i jeN O jx'y/, so the datum of a family (o;); jey in C is equivalent to the datum
of a formal power series in C[[x,y]]. This elementary fact is important when deal-
ing with the question whether certain operations yield well-defined power series: a
formal power series is well-defined if for every i, j € N the coefficient g;; is well-
defined. For example, the product of two power series is well-defined, because each
term of the product is given by a finite sum. Similarly, if & € C[[x,y]] is a formal
power series without constant term, then

l
exp(a) := Q(—‘

ieN B
is a well-defined power series. A formal power series o € C|[x,y]] can be evaluated
at (x,y) = (0,0), which yields the constant term of the series, denoted (0,0), but
can in general not be evaluated at other values of x,y. With the standard addition and

product of power series, it is clear that C[[x,y]] forms an associative algebra, whose
invertible elements are the series o for which (0, 0) # 0.

We define the order of a formal power series o € C[[x,y]] as the minimum of
the total degrees of each of its terms, denoted ord(c). When we are in a weight
homogeneous context, we will also consider the order of a power series o with
respect to a weight vector @ = (@), ®,), where @) and @, are the weights of the
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variables x and y (see Section 8.1.3). Then ordg (), the order of o with respect to
@, is by definition the minimum of the weights of each of the terms of o.

As we said previously, a formal coordinate transformation of C? is an algebra iso-
morphism @ : C[[x,y]] = C|[x,y]] so that the constant terms of @(x) and of ®(y) are
zero. Also, recall that two formal power series o, 8 € C[[x,y]] are said to be equiva-
lent if there exists a formal coordinate transformation @ of C? such that @ (o) = .
Notice that if o and 8 are two equivalent formal series of C[[x,y]], they have the
same constant term.

Definition 9.6. A formal power series o € C[[x,y]] satisfying o/(0,0) = 0 is said to
have a simple singularity at the origin, if a small enough neighborhood of « (for the
Whitney topology, see [17]) intersects only a finite number of orbits associated to
the equivalence of formal power series.

We are now able to state Arnold’s classification in the case of formal power series in
C[[x,y]], with a simple singularity. The names of the singularity types are borrowed
from the classification theory of simple Lie algebras; see [147] for an explanation.

Theorem 9.7 (Arnold’s theorem). Let o € C[[x,y]] be a formal power series with-
out constant term, which has a simple singularity at (0,0). Then o is equivalent to
one of the weight homogeneous polynomials x which appear in the third column of
the following table.

Type k X
Ax k>1 X2 +yk+l

Dy | k=4 |2yt

EG )C3 +y4
E; X ery3
Eg X+ y5

9.1.3.2 B - Formal Poisson Structures on C2

We have defined a formal Poisson structure on C? as a Poisson bracket on the al-
gebra C|[x,y]] of formal power series in two variables. Since a Poisson bracket is
in particular a skew-symmetric biderivation, we first study the algebra of skew-
symmetric multi-derivations of C[[x,y]]. As we will see, the results are very similar
to the case of the algebra of polynomial or holomorphic functions on C2.

The formal partial derivatives % and (% clearly yield derivations of C[[x,y]].
Also, their wedge, % A g—) yields a skew-symmetric biderivation of this algebra.

More general examples are constructed by taking o % +B a% , respectively o % A % ,
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where o, B € C[[x,y]] are arbitrary. We show in the following proposition that there
are no other skew-symmetric k-derivations of C[[x,y]] (k > 1).

Proposition 9.8. The spaces of skew-symmetric multi-derivations of C[[x,y]] are
given by

x! ((C[[)@y]]) = {a% +ﬁ% |, B e C[[x,y]]} ,

2 (Clloll) = {agn 5 Lo Clil}
%k((C[[)gy]]) = {0}, forallk>3.

Proof. Let us prove this proposition for the case of the derivations of C[[x,y]],
the case of the skew-symmetric biderivations and skew-symmetric k-derivations
of Cl[[x,y]] (for k > 3) being analogous. To do that, we first point out that ev-
ery derivation % of C[[x,y]] satisfies the following property: if y € C[[x,y]], then
ord(#[y]) is either —oo (i.e. #[y] = 0) or ord(#[y]) > ord(y) — 1. This can be
done easily by recursion on ord(y), first in the particular case where y € C[[x]]
or y € C[[y]], and secondly for an arbitrary ¥ € C[[x,y]], using the fact that every
v € Cl[[x,y]], with ord(y) > 1, can be written in at least one of the following two
forms:

e  yY=xy + 7, withy; € C[[x,y]], ord(y;) = ord(y) — 1 and p» € C[[y]] ;
e Y=y¥ + 1, with y; € C[[x,y]], ord(y;) = ord(y) — 1 and y» € C|[x]] .

Now, let 7 € X!(C[[x,y]]) and consider the formal power series o := ¥ [x] and
B := ¥[y]. We prove that ¥ = a% +Ba%, by showing that # := ¥ — Oc% fﬁg—}
is zero. First, # is a derivation of C[[x,y]] and # [x] = # [y] = 0, hence #  vanishes
on every polynomial in C[x,y]. Let now y € C[[x,y]] be an arbitrary formal power
series. Suppose that #[y] # 0 and let s := ord(#'[y]). We decompose the formal
power series ¥ as follows: ¥ = ¥; + fs, where ¥, € Clx,y] is a polynomial of total
degree at most s+ 1 and s € C[[x,y]] is a formal power series of order at least s+ 2.
Since # vanishes on all polynomials, % [y] = #[ys] + # %] = #[}]. so that

ord(#[y]) = ord(# [¥]) = ord(§) — 1 = s+ 1=ord(#[y]) + 1,

which is impossible. Therefore, #[y] = 0 for all formal power series ¥ and the
equality ¥ = a% +B 8% follows. O

It follows from Proposition 9.8 that every formal Poisson structure 7 on C? is of
the form:
d
T=0==

Qx/\&_y’

for some formal power series o € C[[x,y]]. Moreover, X*(C[[x,y]]) = {0}, so that
the Schouten bracket of every skew-symmetric biderivation of C[[x,y|] with itself

9.5)
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is zero, which implies that every such biderivation defines a formal Poisson struc-
ture on C2. Thus, there is a one-to-one correspondence between the following three
objects: the algebra C|[x,y]] of all formal power series in two variables, the vector
space X2(C[[x,y]]) of all skew-symmetric biderivations of C[[x,y]] and the set of
all formal Poisson structures on C2. Notice that the series o in (9.5) is given by
o = 1t[x,y], so that a formal Poisson structure 7 on C? is completely determined by
its value on the variables x and y. Given the above one-to-one correspondence, it is
natural to transport the property that a function has a simple singularity, to the case
of a formal Poisson structure on C2.

Definition 9.9. Let 7 = o % A % be a formal Poisson structure of C2, satisfying

(0,0) = 0. If o admits a simple singularity at the origin, then 7 is said to admit a
simple singularity at the origin.

To finish this subsection, we introduce a certain class of formal coordinate trans-
formations of C?, which are constructed from derivations of C[[x,y]]. Let ¥ be a
derivation of C[[x,y]] and assume that for every 8 € C[[x,y]] the series ¥[B] is ei-
ther zero or of order larger than the order of 3, with respect to a weight vector @.
For every k > 1 and for every B € C[[x,y]], the formal power series #*[B] is either
zero or of order at least k + ordg (). Therefore, for every i, j € N, the coefficient
of x'y/ in the infinite sum

exp (¥ Z 0 “I/k
keN

is determined by a finite number of terms, and we have a well-defined map
exp (7) : Clpx,y]] = Cllx,y]] -

Clearly, the formal power series exp(?) (x) and exp(¥')(y) vanish at the ori-
gin. We show that exp (¥) is an algebra homomorphism; i.e., that exp(¥)(By) =
exp(¥)(B) exp(¥)(y), for all B,y € C|[x,y]]. Since ¥ is a derivation of C[[x,y]],
we have for all B,y € C[[x,y]],

g =3 (1) 70 7w,

k=0

so that

-3y

tEN ieNk=0"
i 1 i
:,'GZN;ZE) pEyaTyY VB V()
= 3 VB0 = () (B) exp(¥)(1)
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The equality which is proven in the above computation is an equality of formal
power series (for a given 8 and y); since at every step, each term of the series is
determined by a finite number of terms, the above manipulations of infinite sums
are valid. Since the Jacobian of exp(¥') equals 1 at (0,0), exp(?') defines a formal
coordinate transformation of C2.

An important class of derivations 7" which satisfy the above property, consists of
the derivations aég, where a is a formal power series without constant term and @
is a weight vector. In this case, we have for every non-constant formal power series 3
that ordg (&5 [B]) = ordg () + ordg (B), so that exp(a:éy) is a formal coordinate
transformation of C2. Fixing a formal power series o without constant term, we will
refer to the family (exp (106 )),cc as the formal flow of the derivation aég. For
fixed #, the formal coordinate transformation exp (fatéz) of C? is called the formal
Sflow of aég att.

9.1.3.3 C - Proof of Proposition 9.3

The aim of this subsection is to prove Proposition 9.3. Throughout the subsection,
o = (0, ;) is a fixed weight vector; weight homogeneity of a polynomial and the
order of a formal power series are to be understood as being with respect to @. As
before, &5 denotes the weighted Euler derivation and we denote |@| := @ + ;.

We start with three technical lemmas.

Lemma 9.10. Let © = y 3 % A (% be a formal Poisson structure on C?, where x
is a (non-zero) weight homogeneous polynomial and B is a formal power series,
satisfying B(0,0) = 1. Let o € C|[x,y]] be a formal power series without constant
term and let (@,);cc denote the formal flow of o &g. For everyt € C, the polynomial
x € Clx,y] divides the skew-symmetric biderivation (®;).T.

Proof. According to (9.3), (&;).7 = }/% A % where y € C[[x,y]] is given by

y=& " (xBJac®) =& (Blacd) &' (x). (9.6)

It therefore suffices to show that y divides <D,’1(x) for every ¢ € C. To do this, we
will show that there exists a one-parameter family (A;);<c of formal power series in
C[[x,y]], such that

@7 () = hix .
and such that moreover each coefficient of the power series A, depends polynomially
on ¢ € C. Suppose that (A;);cc is a one-parameter family of formal power series in

C[[x,y]], which satisfies Ao = 1 and A,(0,0) # 0, for every ¢ € C. Then we have the
following equivalences:

O \(x)=hx = wx==o(),
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where L, 1= ﬁ is a formal power series in C[[x,y]] (depending on #), since
4

@;(A4)(0,0) = A(0,0) # 0 for all . Our problem is therefore reduced to constructing

a one-parameter family (1 );cc of formal power series in C[[x,y]], such that @; () =

U X, such that each coefficient of the power series 1, depends polynomially on ¢, and

such that yp = 1 and 1,(0,0) # O for all r € C. Under the latter hypothesis on L, we

have the following equivalences:

Wex =P(x) = (ui <1>;(x)>' =0

1
i i _
— - @t(%) + — @ (O((g}wbd) =0
K Uy

1

= adpy] =& <%> 2
t

= o(y)a=ao! (&) ,
Uy

where we have used in the second equivalence that (@, ),cc is the formal flow of
o &g, and the weighted Euler formula (8.10) in the last equivalence. Our problem is
thereby reduced to solving the linear differential equation

w=o(x)P (o), , 9.7
with initial condition yy = 1. As in calculus,

t

wi=exp | 0(z) [ @cla)ar
0

is the unique solution. It is for each ¢ a well-defined formal power series (since the
1

formal power series [ @;(c)dt does not have a constant term) whose coefficients
0

depend polynomially on ¢, and it satisfies 1, (0,0) = 1, for all # € C. This proves the
announced existence of the family (i );cc, and hence of the family (A;);cc, which
proves that y divides (@), &, forallz. O

Lemma 9.11. Let 1 = o % A é)—) be a formal Poisson structure on C? and let us
write . as

o= X50+‘G)" +ee +XSr—H(75| +a )
where so < s1 < -+ < s, € Z and where X 5|, Xs,+|@| are the first r+ 1

non-zero weight homogeneous terms of the formal power series o, of weight
so+|@|,...,s,+|@| and & is a formal power series in Cl[x,y]] of order at least

! For a family (F)iec of power series in C[[x,y]], whose coefficients are polynomial functions
of t, we denote by F;, respectively by fé F:dt, the formal power series obtained by differentiating,
respectively integrating, each coefficient with respect to 7.
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Sy + |@| + 1. Assume that there exists a weight homogeneous derivation V =
¢4 % + “1/29% of Cl[x,y]], such that

J0 0 J d
Ly (%‘yﬁm i A 8_y> = Xstlol 5, A Erl 9.8

Let @ be a formal coordinate transformation of C?, defined by @ := exp(¥). Then
O.1=p % A a% where B is of the form

B=Xsiim| T+ X o B (9.9)

with B € C[[x,y]] and of order at least s, + |@| + 1. Stated briefly, ® eliminates the
term X, 1 |@| without modifying the terms of lower weight.

Proof. Let m = a% A a% and suppose that there exists a weight homogeneous
derivation 7/, satisfying (9.8), where X | g and ¥, || are the parts of o of weight
so + |@|, respectively of weight s, + |@|. Then #] and ¥#; are weight homogeneous
polynomials of weight @(%#]) = s, —so + @) and @(¥5) = s, — 5o + @,. It implies
that @ := exp(7) is a well-defined formal coordinate transformation of C?; explic-
itly, @(x) and ®(y) are of the form

{@(x)=x+7/1 +N, 9.10)

D) =y+ ¥+,

~

where 7 is a formal power series in C|[[x,y]] with ordg (7)) > sr—so+ @; fori =

1,2, so that
0] b =0 % =5,— 3
9 ) oy ) = 0
o Z
ordg | =— | >s,—s09, ordg| —=— | >s-—s0,
x 2]
and

9% 9N 9N INh
I+ —=—+—5 S—+—
dx = dx dy dy
Y IV v I
g2 + g2 1+ 772 4+ g2
ox ox dy dy
It follows that the terms of o Jac @, whose weights are at most s, + |@ |, are precisely
the following:

IN %
Xso+|@|> - -+ Xs_y +@|> Xsp+|@| T Wlsoﬂaﬂ + a—yls0+\w| .
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Let 3 be the formal power series, defined by @, = 3 % A % We denote its term
of weight i by ;. According to (9.3), @(f) = o Jac @, with @ of the form (9.10).
The terms of @(f3), and hence of 3, of weight i, smaller than s, + |@|, coincide with
the corresponding terms of ¢ Jac @. Specifically, all are zero except for

Xso+lo| = Yso+lo) -+ Xs,_ 1 +o| = Vs, +|@] - 9.11)

It follows that the term of weight s, + |@| of @(f) is given by

Vol + 7 [Wsgriol) = Vs sio| + 7 [Xsptial] -
Equating these terms with the terms of weight s, + |@| in o Jac @, we obtain

Y, 9V
Xsi+|o| T (a—xl + a_yz) Xso+lo| = Vs+lo| TV [XS()‘HGT‘] : 9.12)

Recall that ¥ satisfies (9.8). Applied to x and y, this condition means that

71 90
7 Xstial] - (W + a—y> Xso+lo| = Lsr+a] »

which leads, according to equation (9.12), to ¥, ;5| = 0. Combined with (9.11),
this shows that f3 is indeed of the desired form (9.9). O

The following lemma is an analog of Euler’s weighted formula for bivector fields
on C2.

Lemma 9.12. Let y € Clx,y| be a polynomial and let T = x% A (% be a Poisson

structure on C2. If w and 0 are weight homogeneous with respect to some weight
vector @ = (@, ), then

Lysm = (0(x) @] -0(y) yr. (0.13)
Proof. Under the stated assumptions on y and 7, we need to show that
(Lysam) x)] = (@(x) - |@| -0 (y)) yx -
Using several times the weighted Euler formula (8.10), we compute
(Lyeom) [x.3] = Wéalx] — nlyé&plx].y] — nlx, yép(y)]
= Yo (X)X — O xyx,y] - Garlx, vyl
d 0
=(@(x)-o1—@)yx - ﬁ’lx—w + G’zy—w X
ox dy
= (@) -lol-o(y) v,
which yields the desired result. O

Using the above three lemmas, we prove Proposition 9.3.
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Proof (of Proposition 9.3). Lett = x B % A g—} be a formal Poisson structure on C2,
where y € C[x,y] and B € C[[x,y]] are as stated. Since 8 verifies $(0,0) = 1, we
can write B = 1+ y; + 5, where y; € Clx,y] is a weight homogeneous polynomial
of weight s and f; € C[[x,y]] is a formal power series of order at least s + 1. Let
us first show that s can be assumed to be at least equal to @ () — |®@|. Assume that
s < @(y) — |@| and consider the Lie derivative

d ad d

Luto (151 5 ) = @G0~ 8- 9205 A 5
which follows easily from Lemma 9.12. Letting ¥ := y,é5/(@(x) — || —s),
we have that (9.8) is satisfied, with r:= 1 and ¥, 1@ := X and X, 1 |@| = X V-
We can therefore apply Lemma 9.11, which shows that 7 is formally isomorphic
to (x + &)% A a%, where & is a formal power series, of order at least @ (y) + s+ 1.
The formal coordinate transformation (9.10) is in this case of the form exp ¥/,
with ¥ a polynomial times the weighted Euler vector field. Therefore, Lemma 9.10
applies, showing that (y + &)% A % is a multiple of x. In conclusion, 7 is for-

mally isomorphic to y (14 f;) % A 8%’ where f3; is a formal power series of order
at least s + 1. A repeated use of this procedure shows that 7 is formally isomorphic
to x(1 +ﬁ)% A a%, where f3 is a formal power series of order at least @ (y) — |@|.

Let us now show that, using the same technique, the formal power series 3 in
x(1 +[3)% A a% can be replaced by its terms of weight @(y) — |®@|. To do this,

let us write B = Y+ ¢ + ﬁ, where y is a weight homogeneous polynomial of
weight @ () — |@|, where @ is a weight homogeneous polynomial of weight at
least @(x) — |@| + 1, and where B is a formal power series, with ordg § > @ ().
We first show how to remove the term ¢ from J, without changing . Setting
r:=2and ¥ 1|g| = X and X, |p| := X @ it is verified, as above, that the vector
field ¥ := ¢&5/(0(x) — |®| — @ (@)) satisfies (9.8), so Lemma 9.11 applies again,
showing as above that 7 is formally isomorphic to y (1 + v+ &)% A (%, where v
has weight @ () — |@| and the order of & is at least @ () — |@]|.

Repeating this procedure, we can make the order of & arbitrarily large. To make
6 disappear, the procedure needs to be repeated an infinite number of times, i.e.,
we need to consider the algebra homomorphism @ : C[[x,y]] — C|[x,y]] which
is obtained as the composition of an infinite number of the above formal coordi-
nate transformations. However, at each step, the coordinate transformation is of the
form (9.10), with ] and %5 of higher order than the ¥} and #; which were used in
the previous step, each term in @(x) and in @(y) will only depend on a finite num-
ber of the formal coordinate transformations. Therefore, 7 is formally isomorphic
ox(l+y)&EAg. O
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9.1.3.4 D - Proof of the Classification Theorem

We are finally ready to give the proof of the classification theorem of formal Poisson
structures on C2, which admit a simple singularity.

Proof (of Theorem 9.4). Let 1 = « % A % be a formal Poisson structure on C2,

where o € C[[x,y]] is a formal power series, which has a simple singularity at the
origin. According to Arnold’s theorem (Theorem 9.7) there exists a formal coordi-
nate transformation @, such that @' (o) = x, where x is a weight homogeneous
polynomial, with respect to some weight vector @ = (@, @,). According to (9.3),
D= xﬁ% A 3% where 8 € C[[x,y]] is a formal power series, with 3(0,0) # 0.
Using Proposition 9.3, we can conclude that, up to a constant, 7 is isomorphic to
x(1+ u/)% A %, where y is one of the weight homogeneous polynomials which
appear in Theorem 9.7 and where v is a weight homogeneous polynomial of weight
@ () — |@|. It suffices now to consider y in the list of weight homogeneous poly-
nomials of Theorem 9.7 and construct the most general weight homogeneous poly-
nomial y € Clx,y] of weight @ () — |@|, which amounts to finding all monomials
xiy/, with i, j € N satisfying

Oi+mj=0())—0)— 0 . (9.14)

The result is displayed in Table 9.1. O

Table 9.1 The different types of formal simple singularities which appear in Theorem 9.7, with
the corresponding weight vector @ = (@), @), the integers @, and @, being the weights of the
variables x and y. For each type, equation (9.14) and the monomials corresponding to the solutions
of this equation are given.

Type | k X (o), ) Equation (9.14) xiyl
Agp k= 1| 24y 2k +1,2) |2k + )i +2j=2k—1| -
Agjy |k=1] x> +y* (k,1) ki+j=k—1 Yyl

Dy |k=2|x2y+y* | (k—1,1) | (k=1)i+j=k—1 |x y!
Doyt |k =2 X2y+y* [(2k—1,2)|(2k—1)i+2j=2k—1| x
Es B4yt (4,3) 4i4+3j=5 -
E; x4 xy (3,2) 3i4+2j=4 y?
Eg B4y (5,3) 5i+3j=17 -
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9.2 Poisson Structures in Dimension Three

We now consider Poisson structures on manifolds of dimension three. In the two-
dimensional case, we have seen that every bivector field is a Poisson structure,
because the Jacobi identity is trivially satisfied. This is not the case in dimension
three. However, like in the two-dimensional case, the rank of a bivector field, in
particular of a Poisson structure, is at most two (hence zero or two), at every point.
Section 9.2.1 is devoted to Poisson structures on >, while Section 9.2.2 enlarges
the discussion to real or complex manifolds of dimension three. Quadratic Poisson
structures on C? will be classified in Section 9.2.3. In Section 9.2.4, we will consider
singular Poisson surfaces in C.

9.2.1 Poisson Structures on F>

In this section, we study Poisson structures on the affine space 3, which is equipped
with its algebra of functions, denoted by .% (F?). If F is an arbitrary field, this al-
gebra is the algebra of polynomial functions on F3; however, if F = R (respectively
F = C), then .% (F3) may stand either for the algebra of smooth (respectively holo-
morphic) or polynomial functions on 3, depending on the context. The standard
coordinates on F? are denoted by (x,y,z). Every bivector field £ on F* decom-
poses as

Jd d Jd d Jd d
ﬂzpla—y/\a—Z+Pza—z/\a+P3a/\a—y7

where P; := {y,z}, P, := {z,x} and P5 := {x,y}. It follows from item (iii) in Propo-
sition 1.16 that this bivector field satisfies the Jacobi identity, and is therefore a
Poisson structure on F3, if and only if

g+ {zad ) +{z {xy}} =0,

which is equivalent to

oP; 0P P, 0P oP, oP .
P (a_y_a_z)+P2(a_Z_§>+P3 (W_a_y)_o. 9.16)

(9.15)

Condition (9.16) can be compactly restated in vector notation. To do this, define a
vector field P on F3 by P = (P1,P,,P3), and denote by (-|-) the standard inner
product on 3 and by curl the curl operator. Then (9.16) can be rewritten as

(Pleurd P)=0. 9.17)

Condition (9.17) provides an elementary way to produce examples and to establish
results about Poisson structures on F3 by using well-known properties of vector
analysis. For instance, recall the classical identity
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curl (x?) :xcurlﬁ—ﬁ—gradx x?, (9.18)

which is valid for every function y € .% (F?) and for every vector field P on [F3; in
this formula, x stands for the vector product in F* and grad is the gradient operator.
We use (9.18) to prove the following proposition.

Proposition 9.13. Let ©w be a Poisson structure on F3. For every function y €
F (F3), the bivector field Yt is a Poisson structure on F>.

Proof. We denote, as above, by 7 the vector field on F3, associated to 7, so that x?
is the vector field associated to y 7. One computes, with the help of (9.18),

<x?| curl (x?» =y <?| curl?> +x<?\ grad y x ?> .

By (9.17), the assumption that & is a Poisson structure gives the vanishing of the
first term on the right-hand side of this equation, while the vanishing of the second
term follows from the identity (A|B x A) = 0, valid for all A,B € F3. This shows
that condition (9.17) is satisfied for x?, so that the bivector field 7 is a Poisson
structure on F3. O

Another classical identity which involves the curl operator is
curlgrado =0,

valid for every function ¢ € % (IFS) It implies, in view of (9.17), that when the
vector field P, associated to a bivector field 7, is the gradient of a function, P =
grad @, then 7 is a Poisson structure. Substituted in (9.15), this means that

dpd d ded Jd ded I
o= xay oz Ty o ox oz ax’ ay ©-19)
is a Poisson structure on I3, for every function ¢ € .7 (F?). Let A = dxAdy Adz
denote the standard volume form on F>. Then it is clear from (9.19) that Ty and d@
are related by

r,A =do, (9.20)

which yields an alternative definition for 7y. Also, this Poisson bracket comes from
a standard Nambu—Poisson structure of order 3 on 3, upon using the function ¢,
as described in Proposition 8.35. Therefore, the Poisson bracket {F, G}q) of two

arbitrary functions F,G € .Z (F?) can also be written as

dF AdG Ade

FG},=——"—".
{F.Gly dxAdyAdz

In particular, @ is a Casimir function for 7. Proposition 9.13 implies the following
statement.

Proposition 9.14. Let ¢ € .7 (F?) be an arbitrary function on F> and consider the
bivector field y on I3, defined by (9.19). For every function y € .F (IF3) the bivec-
tor field 1y is a Poisson structure on 3 and it admits ¢ as a Casimir function.
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This proposition motivates the next theorem. By a slight abuse of terminology, we
call Casimir function of a bivector field m = {-,-} (not assumed to be a Poisson
structure) every function ¢ € .% (F3) such that {F, ¢} = 0 for all F € .7 (F?).

Proposition 9.15. Let 7w be a bivector field on F> and suppose that ©t admits a
Casimir function Q.

(1)  If the differential of ¢ is different from zero in a dense subset of F3, then T is
a Poisson structure on ]F3;
(2)  If the bivector field & is a polynomial Poisson structure, and if the Casimir

function @ is a polynomial function for which the partial derivatives g—f, %—f

and %—f are relatively prime, then there exists a polynomial function ) €
F (Fg) such that T = Y Ty, where Ty is the Poisson structure defined in (9.19).

Proof. The bivector field 7 is a Poisson structure on F° if and only if the Schouten
bracket [, 7| is zero. Since

%[”775]S[F’G7H] ={F.G}, H} +{{G,.H} , F}+{{H ,F},G} ,

for all functions F, G, H € .% (IF?), we have that, if ¢ is a Casimir function of 7, then
(7, 7t|g [F,G, 9] =0, for all F,G € % (F?). Let us show that this implies that, if ¢ is a
Casimir function of 7 and d¢ is non-zero on a dense subset of F3, then [, 7] s=0,
so that 7 is a Poisson structure on F>. Since [, 7| is a trivector field on F?, it can
be written as

Jd d d

R i Tl 9:21)

where y € .Z (F?). Plugging F := x and G :=y in [r, 7| [F,G, 9] = 0 we obtain,
in view of (9.21), l//%(f = 0. Similarly, one obtains ly%—f = ly‘%’ =0, by plugging
in the two other pairs of variables. Since, by assumption, d¢ is non-zero on a dense
subset of F2, it follows that y = 0 on F?, hence that the trivector field [, 7] is zero
on 3. This proves (7).

We next prove (2). We assume that 7 is a polynomial Poisson structure on F3 and
we define polynomial functions Py, P, P; € .7 (F?) by

o 0 d 0 0 4
ﬂ—P]a—y/\&—Z'f‘Pza—Z/\a“rfﬁa/\&—y

Suppose that ¢ is a polynomial Casimir function of m. We apply the equation

{F,} = 0, which is valid for all F € .#(F3), successively to F := x, F :=y and

F :=z. It gives the following relations between the functions Py, P, and Ps:
20 _, 99 90 _,0¢

Pb—=P—, BbB—=P—=, P—=P——
Z

9z By 5y P ©-22)
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Let us assume that the partial derivatives %—f, %—;’f, %—‘5 are relatively prime, and let Q

denote the greatest common divisor of a(p and %—(5. Then it follows from the third
equation in (9.22) that there exists y' € % (IF3) such that

Ie Ie
) — !
OP =y o and QP =Y e (9.23)

In view of the first (or the second) equality in (9.22), this implies that

,d
oP; =y a"’ 9.24)

Since Q and ? are relatively prime, Q divides y’. Define y by Qx = x'. We obtain
in view of (9. 23) and (9.24):
¢ ¢

P1=%§7 P=yx—=— and P3=Xa—z~

This proves (2). O

Remark 9.16. When ¢ is a non-constant weight homogeneous polynomial which is

square-free, then the partial derivatives %—f, %‘p, %‘P are relatively prime, so that the

assumptions about ¢ in item (2) of Proposition 9.15 are satisfied. Let us prove this

claim. If ¢ is weight homogeneous of weight @ (@) # 0, it satisfies the weighted
Euler formula (8.10),

¢ ¢ ¢

0] =0 x=— +Wy—=— + 0372—=— 9.25

(9)9 =Bix -+ Oy 50+ Bz - (9.25)

where @1, @, and @3 are the weights of the variables x,y and z. Suppose that Q €

Z (F3) is a non-constant irreducible polynomial function which divides the partial

derivatives aq’, %‘;’ and a<p . It follows from (9.25) that Q d1v1des . Smce Q is non-

constant, at least one of the partial derivatives aQ, %g and say , is different

from zero. Since the irreducible polynomial Q divides ¢ and E’ its square Q?
also divides ¢, so that ¢ is not square-free. Therefore, if ¢ is non-constant, weight

homogeneous and square-free, then a(p a‘p and (p are relatively prime.

We finish this section with an example of Poisson structure on F> which is not
of the form )y, and which in fact does not admit Casimir functions defined on 73,
except constant functions. Consider the bivector field on I3, defined by

. d n d A d
= (x=—+y=— -—.
ox y&y dz
Note that it appeared already in Example 7.12. The associated vector field is given
by 7 (y,—x,0), whose curl is (0,0,—2), so that <?| curl?> 0, which means,
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in view of (9.17), that 7 is a Poisson structure on . A function ¢ € .7 (M) is a
Casimir function for 7 if and only if

¢ e 9@

— =0 and x=—+4+y—=—=0.

0z *ox Y dy
The first equation means that ¢ does not depend on the variable z, while the second
one implies, in view of the Euler formula (8.5), that ¢ is homogeneous of degree 0
in the two remaining variables. According to Proposition 8.3, every homogeneous
function of degree zero is constant, so every Casimir function of 7 is constant. It
follows from Proposition 9.14 that 7 is not of the form y7,, with x, ¢ € .7 (F?).

9.2.2 Poisson Manifolds of Dimension Three

We now turn to Poisson structures on three-dimensional manifolds. Since the rank
of a Poisson structure is an even number, smaller than or equal to the dimension of
the manifold, the rank of every Poisson structure on a three-dimensional manifold
is equal to two (except when the trivial Poisson structure is considered, in which
case the rank is zero). Many properties of such Poisson structures hold true because
their rank is two, rather than because the dimension of the manifold is three. We
will therefore, in Subsection 9.2.2.1, first study the properties of rank two Poisson
structures on manifolds of arbitrary dimension.

9.2.2.1 A - Poisson Structures of Rank Two

Let 7 be a bivector field on a manifold M. For every m € M, we consider the asso-
ciated linear map 71:,51 :TiM — T,,M. As in the case of Poisson structures, the rank
of 71:,51, which is always even, is called the rank of m at m, and & is said to be a
bivector field of rank two if the rank of 7 is at most two at all points of M and is
two at least one point of M. We denote by M, the open subset of M of points at
which the rank of 7 is two. If 7 is a bivector field of rank two on M, then the subset
{n&,(Tn’;M ) | m € M5} of the tangent bundle is a distribution of rank two on My).
We show in the following proposition that the Jacobi identity for 7 is equivalent to
the involutivity of this distribution.

Proposition 9.17. Let T = {-,-} be a bivector field of rank two on a manifold M,
and let M5y C M denote the open subset of points at which the rank of T is two.

(1) LetU be an open subset of M and let F and G be functions on U. Then, on U,
we have
{F,G}n=2ZrNZc; (9.26)

(2)  The bivector field 1 is a Poisson structure on M if and only if the distribution
{m(T2M) | m € M)} on M(y) is involutive.
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Proof. Suppose that 7 is a bivector field of rank two on M. Let F' and G be arbitrary
functions, defined on a non-empty open subset U of M. Let m be an arbitrary point
of U. We show that

{F,G} (m) 1ty = (ZF),y N(Z6), - 9.27)

Suppose first that the tangent vectors (2F), and (Z¢)n are proportional, say
(Z6)m = a(ZF)m for some a € F. Then the right-hand side of (9.27) vanishes
at m, while

{F,G}(m) = (Z6)m[F] = a(ZF)n|F| = a{F,F}(m) =0,

so the left-hand side of (9.27) also vanishes at m. Thus, equation (9.27) is satisfied.
Assume now that the tangent vectors (ZF ), and (Z¢)n are not proportional.
Since the rank of 7 at m is two, these tangent vectors span ngl(Tan ), so that for
every function H, defined on a neighborhood of m € M, there exist a,b € F such

that
(%H)m :Cl(m@ff)m-i-b(%c;)m . (9.28)

Applying (9.28) to F yields
(%H)m[F] = a(%F)m[F] +b(%G)m[F] = b{FvG} (m) )

and we obtain that {F,H} (m) = b{F,G} (m). Similarly, applying (9.28) to G yields
{G,H} (m) = —a {F,G} (m). Substituted in (9.28), we obtain

{F.G}(m)(Zu)m = {F,H} (m)(Z6)m = {G, H} (m)(ZF)m

Since H is arbitrary, this proves (9.27) also when (2F ), and (£g)m are not pro-
portional, thereby proving (7).

We now prove (2). If 7 is a Poisson structure of rank 2 on M, then {n&(T,,*lM ) |
m e M(Z)}, the distribution on M), defined by all Hamiltonian vector fields, is
involutive because [ZF, Zg] = — Z{F ) for all functions F and G. Conversely, let
7 be a bivector field of rank two on M and assume that the distribution {7}, (T:M) |
m e M(z)} is involutive. Let m be a point of M. If &, is zero, then the Schouten
bracket |7, s» evaluated at m, vanishes as well. If 7, is different from zero, so that
m € M(3), then there exist functions F, G, defined in a neighborhood U of m, such
that {F,G} # 0 on U. According to (1), 1 = ¥ A Zg on U, where ¥ := {FG} A
direct computation, with the help of the graded Leibniz identity (3.42), gives

é[n,n]sz”i//\[”//,%g]/\%g.

Since 2 and ¥ are tangent to the distribution {75,(TM) | m € M5)}, assumed to
be involutive, the bracket [¥', 2] is also tangent to the latter distribution. Hence,

([, m]g)m € /\37t,,ﬁ,(T M), for every m € M(y). But the latter space is zero, since
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ﬂ,j,,(T,;M ) is a two-dimensional vector space. In conclusion, the Schouten bracket
of 7 with itself vanishes at every point in M, so that 7 is a Poisson structure. [

As a corollary, we obtain the following analog of Proposition 9.13.

Proposition 9.18. Let @ be a Poisson structure of rank two on a manifold M. For
every function ¢ € & (M), the bivector field T is a Poisson structure.

Proof. A proof can be given by picking local coordinates and using Proposi-
tion 9.13. We give a more geometrical proof. Consider the open subsets M) and

MEZ) of M consisting of all points where the rank of 7, respectively of ¢, is two. It

is clear that MEz) C M) and that for every point m € M, 62)’ the vector spaces

(pm);,(TuM) and 7} (T, M)

coincide. The distribution on M 22) defined by the latter vector spaces is involutive,

in view of item (2) in Proposition 9.17. Hence, the distribution on M (’2) defined by

the former is also involutive, which in view of the same proposition, implies that ¢
is a Poisson structure on M. 0O

If in Proposition 9.18 the function ¢ is nowhere vanishing, the vector spaces
(qoﬂ:)gn(T,zM ) and ﬂ,&,(Tn’jM ) coincide for all m € M, so that both Poisson structures
have the same symplectic foliation. For regular Poisson structures of rank 2, the
following inverse statement holds.

Proposition 9.19. Let 7y and m be two regular Poisson structures of rank 2 on
a manifold M. If ©; and m have the same symplectic leaves, then there exists a
(unique) nowhere vanishing function y € % (M), such that Ty = Y T,.

Proof. Suppose that m; and m, are Poisson structures which have the same sym-
plectic leaves. For m € M, denote by .¥, their common symplectic leaf through m.
If both Poisson structures are regular of rank 2, then on the one hand, 7;,.%, is a
two-dimensional vector space, so that A2T,,. %y is one-dimensional, while on the
other hand both (7;),, and (72),, are non-zero elements of A>T,,.%,, so there exists
aunique x (m) € F*, such that 7; (m) = y(m)m(m). Thus, under the above assump-
tions, there exists a nowhere vanishing function y on M, such that w; = ym,; since ¥
is given locally as the quotient of two non-vanishing functions, y belongs to . % (M).
O

9.2.2.2 B - Poisson Manifolds of Dimension Three and One-Forms

Let M be a real orientable manifold of dimension three and let A be a vol-
ume form on M. Recall from (4.19) that there is a natural .% (M)-linear isomor-
phism % : X¥(M) — Q3~*(M), defined for Q € X*¥(M) by

*Q 1 =19A .
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In particular, to a bivector field # on M corresponds a differential one-form o :=
*TT = izA on M. In this subsection we wish to express the properties of 7w, for ex-
ample the condition that 7 be a Poisson structure on M, in terms of the differential
one-form . Of course, this differential one-form depends on the chosen volume
form: replacing A by FA, with F' a nowhere vanishing function, amounts to replac-
ing o by Fo.

Proposition 9.20. Let M be a real orientable manifold of dimension three. Suppose
that 1 is a bivector field on M.

(1) Let A be an arbitrary volume form on M, and let o := 1z A. Then 7 is a Poisson
structure on M if and only if

oANda=0. (9.29)

In this case, for every m € M at which the rank of ©© is two, the kernel of oy, is
the tangent space of the symplectic leaf of © through m;

(2) The bivector field i is a unimodular Poisson structure if and only if there
exists a volume form A on M, such that the differential one-form o := iz A is
closed.

Proof. Recall from Cartan’s formula (3.38) that if P and Q are two multivector fields
on M, then

[lze,d] 0] = t1pg); -
Specializing to P := & and Q := &, and applied to the volume form A, it yields

2ipdigh = Un,7) A (9.30)

N

Multiplied by the volume form A, and expressed in terms of ¢, (9.30) becomes
2(xda)A = (g, A)A - (9.31)

Now, for every bivector field P and for every differential 2-form f3, the fact that A is
a top form implies that?

(tpB)A =B Niph . (9.32)
In particular, (1zda)A = do AizA = da A o, so that (9.31) gives eventually:

2dana= (l[n.n]sl) A

As a consequence, doe A o = 0 if and only if [, 7w]g = 0, i.e., if and only if 7 is a
Poisson structure on M. This proves the first part of item (7).

Let us prove the second part of (7), i.e., that if the rank of 7 at m is two, then
the spaces Ker(o,) and T,,.%,, coincide, where .7, is the symplectic leaf of r,
passing through m. Since both vector spaces are two-dimensional, it suffices to show

2 In the actual case where the dimension of M is 3, a simple proof of (9.32) can be given by taking
local coordinates in which A = dx AdyAdz.
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the inclusion 7,,.%,, C Kero,,. The tangent space at m to ., is spanned by the
Hamiltonian vector fields ZF at m, where F is an arbitrarily function, defined in a
neighborhood of m. Now,

o(Zr) = (1zA) (ZF) =A (T AN ZF) ,

and w A ZF = 0 because the rank of 7 is 2 (see (9.26)), so that (27 ), € Ker o, for
every m € M and for every function F, defined in a neighborhood of m in M. This
completes the proof of (7).

We now prove (2). Recall from (4.24) that the modular vector field @ of & with
respect to a given volume form A, can be expressed in terms of the divergence of ©
as @ = —Div(m). According to the definition of Div (see (4.18)) and the definition
o := 1z A, we have that

*® = —xDiv(n) = —d* 1w = —dizA = —da,

so that @ = 0 if and only if « is closed. Since a Poisson structure is unimodular if
and only if there exists a volume form A with respect to which the modular vector
field @ is zero, this means that 7 is unimodular if and only if there exists a volume
form A such that ¢ := 1A is closed. This shows (2). O

9.2.3 Quadratic Poisson Structures on >

In this section, we present a classification of quadratic Poisson structures on the
affine space C3. Recall from Proposition 8.8 that two quadratic Poisson structures
on I3 are isomorphic if and only if there exists a linear isomorphism of 3, which
sends one of the quadratic Poisson structures to the other one. As before, we denote
the standard coordinates on F* by x,y,z, and we denote by A the standard volume
form

A:=dxAdyAdz.

Recall from Section 8.2.2 that the modular vector field, with respect to A, of a
quadratic Poisson structure is a linear vector field (Proposition 8.23), and recall
from Proposition 4.17 that its divergence with respect to A4 is zero.

Specializing and adapting Proposition 8.26 to the three-dimensional case, yields
the next proposition. By definition, a cubic polynomial function on F is a homoge-
neous polynomial function of degree three on F¢.

Proposition 9.21. There is a one-to-one correspondence between quadratic Poisson
structures on > and pairs (©, @), with @ a linear vector field on F3, and ¢ a cubic
polynomial function on T3, satisfying

Div(®)=0 and @[p]=0. (9.33)

This correspondence assigns to such a pair (@, @) the Poisson structure, defined by
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1
Tog =My~ 3 END, (9.34)

where & is the Euler vector field, and 1 is the Poisson structure defined in (9.19).

Proof. To start with, let us show that, given a linear vector field @ on F> and a cubic
function @ on F3, which satisfy (9.33), the bivector field T, defined by (9.34) is
a Poisson structure. First, both & A @ and Ty are Poisson structures according to
Example 8.15 and Proposition 9.14 respectively. As a consequence,

2 2 2
[T, 0] g = -3 (Mg, END] g = -3 (Zemy) ND+ 3 (Lomp) NE .

It suffices to prove that both of the remaining terms vanish. For the first term, by
Proposition 8.4, the Lie derivative with respect to the Euler vector field of every
quadratic Poisson structure is zero, so that Z¢m, = 0. The vanishing of the sec-
ond term follows at once by applying the following identity, valid for every vector
field ¥ on F3,

Lyny =Div(¥ ) my + Ty (g] (9.35)

to ¥ := @, upon using (9.33). We prove the identity (9.35) by showing that
zg,,/n(p/l =Div(¥) zmpl + ln,,,[q)]l . (9.36)

First, by item (2) in Proposition 3.11 and by (4.20), the left-hand side of (9.36) is
given by

lgyn-(pl = l[y/’ﬂ(p]sl = Xylﬂwl —l—lﬂw.,%//l = ,,%//lnwl +Div(¥) lﬂ(pl . (9.37)

Therefore, it remains to be shown that f«//zn(pk = 1,;,,V[(P]7L, which means, in view
of (9.20), that £y de = d(¥[@]); but this is clear since .Zy and d commute. This
proves (9.35), and hence that the bivector field 7 o defined by (9.34) is a Poisson
structure.

Next, we show that the assignment (@, @) — 7o ¢, defined by (9.34), is surjec-
tive. Let 7 be a quadratic Poisson bracket, and let @, denote its modular vector field.
Proposition 8.26 implies that there exists a closed differential one-form ¢ such that:

1
ﬂ::*ilafgg/\(pn.

By the algebraic Poincaré lemma, there exists a function ¢ such that dp = o; since
a is a quadratic differential one-form, ¢ can be chosen (in a unique way) to be a
cubic function. In view of (9.20), we have x ! ot =~ !dep = Ty Hence, 7 is given
as in (9.34). We still have to check that the pair (@, @) satisfies (9.33). According to
Proposition 4.17, the divergence of the modular vector field @y is zero. According
to Proposition 8.26, we have that Zp, o = 0, so that d(Pr[p]) = 0. Since P[] is
a cubic function, this implies @ [¢] = 0.
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We are left with the task of showing that the assignment, defined by (9.34) is
injective. Since the divergence of 7, vanishes and according to Example 8.25,

Div(7g o) = Div (—%éa/\ <D> =0 %Div((D) E=0,

so that we can recover @ as the modular vector field of 7 . Since the cubic poly-
nomial ¢ can also be uniquely recovered from 7y, both @ and ¢ can be uniquely
recovered from 7g ¢, Which proves injectivity, hence bijectivity of the assignment,
defined by (9.34). This completes the proof. 0O

Proposition 9.21 leads to an explicit description of the family of all quadratic
Poisson structures on I3, as given in the following theorem.

Theorem 9.22. Let it be a quadratic Poisson structure on C3. There exist linear
coordinates on C3 in which 1 takes the form

1
T =Tp— §c§’ AND
where (@, @) corresponds to one of the types 1-VIIL in Table 9.2, where 1, is the
Poisson structure

o =099 9 ded J ded I
? Oxdy 9z dydz dx  dzox ady’

and where & is the Euler vector field on C.

In order to prove this theorem, we first establish, in the following lemma, the list
of all divergence-free linear vector fields on C>. Recall that in this section the di-
vergence is always taken with respect to the standard volume form A = dxAdyAdz
on C3.

Lemma 9.23. Let ® be a divergence-free linear vector field on C3. There exist lin-

ear coordinates x,y,z on C* such that ® takes one of the forms, given in the second
column of Table 9.3.

Proof. Recall from Section 8.2 that linear vector fields on a finite-dimensional vec-
tor space V are in one-to-one correspondence with endomorphisms of the dual vec-
tor space V*: more precisely, to a linear vector field @ on V corresponds, as in
(8.20), the endomorphism ¥ (1) of V* defined by

o)y 5y
F s ®[F]. ©-38)

If we write @ in terms of linear coordinates xi,...,x; on 'V as

d

d
D — A iX —
lz:’ ) lax] bl
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Table 9.2 Up to linear isomorphism, every quadratic Poisson structure on C? is of the form T, p
where @ and ¢ are given in the second and third columns.

Type o] 0] Parameters
ap,ap,asz € c*
all g; different

1 axi—&-a i—l—azi_ bxyz !
Hox T Yoy T B Y ai+ay +as =0;
beC
acCr
11 axi+a 1—2(1,1_ G(x,
ox Ty <oz 2Gx.y) G quadratic function
I ax% faya% bxyz+cz’ aceC* b,ceC
IV |axZ + (ay+x) 2 —2az2 bx’z aeCtbeC
ox T\ X5y 9z ’
v xa% eraiZ bx® + ex(y? — 2xz) b,ceC
VI xa% G(x,y) G cubic function
Vil 0 G(x,y,z) G cubic function

then A := (a;;) € Maty(C) is the matrix of ®@(1) in terms of the basis (x1,...,x,)
for V*. Using the classical formula (4.21) for the divergence of a vector field, we
find

d p] d
Div(®)= ) E(aijm) =Y ai,
i,j=19%i i=1
so that the divergence of @ is a constant function, whose value is the trace of the
endomorphism o). In particular, a linear vector field @ on C? is divergence-free
if and only if the corresponding endomorphism ®(!) of C3 is traceless. There are

seven types of such endomorphisms:

e Ifall eigenvalues of @) are different, then there are two possibilities, according
to whether one or zero of these eigenvalues are zero, leading to types I and III
in Table 9.3;
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Table 9.3 There are, up to isomorphism, seven types of traceless endomorphisms of C3. For each
type, its matrix takes in terms of a well-chosen basis the form indicated in the second column of the
table. The range of the parameters which appear in the matrices is indicated in the third column.

Type Matrix Parameters
ap,ap,az € C*
1 diag(ay,ar,as) all a; different
ai+ay+a3 =0
I diag(a,a,—2a) acCr
11 diag(a, —a,0) acCr
al O
v Oa O acCr
00 —2a
010
v 001 -
000
001
VI 000 -
000
VII 0 —

o If @) has precisely two different eigenvalues, then they are both different from
zero, leading to types II or IV, according to whether @) is diagonalizable or
not;

e If all eigenvalues of @) are equal, then they are all zero, so that @) is a
nilpotent endomorphism. This leads to three types, the types V-VIIL

The conditions on the parameters in Table 9.3 are chosen such that every traceless
endomorphism of C> appears exactly once in the table. O

It is clear that the matrices which are given in the second column of Table 9.3 cor-
respond to the linear vector fields on C3, listed in the second column of Table 9.2.

Combining Proposition 9.21 and Lemma 9.23 leads to the announced classifica-
tion of the set of quadratic Poisson structures on C3.
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Proof (of Theorem 9.22). Let 1t be a quadratic Poisson structure on C3. According
to Proposition 9.21, there exists a pair (@, ¢), with @ a divergence-free linear vector
field on C3, and ¢ a cubic polynomial function on C3, satisfying ®[¢] = 0, such that
7 is of the form (9.34). According to Lemma 9.23, there exist linear coordinates
x,y,z on C3 in which @ takes the form corresponding to one of the types I-VII in
Table 9.3. It therefore suffices to determine for each of these types the vector space
of all cubic functions ¢ € .7 (C?), satisfying @[] = 0. It is easy to see, by direct
computation, that for each line of the table, the given function ¢ satisfies indeed
D[] = 0. Let us show that if @ is of one of the types I-V, there are no other such
¢ (for @ of the other types VI and VII this is obvious).

For the types I-1II, @ is the weighted Euler operator, with (not necessarily inte-
gral) weight vector (a1,ap,a3) with aj + ay + a3 = 0 for type I, with weight vector
(a,a,—2a) for type Il and weight vector (a, —a,0) for type III. Therefore, for each
of these types, the vector space of all polynomials annihilated by @ is spanned by
all monomials F satisfying @[F] = 0. Taking a cubic monomial F = x%1y®2z%,
this leads for type I to the equation oqa| + cpay + ozaz = 0, which has (1,1,1) as
its unique solution, under the constraint o + o + o3 = 3 (because deg(F) = 3),
with all @; € C* being different. This leads to the monomial F = xyz. Similarly, the
equation @[F] = 0 leads for type II to the equation a(c; + o) — 2aoz = 0, under
the constraint o + o + o3 = 3, which has as solution all triples (o, o, 1), with
oy + 0 = 2, corresponding to all monomials of the form zG(x,y), where G is a
quadratic polynomial. Similarly, for type III, one looks for all triples (o, 0, 03),
satisfying o — o = 0, which has (1,1,1) and (0,0,3) as its only solutions under
the constraint o + o + a3 = 3; it corresponds to the monomials xyz and z.

For @ of type IV, one computes easily the images under @ of the 10 monomials
x%y®2 7% with o) 4+ 0 + o3 = 3, by using the fact that @ is the sum of the weighted
Euler operator (with weights (a,a,—2a)) and the operator xa%. One sees that, be-

sides for @ (x?z) (which is zero), these images are linearly independent, proving
that the kernel of @ (restricted to the space of cubic polynomials) is spanned by
x*z. Similarly, for @ of type V, one easily checks that the images of the eight cubic
monomials x*y®z%, with (o, 0, 03) # (3,0,0) and (o4, 0, 03) # (2,0,1) are
linearly independent. The kernel of @ is therefore two-dimensional, and is spanned
by x* and x(y* —2xz). O

9.2.4 Poisson Surfaces in C> and Du Val Singularities

We have seen two different ways of constructing (singular) Poisson surfaces.

(1) Let G be a finite subgroup of SL;(C). The standard action of G on C? induces
on the quotient surface C/G a Poisson structure {-,-}¢2 g, making it into a
(singular) Poisson surface (see Section 6.3.4).

(2) Let ¢ be an irreducible polynomial in three variables. The Poisson structure
T ={-, -}(p on C?, introduced in (9.19), given by
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999 9J dpd d dpd I
o= O 8y/\ Bz+ dy 3z/\8x+ dz 8x/\ dy’ -39

admits ¢ as a Casimir, hence the singular affine surface X, C C3, given by
¢ =0, is a (singular) Poisson surface.

The purpose of the present section is to show how these two constructions are re-
lated. Namely, we will show that every Poisson surface C?/G of the first type is
also of the second type Xy, for a polynomial ¢ which will be given explicitly (for
each G).

Before doing this, let us recall a few facts about the classification of finite sub-
groups of SL,(C) (see [183] for proofs and details). Consider the list of subgroups
Ay, for k > 1, Dy for k > 4, or Eg, E7, Eg, whose generators are given in Table 9.4.

Table 9.4 Every finite subgroup of SL,(C) is conjugated to precisely one of the subgroups, given

s . 2my/ =1 2my/=1
in terms of generators in the second column of the table, where e := e~ 8 andn:=e 5 .

Type of G Generators of G C SL,(C)
ezﬂn 0
Ay k>1 =
0 e k+1
D, k>4 ¢ \/?” 0 d 01
k = iy an
0 " “10
. ) ] P
6 generators of Dy and 7 S
& £
E; generators of Eg and
0 ¢’
3 4
-n° 0 n+n 1
Eg and ﬁ
0 —n? 1 —-n-nt

Up to conjugation, every subgroup G of SL,(C) is conjugated to one of these sub-
groups Ai, As, ..., Eg. We then say that G is of type A1, Ay, ..., Eg. The quo-
tient surface C?/G is singular at the image in C?/G of the origin o of C?, and at
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no other point; a singularity obtained in this way is called a Du Val singularity or
Kleinian singularity, depending on the reference. It is a classical result [183, 188]
that the affine variety C?/G is, as an affine variety, isomorphic to 2y, where @ is
the polynomial, depending on the type of G, which appears in the second column of
Table 9.5.

Table 9.5 For each of the finite subgroups G of SL,(C), the quotient surface C2/G is the zero
locus of a weight homogeneous polynomial, given in the second column of the table. The third
column indicates the weight vector with respect to which each of these polynomials is weight
homogeneous.

Type of G [0} Weights

Ar k=1 24y = [ (k+1,k+1,2)

Dy k>4 |2 +y e+ (k—1,k—2,2)

Es K +y3 4t (6,4,3)
E; 4y 4y (9,6,4)
Fg Py 4+ (15,10,6)

Note that this means that, for each group G which appears in the table, the algebra
of G-invariant polynomials is an algebra with three weight homogeneous generators
Py, Py, P3, and that every polynomial R € C[X,Y,Z], satisfying R(P,P>,P;) =0, is a
multiple of ¢. The isomorphism C? /G = X, is induced by the map C*> — C3, given
by (P, Ps, P3), as expressed in the following commutative diagram:

2 (P1,Py,P3) o3

p ! (9.40)
(Cz/G ? Z:(p

Recall from Section 5.1.2 that .% (C?)6 ~.% (C?/G) (since G is a finite group). On
the other hand, since X, is the affine surface of C?, defined by the polynomial ¢,
its algebra of functions .% (Z,) is given by Clx,y,z]/(¢). It follows that we have an
algebra isomorphism

F(C*)¢ ~Clx,y,2)/(9) - 9.41)

We show in the following proposition that the isomorphism C? /G =~ X is actu-
ally an isomorphism of Poisson varieties.

Proposition 9.24. Let G be a finite subgroup of SL>(C) and let {-, -}z denote
the Poisson structure on C* /G, induced by the action of G on C2. The Poisson sur-
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face (C?/G,{, }c2 /) is isomorphic, as a Poisson variety, to the Poisson surface
(Zp{-:}y), where @ is the polynomial, associated to G, as indicated in Table 9.5.

Proof. Consider the isomorphism = : C? /G — X, given in (9.40). We show that
= is a Poisson isomorphism, with respect to the stated Poisson structures (up to
a constant). According to Corollary 6.20, C?>/G has a unique singular point, the
point p(0), where o is the origin of C2. Since the origin of C is clearly a singular
point of Xy, it follows that it is the image of p(0) under = and that it is the only
singular point of X, (the latter fact can also easily be verified by direct computation).

According to the latter corollary, the Poisson structure {-, }¢2 G on C?/G has rank
two at every point of C?/G, except for the singular point p(0), where its rank is

zero. The Poisson matrix of {-, -}(p is given, in terms of the generators X,y and Z
of F(Zy) as

g 9Je _de
0z dy
9o, 99
dz ox
de _I¢
dy ox

The rank of this matrix is two, except at the point(s) of X, for which ‘;—f = ‘Z—y =
a—f =0, i.e., at the singular points of X,. Since the origin of X, is its only singular
point, the rank of {-, -}(p is two at all points, except at the singular point of X, (where

the rank is zero).
Using the isomorphism = : C2/G — 2y, we can transport the Poisson structure
{-,}c2/6 on C?/G to a Poisson structure on X, which we denote by {-, }ip On the

smooth surface Xy \ {p(0) } both Poisson structures {-,-}, and {-, }ﬁp are of rank 2,
hence according to Proposition 9.19 there exists a nowhere vanishing holomorphic
function x on Zy\ {p(0)} such that {-,-}, = x {-, }ip For arbitrary F,G € .7 (Z,)
such that {F, G}'(p # 0, we have that

,_ (FGl
{F.GY,’

so that ) is actually a rational function on X, Since its divisor of zeros and its di-
visor of poles are both discrete (they contain at most the point p(0)), x is constant.
This implies that (2, {-,-},) and (C?/G,u{-, ‘}¢2/) are isomorphic Poisson va-
rieties for some u € C*. In view of Remark 6.19, this constant  can be chosen
equaltol. O
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9.3 Notes

The classification in dimension two given in this chapter follows Monnier [150, 152],
a variant of Arnold’s proof [16]. In these references, the proof is more general than
the proof given here, since the case when R is taken as the ground field is also
considered, and with some extra work it is shown that the classification is actually
non-formal, i.e., the formal coordinate transformations can be realized by smooth
(or analytic) local coordinate transformations, when the given Poisson structure is
smooth (or analytic). The question of having a global rather than a local classi-
fication in the context of varieties or manifolds remains a real challenge; for an
important contribution in this direction, see [173], in which a classification of topo-
logically stable Poisson structures on real surfaces is given.

The classification of quadratic Poisson structures in dimension three, detailed in
Section 9.2.3 above, has been obtained independently by Dufour—Haraki [60] and
Liu—Xu [129]. For the relation between Poisson structures and differential forms, in
the presence of a volume form, see [88].



Chapter 10
R-Brackets and r-Brackets

The theory of integrable systems gave birth to interesting constructions, which yield
new Poisson structures on a given (finite-dimensional) Lie algebra g, upon using
some extra structure on the Lie algebra, roughly speaking a matrix. There are two
distinct formalisms for doing this, depending on whether this matrix is viewed as
a linear map R : g — g, in which case R is called an R-matrix, or as an element
r € g®g, in which case r is called an r-matrix. In their basic form, the new Poisson
structures are Lie—Poisson structures, so it will be assumed that the reader is familiar
with the basic theory of Lie—Poisson structures, as developed in Chapter 7.

For a given linear map R : g — g, which satisfies a condition which will be ex-
plained in detail, a new Lie bracket on g is defined by letting [x,y]p := %([Rx,y] +
[x,Ry]), for all x,y € g. The new Lie bracket on g leads to a Poisson structure on g*,
which is referred to as an R-bracket on g*. Upon identifying g with g*, which is usu-
ally done by using a non-degenerate symmetric bilinear form, the R-bracket on g*
becomes a Lie—Poisson structure on g.

A tensor r € g ® g can be viewed as a zero-chain on g, with values in g ® g, so
its coboundary 8 (r) : g — g ® g admits as transpose a linear map 7, : g* ® g* — g*.
When r satisfies a condition, which will also be explained in detail, 7, defines a Lie
algebra structure on g*, hence leads directly to a Lie—Poisson bracket on g, i.e., no
identification of g with g* is needed to define this Lie—Poisson structure on g. This
Lie—Poisson bracket is called an r-bracket.

Section 10.1 is devoted to the construction of the R-bracket on g and on g*, with
special emphasis on the main example, which comes from Lie algebra splittings. In
Section 10.2, we discuss the case of r-brackets and we show how R-brackets and
r-brackets are related. The construction of higher degree brackets, from an R-matrix
or r-matrix, is given in Section 10.3. For the connection with Poisson—Lie groups,
we refer to Chapter 11.

In this chapter, F is an arbitrary field of characteristic zero, g is a finite-
dimensional Lie algebra over F and .#(g) denotes the algebra of polynomial func-
tions on g, but it may also be taken as the algebra of smooth, respectively holomor-
phic, functions on g, when F = R, respectively when F = C.
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10.1 Linear R-Brackets

As we have seen in Chapter 7, a Lie algebra structure on a finite-dimensional vector
space leads to a Poisson structure on its dual vector space. We consider in this sec-
tion Lie algebras which are equipped with a second Lie algebra structure, obtained
from the original one by using an R-matrix, as explained below. In this case, the dual
vector space comes equipped with a second Lie—Poisson structure, whose proper-
ties are in general quite different from the properties of the original Lie—Poisson
structure.

10.1.1 R-Matrices and the Yang—Baxter Equation

We first give the general definition of an R-matrix and discuss its relation with the
Yang—Baxter equation.

Definition 10.1. Let (g,[-,]) be a Lie algebra and let R : g — g be a linear map. If
the skew-symmetric bilinear map |-,-]g : g X g — g, defined for x,y € g by

el = 3 (Re ]+ [ RY) (1.1

defines a Lie bracket on g, then R is called an R-matrix for g. Then g, equipped with
the two Lie algebra structures [-,-| and [-, ‘|, is called a double Lie algebra.

The standard terminology R-matrix and the notation Rx instead of R(x) are used
because one often thinks of R (and also x) as being a matrix.

We show in the following proposition that the conditions which express that a
linear map R : g — g is an R-matrix for g, can be rewritten in a symmetric form,
using a bilinear map on g, which depends quadratically on R.

Proposition 10.2. Let (g,[-,-]) be a Lie algebra. A linear map R : g — ¢ is an R-
matrix for g if and only if

Vx,y,z€9: [Br(x,y),7+ O (x,3,2) =0, (10.2)
where Bgr € Hom(g A g,9) is defined, for x,y € g, by
Br (x,y) := [Rx,Ry] — R ([Rx,y] + [x,Ry]) . (10.3)
Proof. For x,y,z € g, we have

4l ylg-2g+ O (x,:2)

= 2[[Rx,y] + [x,RY], 2 + O (x,,2)

= [R([Rx,y] + [x,Ry]) , 2] + [[Rx,y] + [x,Ry] ,Rz] + O (,y,2)

= [R([Rx,y] + [x,Ry]) ;2] + [[Ry, 2] , Rx] + [[z, Rx] , Ry] + O (x,y,2)
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= [R([Rxay] + [x,RyD - [vaRy] 74 +0 (x,y,z) )

where we have used the Jacobi identity for [-,-] in the last step. This shows that the
Jacobi identity for [-, -]z is equivalent to (10.2). O

It follows from the proposition that, if there exists a constant ¢ € [ such that
Bg(x,y) = —c|x,y] for all x,y € g, then R is an R-matrix for g. Given ¢ € F, the
equation

Vx,y€g: Br(x,y)=-—clx,y], (10.4)

viewed as an equation in R, is called the modified Yang—Baxter equation. When g is
a complex (respectively real) Lie algebra and ¢ # 0, then a rescaling of R in (10.4)
yields ¢ = 1 (respectively ¢ = £1). When ¢ = 0, one speaks of the Yang—Baxter
equation. Sometimes one adds the adjective classical, to distinguish these equations
from the quantum Yang—Baxter equation. We warn the reader that the terminol-
ogy Yang—Baxter equation, with or without adjectives, is used for many equations
which are closely related to, but not equivalent to, the above Yang—Baxter equation
(see [108]).

Given a Lie algebra (g,[-,-]), a linear map T : g — g is called an intertwining
operator of g if T [x,y] = [Tx,y] = [x,Ty], for all x,y € g, where we have written Tx
as a shorthand for T'(x). An intertwining operator of g can be used to construct a
new R-matrix for g, starting from a given R-matrix for g, as given in the following
proposition.

Proposition 10.3. Let (g,[-,-]) be a Lie algebra and let R be an R-matrix for g. If
T : g — g is an intertwining operator of g, then the linear map Ro T is an R-matrix

for g.

Proof. Suppose that R is an R-matrix for g and that 7 is an intertwining operator
of g. According to Proposition 10.2, we need to show that

[Br (Tx,Ty) 2]+ O (x,7,2) =0, (10.5)

for all x,y,z € g, where we have used that Bror (x,y) = Bgr (Tx, Ty), which is valid
because T is an intertwining operator of g. If T is invertible, then (10.5) is equiva-
lent to

T [Br(Tx,Ty),z]+ O (x,9,2) =0, (10.6)

which holds for all x,y,z € g, because T is an intertwining operator of g and in view
of (10.2). If T is not invertible, pick an arbitrary oc € F and replace in (10.6) T by
T + o14. The identity

(T +aly) [Br(Tx+ ox,Ty+ay),z]+ O (x,y,2) =0 (10.7)

holds because T + o1 is also an intertwining operator. Since (10.7) is a cubic poly-
nomial in o and since it holds for all o € IF, all of its coefficients as a polynomial
in ¢ are equal to zero. This gives the following equations:
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[Br(x,¥),2]+ O (x,y,2) =0,

[Br(Tx,y)+Br(x,Ty),z] + T [Br(x,y),z] + O (x,y,2) =0,
[Br(Tx,Ty),2) + T ([Br(Tx,y) +Br(x,Ty),2])+ O (x,,2) =0,
T [Br(Tx,Ty),z]+ O (x,y,2) =0.

In view of the first line, the second line becomes
[Br(Tx,y) +Br(x,Ty), 2]+ O (x,y,2) = 0
next, substituting this in the third line yields (10.5). O

If T is an intertwining operator of g and R is a solution of the Yang—Baxter equa-
tion, then the R-matrix Ro T is also a solution of the Yang—Baxter equation, since
Bror (x,y) = Br(Tx,Ty) for all x,y € g. However, the corresponding property for
solutions of the modified Yang—Baxter equation does not hold in general.

10.1.2 R-Matrices and Lie Algebra Splittings

The main, and historically first, example of an R-matrix comes from a Lie algebra
splitting. If (g,[-,-]) is a Lie algebra and g is written as a vector space direct sum
g =g+ ®g_ of two Lie subalgebras g, and g_ of g, then g, & g_ is called a Lie
algebra splitting. It leads to two projections Py : g — g4+ and P_ : g — g_. For
X € g, we abbreviate Py (x) to x; and P_(x) to x_. A Lie algebra splitting leads to
an R-matrix for g, as described by the following proposition.

Proposition 10.4. Let (g, [-,-]) be a Lie algebra and let g = g ®g_ be a Lie algebra
splitting, with corresponding projections Py : ¢ — g+. The involutive endomorphism
R := P, — P_ of g is a solution of the modified Yang—Baxter equation (10.4), with
¢ = 1, namely

[vaRy]_R([Rxay]+[xaRy]): _[x7y] ’ (10.8)

for all x,y € g. In particular, R is an R-matrix for g.

Proof. Let g = g4 @ g— be a Lie algebra splitting and let R := P, — P_ be the dif-
ference of the corresponding projection maps. For x,y € g, we have

(R, Ry] + [x,y] = 2([e sy ] + e y-])
while
R([Rxay] + [x,Ry]) :R(Z [x+ay+] *Z[X,,y,]) - 2([X+,y+} + [x*ay*]) )

where we have used in the last step that g, and g_ are Lie subalgebras of g. This
proves that R satisfies (10.8). O
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Notice that, when R = P, — P_ comes from a Lie algebra splitting, then an alterna-
tive formula for the R-bracket [-,-]g is given, for x,y € g, by

[xvy]R: [X+,y+]*[)€,,y,] . (109)

This elementary fact has important consequences, as we will see in the next sec-
tion. Notice that (10.9) can be used to give an elementary direct proof of the Jacobi
identity for [, -]g, without using Propositions 10.2 and 10.4.

Remark 10.5. More generally, suppose that g = g+ @ go P g— is a vector space
decomposition of a Lie algebra g, where g4 and g_ are Lie subalgebras, go is
abelian and is contained in the normalizer of g, and of g_, i.e., [go,94] C g+. Let
R € End(g) be defined for x € g by Rx := x; —x_, where x;,xo and x_ stand for
the projections of x on g, go and g_ respectively. Then one finds, as in the proof of
Proposition 10.4, that

[vaRy] + [x,y] = 2[x+ay+] +2[x*vy*] + [X(),y] + [xvyO}
= R([Rx,y] + [x,Ry]) ,

for all x,y € g. It follows that, as in the case of a Lie algebra splitting, R is a solution
of the modified Yang—Baxter equation (10.4), with ¢ = 1.

10.1.3 Linear R-Brackets on g* and on g

If we assume that the Lie algebra (g, [-, ]) is finite-dimensional, every R-matrix for g
leads to a Lie-Poisson structure on g*, called an R-bracket; the trivial case R = 14
is usually excluded, because it corresponds to the canonical Lie—Poisson structure
on g*. According to (7.5), it is given for all F,G € Z (g*) at & € g* by

{F.GYe(8) = (&.[dF.d56] )

_ %(5, [R(d:F),deG] + [deF.R (d:G)])

where we recall that déF is viewed in this formula as an element of g, under the
canonical isomorphism between g and its bidual. Also, (-, -) stands for the canonical
pairing between g* and g. When R = P, — P_ comes from a Lie algebra splitting
g = g+ D g_, this formula can, according to (10.9), also be written as

{F.G}(&) = <5, {(dgF)+,(d§G)+} > - <§, [(déF)f , (d;GLD . (10.10)

Upon using, as in Section 7.2, a non-degenerate symmetric bilinear form (- |-) on g,
we can transfer the R-bracket to g, which leads according to (7.10) for a general
R-matrix R to
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[F. Gl () = 3 (5] [R(V.F) V.G)+ [VF R(V.G))

for F,G € % (g) and x € g. When R comes from a Lie algebra splitting g =g ®g_,
this bracket becomes

{F.Glp g (x) = (x| [(ViF) 4, (VxG),]) = (x| [(VaF)_,(VG)_]) ,  (10.1D)

for F,G € .#(g) and x € g.

An important property of the latter R-bracket is that it restricts to two natural
subspaces of g, namely the orthogonal complement gi of g, , respectively g- of g_,
with respect to (- |-) (see (7.13)). It is given in the following proposition.

Proposition 10.6. Let (g,[,-]) be a finite-dimensional Lie algebra, equipped with
a non-degenerate symmetric bilinear form (-|-), and let R be the R-matrix for g,
associated with a Lie algebra splitting g = g+ @ g_. Then the orthogonal comple-
ments gi and g* are Poisson submanifolds of (g,{-, '}R’g). An explicit formula for

the restricted Poisson bracket on g™ is given, for F,G € F (gf) atx € g*, by

(F,G}_(x) = <x\ [(VXF)+,(VXG~)+}> , (10.12)

where F and G are arbitrary extensions of F and G to g. An analogous formula
holds for the restricted Poisson bracket on gi.

Proof. 1t is clear from formula (10.9) for the R-bracket which comes from a Lie
algebra splitting that [g,g], C g+ and that [g_,g], C g—. Therefore, g, and g_
are both Lie ideals of (g, [-,-]g) and we may conclude, according to Proposition 7.5,
that g and g= are both Poisson submanifolds of (g,{-,-} ). Equation (10.12)
follows at once upon combining Eqgs. (7.14) and (10.11). O

We finish this section by giving two simple, but important, examples of R-brackets.

Example 10.7. Consider the Lie algebra splitting of g := gl,;(F), given by
9=A; DA =g: g,

where g := Af (respectively g_ := Ad<) denotes the Lie algebra of upper trian-
gular matrices (respectively of strictly lower triangular matrices). Letting (x|y) :=
Trace(xy), we have that g+ = (Ad<)L = A}, the vector space of all lower triangular
matrices in g. If F is a linear function on g, then V,F = VF is independent of x € g
and it follows from (7.12) that it is given by (VF |y) = F(y), for all y € g. Denoting
by x;; the linear function which picks the element (i, j) of a matrix, it follows that
Vx;; = Ej;, the matrix whose only non-zero entry is a 1 at position (j,7). According
to (10.12), the Poisson bracket on A(f is therefore given by

{xijxne ) (x) = (x| [Eji, Eal)

where j <iand ¢ < k.
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This example is easily generalized to arbitrary semi-simple Lie algebras: upon
choosing a Cartan subalgebra h, such a Lie algebra g can be decomposed as
g =n_ & hdn,, where each one of the four subspaces ny and b :=ny ® b is
a Lie subalgebra of g. Thus, g = b, & n_ is a Lie algebra splitting. With respect to
the Killing form, n* = b_ and we have on the latter vector space a linear Poisson
structure.

Example 10.8. Another natural Lie algebra splitting of gl (IF) is given by gl,;(F) =
A; @ g_, where g_ stands for the Lie subalgebra of skew-symmetric matrices. Us-
ing again (x|y) := Trace(xy), we have that g* is the vector space of all symmetric
d x d matrices, which inherits a Poisson structure from the Lie algebra splitting.

10.2 Linear r-Brackets

In the previous section, we have seen that a linear map R : g — g leads, under certain
conditions, to a new Lie—Poisson structure on g*, and hence on g, when g* and
g have been identified. In the present section, we describe a similar construction,
starting from an element r € g ® g, which gives, under certain conditions, directly a
Lie—Poisson structure on g.

10.2.1 Coboundary Lie Bialgebras and r-Matrices

Let r be an element of g ® g, where (g,[-,-]) is a finite-dimensional Lie algebra.
In this section, we explain how there is naturally associated with r a linear map
g — g® g, whose transpose defines, under some conditions, a Lie algebra structure
[,]r: " ®g* — g*. To do this, we need a natural representation of g on the tensor
algebra T°g of g and we need to make explicit the Lie algebra cohomology of g,
with values in this representation; see Section A.1 in Appendix A and Section 4.1.1
for the basic definitions of tensor algebra, respectively of Lie algebra cohomology.

A natural representation of a Lie algebra g on its tensor algebra T°g is obtained
by extending, for every x € g, the linear map ad, : g — g to a (graded) derivation (of
degree zero) of T*g. Explicitly, for a monomial y; @y, ®---®y, € T*g,

P
ad(VI @2 @+ Qyp) 1= DV R DX, )] @Ry . (10.13)
i=1

The Jacobi identity for [-, -] implies that the linear map ad : g x T*g — T*g, defined
by (10.13), is a representation of g on 7°g. Combined with the natural projection
map T°g — A°®g, we obtain the adjoint representation of g on A®*g which, as we have
seen in Section 5.1.3, can be written in terms of the algebraic Schouten bracket:
ad,Y = [[x,Y] for all x € g and all Y € A®g. Elements Y of T*g or of A®g for which
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ad,Y =0, for all x € g, are called ad-invariant; for example, elements of degree one
are ad-invariant if and only if they belong to the center of g.

It is clear from (10.13) that ad, can be restricted to g ® g, which yields a rep-
resentation of g on g® g. It allows us to consider, for p € N, the vector space
CP(g) := Hom(APg,g ® g), of skew-symmetric p-linear maps on g, with values in
the representation space g ® g. According to Section 4.1.1, C*(g) carries a cobound-
ary operator &y, : C*(g) — C**!(g). Applied to r € g g ~ C°(g), we obtain a linear
map % := 82(r) : g — g ® g, which is given by

Y(x) = adyr,

for all x € g. The transpose to ¥, is a linear map ¥, : g* ® g* ~ (g® g)* — g*, which
we view as a bilinear map g* x g* — g*, still denoted by 7, . Explicitly,

(77 (Em)x) = (E @) (ad,r) (10.14)

for all x € g and £,1 € g*. We will be interested in the case in which the bilinear
map 7, defines a Lie algebra structure on g*.

Definition 10.9. Let (g,]-,-]) be a finite-dimensional Lie algebra. A bivector r €
g® g is called an r-matrix for g if the transpose ¥, of %, = 82(r): g = g®gis a
Lie bracket on g*. In this case, r leads to a Lie bracket on g*, denoted by [-,-],, and
defined by'

([8.n],.x) == (& Am,ader) (10.15)
for all £,m € g* and x € g. This bracket is called the Lie bracket, associated with r,
and (g,[-,-],[,]r) is called a coboundary Lie bialgebra.

As the terminology suggests, coboundary Lie bialgebras are a particular case of
Lie bialgebras, but we will only consider this more general class when we discuss
Poisson—Lie groups, see Chapter 11.

We will give necessary and sufficient conditions on r € g®g so that (g, [-,-],[-,],)
is a coboundary Lie bialgebra. Our proof will be based on the following proposition.

Proposition 10.10. Let ¢ : V — V AV be a linear map, where V is a finite-
dimensional vector space. Denote by ¢ : A\°V — ATV the extension of ¢ to a
graded derivation of \°V of degree 1 and let ¢ " : V* N\V* — V* denote the trans-
posemapto ¢. Then ¢ ' satisfies the Jacobi identity (so that ¢ | defines a Lie algebra
structure on V*) if and only if § o ¢ = 0.

Proof. Recall from Section A.5 in Appendix A, in particular Example A.3, that ¢
extends uniquely to a derivation ¢ of A®V of degree 1, where the derivation property
means that

! We use here and below the natural pairing (-,-) between APg* and APg, introduced in (5.10).
When p = 2, it is given, for all &,& € g* and for all x;,x; € g, by (& AEy,x1 Axy) =

Ei(x1)éa(x2) = &1 (x2) &2 (x1)-
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PXAY)=¢X)AY +(—=1)PXANP(Y), (10.16)

for X € APV and Y € A®V. Tt follows from (10.16) that ¢ o ¢ = 0 if and only if
¢(¢(v)) =0forallve V. Now, forall £,1,{ € V*,

(G0uN.EAnnl) @ (s(m.0"EAMAL)+0 E ML)
= (no7 (eTEAMAL)+ 0 (Em0))

so that ¢ o = 0 if and only if ¢ " satisfies the Jacobi identity. Step (*) requires a
proof. Let X € A2V, which we suppose to be of the form X = v Aw, with v,w € V
(in general, an element of A%V is a linear combination of such monomials). In view
of the graded derivation property (10.16) we have, for all £,1,{ € V*, that

($(0).6A0AE)

= (90 Aw=0(w) AnEATAL)

= (O0).EAM) (w.5) = (W), EAM) (1 8)+ O (€1, L)
(o7 Enm) 18) = (meT(EAM) (n0)+ O (€.n.0)
<vAw¢ EAMAL)+0 (ML)

TEAMAL)+0(En.0).

This proves (x). O

We are now ready to give necessary and sufficient conditions on r, implying that
(g,[,],[-,-]) is a coboundary Lie bialgebra. They will be expressed in terms of
the algebraic Schouten bracket [-,-]] on A®g (see Section 3.3.3). We denote for s €
g®g by s™ (respectively s™) its symmetric (respectively skew-symmetric) part. For
example, if x,y € g, then (x®y)~ =x Ay, viewed as an element of A\’g.

Proposition 10.11. Let (g, [-,-|) be a finite-dimensional Lie algebra and let r be an
element of g ® g. Then r is an r-matrix for g if and only if r satisfies the following
two conditions:

(1) r* isad-invariant;
(2) [r,r] is ad-invariant.

In this case, the Lie bracket associated with r is given by

([&.n],.x) = (EAnN,ader™) , (10.17)

forallé,m e g andx € g.
Proof. Let &, n € g* and let x € g. Then

(FEm+% (1.8).x) = (E@m)(ader) + (N E)(ad,r) = 2(E @) (ad, 1)
(10.18)
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where we have used that (ad, r)i =ad, r; to verify the latter, write rT as a sum of
elements of the form y ® z+z®y. It follows from (10.18) that ¥, is skew-symmetric
if and only if 7T is ad-invariant.

Suppose now that rt is ad-invariant. Then ¥.(x) = ad,r = ad,r~ = 7,- (x) for
all x € g, so that . depends only on a := r~. Thus we are given a skew-symmetric
element a € g A g and we wish to prove that the Jacobi identity for ¥, is equivalent
to the ad-invariance of [[a,a]]. In view of Proposition 10.10, it suffices to show that
the ad-invariance of [[a,a] is equivalent to ¥, 0 ¥, = 0 (on A®g; equivalently, on g).
Combining (10.13) and (3.46), we find that

Ya(¥) = adya = [x,a] = —[a, 4] ,

for all x € g. Since ¥, and —[[a, -]] are both graded derivations of degree 1 of A®g, it
follows that 7,(X) = —[a,X]], for all X € A®g. Therefore, ¥, o ¥, = 0 if and only if

[a, [a,x]|]] = 0, for all x € g. In view of the graded Jacobi identity for [, -],
[x, [a,all] + [a, [a,x]|] - [a, [x,al] =0,
so that [[a, [[a,x]|]] = 0, for all x € g, is equivalent to [[x, [a,a]]]] = 0, for all x € g,

which is precisely the ad-invariance of [[a,a]. O

The simplest way to satisfy both conditions in Proposition 10.11 is to demand that
r is skew-symmetric and satisfies [[r, 7] = 0.

10.2.2 Linear r-Brackets on g

Suppose that » € g® g is an r-matrix for a finite-dimensional Lie algebra (g,[-,-]).
Recall from Definition 10.9 and Proposition 10.11 that this means that the bilinear
map, defined forx € g and £,1 € g* by

([&:n],,x) :=(E An,ader) = (EAmLader) (10.19)

defines a Lie algebra structure on g*. Then g inherits a linear Poisson structure {-,-},
from [-,-],, since g ~ (g*)* is then the dual of a Lie algebra. According to (7.4), the
Poisson bracket of two functions F,G € .#(g) is given by

{F,G}, (x) = ([d;F,d,G],,x) = (dF Ad,G,ad, ) (10.20)

for all x € g. This leads to the following proposition.

Proposition 10.12. Let (g, [-,-|) be a finite-dimensional Lie algebra and let r be an
r-matrix for g. Let (ey, . ..,eq) be a basis for g and let (&,...,&;) be the dual basis.
The Poisson matrix of {-,-}, at x € g, with respect to the coordinates &, ..., is
the matrix of ad, r™ in the basis (ey, ..., eq).
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Proof. By definition, the matrix of ad,r~ € gA g in the basis (ey,...,ey) is the
skew-symmetric matrix (a;;)1<; j<a, defined by

ad,r~ = z ajjei/Nej .
I<i<j<d

Combined with (10.20), this means that the coefficients of the matrix can be com-

puted by
ajj = <§i/\‘£j’adxr7> = {éi,‘gj},(x) )

as was to be shown. 0O

A compact formula for the collection of Poisson brackets {éi,é j}r can be given
when g is the Lie algebra of an associative algebra (or is a subalgebra of such a Lie
algebra?). To show this, let us assume that we have an associative product on g and
that [x,y] = xy — yx for all x,y € g. Then

ader” =[x, r = [1@x+x®1,r7 |,
where the latter bracket stands for the commutator in g ® g. Then
{E9E}, (0 =[1@x+x®1,r ], (10.21)

where the left-hand side is the bivector, defined by

{295}, 0= 2 {&&} Weine;.

1<i<j<d

In this formula, (ey,...,e4) is a basis of g and (&i,...,&;) is its dual basis. Equa-
tion (10.21) is known as the first Russian formula.

The first Russian formula is very useful for explicit computations, in particular
when g is realized as a Lie subalgebra of gly(F) ~ Maty(F). Then this formula
can be thought of as an equality of matrices of size N2. Indeed, there is a standard
algebra isomorphism between Maty(F) @ Maty(F) and Maty. (IF); to describe it,
we use the classical elementary matrices E;;, whose only non-zero entry is a 1 at
position (i, j), but we use the convention that numbering starts from zero, in order
to simplify the formula. Then the N? elements E; ; with 0 < i, j < N form a basis
of Maty(FF) and the N* elements E;; ® Ey, with 0 < i, j,k,¢ < N are a basis of
Maty (F) ® Maty(IF). The isomorphism Maty (F) @ Maty (F) — Maty (F) is given
by mapping E;j ® Eyy t0 Ejnik jn+¢. It is an isomorphism of associative algebras,
since

(Eij @ Ew)(Epj @Epy) = 6181 Eijp @ Eger

while
EiNtk jN+tEinii jne = 05 O Einpk N+t -

2 Since g is finite-dimensional, g is isomorphic to a subalgebra of gly (IF), for some N, which is the
Lie algebra of the associative algebra Mat, (IF) of square matrices of size N.
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10.2.3 From r-Matrices to R-Matrices

In this section, we show how R-matrices and r-matrices on a finite-dimensional
quadratic Lie algebra g are related. Denoting the bilinear form of g by (-|-), we
have an isomorphism y : g — g*, defined by ((x),y) := (x|y), for all x,y € g. This
leads also to an isomorphism

X®1g:g®g— g*®g~End(g),

which allows us to associate with every element of g ® g a linear map g — g. We
recall that, for a given linear map R : g — g, we denote its adjoint with respect to
(-|-) by R*. In formulas, this means that

(Rx|y) = (x[R%y) ,

for all x,y € g. If R* = R (respectively R* = —R), then R is said to be symmetric
(respectively skew-symmetric). Obviously, R can be decomposed uniquely as R =
Ry +R_, where R is symmetric and R_ is skew-symmetric.

Proposition 10.13. Let (g,[-,-]) be a finite-dimensional quadratic Lie algebra and
let y : g — g* be the isomorphism which is induced by the bilinear form on g. Let
reg®gandR € g*®g~End(g) be two elements related to each other by

R=4(y®14)(r) (10.22)

(or, equivalently, r = %(x’l ®@14)(R)). Then, R is a skew-symmetric R-matrix for g
if and only if r is a skew-symmetric r-matrix for g. In this case, x : (g, ,"|r) —
(g%,[',°]r) is a Lie algebra isomorphism, where [-,-| is the Lie bracket on g, asso-
ciated with R, and [- -], the Lie bracket on g*, associated with r.

Proof. We decompose r = Y, 5¢ @y, Which we write in this proof as sy ® 4 in
order to simplify the formulas: in the sequel of the proof, a sum over ¢ is implicit
in all formulas which contain ¢. Using this notation, it follows from (10.22) that
Rx=4{sq|x)tq for x € g. It implies that R*x = 4 (t4 | x) s, and hence that r is skew-

symmetric if and only if R* = —R, i.e., R is also skew-symmetric. Let us suppose
that R (and hence r) is skew-symmetric. We show that
x (beylg) = X () 2O, 5 (10.23)

for all x,y € g, which is, in view of the definition (10.1) of [-,|g, equivalent to
showing that, for all x,y,z € g,

J{IReY]+ e R [2) = (X0, X 00,2 (10.24)

With the above formulas for R, the left-hand side in (10.24) can be written as
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2 ((soc %) [to, Y]+ (tae | ) [800,x] [ 2) = 2({sa [ %) ([ts ] [2) + {ter ) ([500] [2))

(10.25)
while the right-hand side in (10.24) is given, in view of (10.19), by
(), xM)],2) = () Ax(v),adr™)
= (X(X)AxY);[2,50] Ot + 50 D [2,10])
= (x| [z,5a]) ([ta) + (x| 500) (V] [2:2a])
= 0l [zr5al) (xl1a) = (¥ |s0) (x] [2,20])

which is the same as (10.25), because (- |-) is ad-invariant and r is skew-symmetric.
This proves (10.23), which yields at the same time that [-,-]g is a Lie bracket if and
only if [-,-], is a Lie bracket, and that J is then an isomorphism of Lie algebras. This
completes the proof, since saying that [-,-|g (respectively [-,],) is a Lie bracket is
tantamount to saying that R is an R-matrix (respectively r is an r-matrix). O

We leave it as an exercise for the reader to check that, under the assumptions of
Proposition 10.13, the operator Bg, defined in (10.3), is expressible in terms of the
bracket [[r~, 7], defined in (3.46), as

(z|Br(x,y)) = (X () A x () A x(), [r=,r7])

forallx,y,z € g. Itimplies that [, "] =0 if and only if Bg(x,y) =0 forallx,y € g,
i.e., if and only if R is a solution of the Yang—Baxter equation.

Example 10.14. Let (g,[,-]) be a finite-dimensional Lie algebra, equipped with a
non-degenerate symmetric bilinear form (- |-). Suppose that g = g4 ®g_ is a Lie
algebra splitting, where each of the factors is isotropic: (g4 |g+) = (g—|g-) = {0}.
Let R be the linear endomorphism of g, given by R := P, — P_, where P} and P_ are
the projections onto g and g_ respectively. According to Proposition 10.4, R is an
R-matrix. For x € g, we denote x := Py (x) and x_ := P_(x). Then the Lie bracket
associated with R is given, for all x,y € g, by

[xvy}R = [x+,y+] - [vay*] .

Since g4 and g_ are isotropic, R is skew-symmetric. Let (gi,...,&;) be a basis
of g.. There exists a (unique) basis (e1,...,ey) of g_ which is dual to it with respect
to (-|-), ie. (ej|€j) =& fori,j=1,...,d; indeed, both g; and g_ are isotropic
and (-|-) is non-degenerate. The endomorphism R can be described, for all x € g, by

d d
R(x) = Z (ei|x) z x)e;,
i=1 i=1

sothat R=3%  x(e;) @& —Y49 | x(&) @ e;, as an element of g* @ g. It follows that
the r-matrix r := 1 (y ! ®14)(R), associated with R, is given by
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1 d
r=—=>y ei\N¢§. 10.26
5 Zi i\ E ( )

Example 10.15. The above example can be easily generalized to the case of a de-
composition g = g4 @ go ® g—, as in Remark 10.5. It is assumed, as in the cited
remark, that g, and g_ are Lie subalgebras of g and that g is abelian and is con-
tained in the normalizer of g, and of g_. Moreover, it is assumed that g comes
equipped with a non-degenerate symmetric bilinear form (- | -) with respect to which
both g and g_ are isotropic and orthogonal to gg. Recall that the endomorphism R
of g, defined for x € g by Rx := x; —x_, where x,xo and x_ stand for the projec-
tions of x on g, go and g_ respectively, is a solution of the modified Yang—Baxter
equation (10.4), with ¢ = 1. In view of the above assumptions,

(Rx|y) = (xp —x-[y) = (e [y-) = - [ya) = xly- —yi) = = &[RY)

for all x,y € g, so that R is skew-symmetric. Let (g, ...,&;) be a basis of g,. There
exists in view of the above assumptions a (unique) basis (ey,...,e4) of g— which
is dual to it with respect to (-|-); a basis of g is not needed in the formulas which
follow. As in the previous example, R and the corresponding r are explicitly given by

d d
R=Y xle)@e—Y (&) ®e,
i=1 =1
1 d
r= 5;6,’/\&‘,’ .

Example 10.16. Starting from a particular case of Example 10.15, we construct an
R-matrix for suy; and we compute the corresponding r-matrix. We consider sl;(C)
decomposed as sl;(C) = g+ ® go ® g—, where g (respectively g_) consists of the
strictly upper (respectively lower) triangular matrices in sl;(C) and go consists of
the diagonal matrices in sl;(C). Viewed as a real vector space, sl;(C) contains

sity 1= {x € 5ly(C) | 5= —xT}

as a Lie subalgebra. Consider on sl;(C) the R-matrix associated to the above de-
composition, given in Example 10.15 and let R’ := 2+/—1R, which is an R-matrix
for sl;(C), because R’ is a multiple of R. Notice that R leaves su, invariant, since
%+x" =0implies that ¥, +x' = 0, which in turns yields /—IRx++v/—1(Rx) " =0.
It follows that R’ can be restricted to suy; and is an R-matrix for su,;. We con-
sider the symmetric bilinear form on suy, given by (x,y) — (x|y) := R(Trace(xy)).
It is non-degenerate, hence induces an isomorphism ) between su; and its dual,
and R’ is skew-symmetric with respect to (-|-). Define, for all 1 < i < j < d,
the skew-symmetric matrices A;; := %(E, — Ej;), the symmetric matrices S;; :=

2
%(Ejj +Ej;) and the diagonal matrices H; := %(Ei[ —Eiy1,+1). These matri-

ces form a basis of suy, with the set of all §;; and Ay, forming an orthogonal set,
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with <Sij \ Sij> = <A,-j |Aij> = —1. The restriction of R to 5u, vanishes on diagonal
matrices, and satisfies

R/(Al‘j) = ZSI'J' and R,(Sij) - *ZAij )
so that it is given by

R=2 % x(Sj)®a;-2 3 x(A4))@s;.

1<i<j<d 1<i<j<d

As a consequence, the corresponding r-matrix 7 is given by

/
r = 2 S,‘j/\A,‘j.
1<i<j<d

10.3 R-Brackets and r-Brackets of Higher Degree

In this section we show that, under some assumptions, an R-matrix leads not only
to a linear Poisson structure (see Section 10.1), but also to a quadratic and a cubic
Poisson structure. For each of these Poisson structures, the finite-dimensional Lie
algebra g, which underlies the construction, is assumed to be the Lie algebra of an
associative algebra: we suppose that we have an associative product on g and the Lie
bracket on g is defined, for all x,y € g, by [x,y] := xy — yx. It is moreover assumed
that g comes equipped with a non-degenerate symmetric bilinear map (- | -), which
satisfies, for all x,y,z € g,

(xy|z) = (x[yz) . (10.27)

Notice that this property implies that (- |-) is ad-invariant.

Example 10.17. The key example which the reader should keep in mind is that of
g := gl;(F), which is the Lie algebra of Mat,(IF'), the associative algebra of d x d
matrices with coefficients in F. The symmetric bilinear form (- |-), which is defined
by (x|y) := Trace(xy), for all x,y € g, satisfies (10.27).

We start with the construction of the quadratic R-bracket.

Proposition 10.18. Let (g,[-,-]) be a finite-dimensional Lie algebra, associated
with an associative algebra, equipped with a non-degenerate symmetric bilinear
map (-|-), which satisfies (xy|z) = (x|yz), for all x,y,z € g. Let R : g — g be an ar-
bitrary linear map. If R and R_ are solutions of the modified Yang—Baxter equation
(10.4), with the same constant, then the bivector field on g, defined for F,G € .7 (g)
and x € g by

{F,G}% (x) := L ([x,V,F] |[R(xV+G + V,Gx))

(10.28)
— 3 ([, ViG] |R(xV.F + VFx)) ,
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is a quadratic Poisson structure on g. If H is an Ad-invariant function on g, then its
Hamiltonian vector field with respect to this Poisson structure is given by

X=[R(xVH),x] . (10.29)

Proof. Tt is clear that {-, -}g, as defined by (10.28), is a quadratic skew-symmetric
biderivation of .% (g), i.e., it defines a bivector field on g. We need to show that
{, }g satisfies the Jacobi identity, which amounts to verifying that, if Fj, F> and F3
are linear functions on g, then for all x € g,
Q

{{FI,FZ},%}@}R (¥)+ O (1,2,3)=0. (10.30)
In order to organize this verification, it is useful to write R = Ry + R_, where R
is symmetric and R_ is skew-symmetric. Since (10.28) depends linearly on R, we
have that {-, }Ig ={-,-}.+{.-}_,where {-,-} and {-, -} _ are the bivector fields,
defined as in (10.28), but using R. instead of R. Since R} =R, and R* = —R_,
these two bivector fields can be written as

(F.G}, (x) = (R.(xV,F) | V,Gx) — (R, (ViF x)|xV,G) |
(F,G}_ (x) = (R_(V,Fx)| VsGx) — (R_(xVF) |xV,G) ,

(10.31)

forall F,G € % (g). For the linear functions F; (i = 1,2, 3), their gradient V,.F; € g is
independent of x; we therefore simply denote V., F; by f;. When computing (10.30),
we will need V. {F,F>}, and V. {F,F,}_. Since {F{,F>}, and {F,F>}_ depend
quadratically on x, these gradients are easily computed from (10.31), giving

VAR, B}, =R (xfi)fa+ fiR(f2x) — iR (fix) =R (xf2) 1,
Vi{F, B} = R_(fix) o —R-(f2x) fi + iR-(xf2) — LR-(xf1) -

(10.32)

Using in two subsequent steps that R_ is skew-symmetric and then that R_ satisfies
the modified Yang—Baxter equation, we compute

{FA.B}_ B} (x)+0(1,2,3)
= ([R-(xf1),R-(xf2)] [xf3) — ([R-(f1x), R (fox)] | f3x) + O (1,2,3)
= (Br_(xf1,xf2) |xf3) — (Br_(fix, fox) | f3x)
= —c([xfi,xf2] |xf3) +c([fix, fx] | f3x)
-0,

which shows that {-,-}_ is a (quadratic) Poisson structure. In particular, when
we write (10.30) in terms of R and R_, only three terms survive: the Jacobiator

of {-,-},,
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{{A,R} B}, +0(1,2,3)

= ([Ry-(f1x), R (fox)] |xf3) = ([Ry-(xf1), R (xf2)] | f3x) + © (1,2,3) ,
(10.33)
and the following two other terms:

{{F13F2}+3F3},+{{F17F2}—7F3}++o (17273)

(10.34)
= 2(Ry [xfixfile_ | ) =2(Re [fix, foxle_ |xf3)+ O (1,2,3),

where the Lie bracket [-,-]g_ is defined as in (10.1), using R_ instead of R: for
X,y €9,

el = 5 (Roxy] +nR ).

Clearly, (10.33) and (10.34) sum up to zero (which yields (10.30)), if

%h (o[ DR ) = (8. 0)

is a homomorphism of Lie algebras. Written out, this means that it suffices to prove
that
[Rix,Ryy| —Ry[R_x,y]—Ri [x,R_y]| =0, (10.35)

for all x,y € g. We define a linear map By : g ® g — g by requiring that for all
X,y,Z 6 g9
(Br(x,y)|2) = (x| Br(y,2)) - (10.36)

Explicitly, B is given, for x,y € g, by
By(x,y) = R"[Rx,y] — R [x,R*y] — [Rx,R"y] .
Notice that

Bg(y,x) — Bg(x,y)
= 2([Ryx, Ry y] = [R-x,R_y] = R* [R_x,y] = R" [, Ry]) ,

so that | |
Br_(x,y)+ =Bi(y,x) — =Bp(x,
k- (0,3) + 5 Br (%) = 5 Br(x,y) (1037)
= [Ryx,Ry| =Ry [R-x,y] =Ry [x,R_y]

which is the left-hand side of (10.35). Since R_ is a solution of the modified Yang—
Baxter equation (with constant c), we have that Bg_(x,y) = —c|[x,y], for all x,y € g.
But R is also a solution of the modified Yang—Baxter equation (with the same con-
stant ¢) which, combined with (10.36) yields that B (x,y) = —c|[x,y], forall x,y € g.
Substituted in (10.37), this yields (10.35). Thus, (10.33) and (10.34) sum up to zero,
which proves (10.30), hence {-, }g is a (quadratic) Poisson structure.
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Finally, let H be an Ad-invariant function on g. We show that its Hamiltonian
vector field is given by the Lax equation (10.29). To do this, recall from Sec-
tion 5.1.4 that the Ad-invariance of H implies that [V,H,x] = 0 for all x € g, hence
that %(xVXH + V,Hx) = xV,H. Therefore, if F € % (g) and x € g, then

(QF, (2i0),) = (FHYE () = 3 ([ V] [ ROV H o+ Vi)

= ([x, VoF] |R(xVH)) = (ViF | [R(xV H),x])
= (dF,[R(xV,H),x]) ,

which proves (10.29). O

If, in addition to the hypotheses of Proposition 10.18, R is assumed to be skew-
symmetric, then the formula (10.28) for the quadratic bracket takes the simpler form

{F,G}2 (x) = (R(V,Fx)| V,Gx) — (R(xV,F)|xV,G) , (10.38)

forall F,G € .% (g). In the particular case where R comes from an r-matrix r € g® g,
as explained in Section 10.2.3, this formula takes a particularly simple form. In
order to establish it, we decompose r~ = Y, s¢ @1 and use, as in the proof of
Proposition 10.13, the convention that a sum over ¢ is implicit in all formulas which
contain o. Recall that with this notation,

(Rx|y) =4(sa | x) (ta | y) » (10.39)

for all x,y € g. For F, G € .% (g), the bracket (10.38) can be rewritten, using (10.39),
as

{F, G}g( ) =4 (5¢ | ViF x) {tq | VG x) — 4 (50 | XV F) (te | xV,G)

= 4(VyF |x5¢) (VG |xto) — 4 (ViF | 50x) (VG | 1gx)

= 4(dF,x5q) (dxG,xtg) — 4 (A F, 50:x) (dx G, teX)

= 2(dxF NG, x5 @ Xto, — SoX Qg X)

= 2(dF NG, [x®x,5¢ R14])

=2(d,F NG, [x®x,77]) .

We choose a basis (eq,...,e;) of g, with dual basis (&;,...,&;) of g*. Then

{&.&; }g (x) =2(& A&, [x®x,r7]), so that {&,&; }g (x) is twice the coefficient
of e;@e;j in [x®@x,r~|. It follows that, if we define

{ =Y {&E}rWene;,

1<i<j<d

[n)
[

®
y

then we find the following compact formula

{

[I]

92} () =2[xexr], (10.40)
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which is known as the second Russian formula. As in the case of the first Russian
formula, this formula can be thought of in terms of matrices in Maty. (F), upon using
the standard algebra isomorphism between Maty (IF) ® Maty (F) and Maty. (F).

For the cubic R-bracket, the context is the same as in the case of the quadratic
R-bracket, but the assumptions are weaker.

Proposition 10.19. Ler (g,[-,-]) be a finite-dimensional Lie algebra, associated
with an associative algebra, equipped with a non-degenerate symmetric bilinear
map (-|-), which satisfies (xy|z) = (x|yz), for all x,y,z € g. Suppose thatR : g — g
is a linear map, which is a solution of the modified Yang—Baxter equation (10.4).
The bivector field on g, defined for F,G € 7 (g) and x € g by

{(F,G)S (x) := ([x, VoF] |[R(xVsGx)) — (v, VoG] [R(xV,Fx)) ,  (1041)

is a cubic Poisson structure on ¢. If H is an Ad-invariant function on g, then its
Hamiltonian vector field with respect to this Poisson structure is given by

X =[R(xV Hx),x] .

Proof. The proposition can be proved in the same way as in the case of the quadratic
R-bracket (Proposition 10.18). Actually, the proof of the Jacobi identity for {-, }1Ce
requires less computation, as one does not need to split up R into its symmetric
and skew-symmetric parts and as the formula for the cubic bracket (10.41) has only
half as many terms as the formula for the quadratic bracket (10.28). For linear func-
tions Fy, Fa, F3 € .7 (g), whose gradients (at any point) are denoted by fi, /2, f3, first
compute from (10.41) that at x € g one has

VoA Fi.BYg =R [x, fil xfo+ foxR" [x, fi] + [f1,R(xox)] = (f1 < fo)

which yields, with some extra work,

c C
{{A.RYG B} +0(1,23)

= <[X,Vx {Fl,Fz}g} \R(xf3x)> - <[x,f3] |R ()CVX {Fl,Fz}gx)>
+0(1,2,3)

= (|x, fi] | B (xfox,xf3x)) + O (1,2,3)

—c(pe Al | efox, xf3x]) + O (1,2,3)

=0.

This completes the proof. O

To finish this section, we show how the linear, quadratic and cubic R-brackets are
related. The Lie algebra g is, as above, the Lie algebra of an associative algebra,
with unit e. On g, we can therefore consider the vector fields %y, #] and ¥, given at
all x € g by
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(H)y=e,  (N)=x, (N) =2

For a linear function F on g, this means that
(%), [FI=F(e), (M) [FI=F(x), (%) [FI=F(x).

for every x € g. In particular, #] is the Euler vector field, which was defined in
Section 8.1.2. For i = 0, 1,2, we write .%; for the Lie derivative with respect to ¥;.

Proposition 10.20. Let (g,|-,-]) be the Lie algebra of an associative algebra, with
unit e, which is equipped with a non-degenerate symmetric bilinear map (- |-), which
satisfies (xy|z) = (x|yz), for all x,y,z € g. Let R be a solution of the modified Yang—
Baxter equation, with constant c € F, and suppose that its skew-symmetric part R_
is also a solution of the modified Yang—Baxter equation, with the same constant c.
Then the linear, quadratic and cubic Poisson structures on g, associated with R,
namely {-,-}g o {* }Ig and {-,-}%, are related by Lie derivatives, as indicated in
the following commutative diagram:

5

%) —
{.7.}Rvg {a}g {’}lg 0
-2 4 (10.42)

Moreover, for a fixed such R, the three Poisson structures {-,-}p o {~,~}Ig and

{-,-}% are compatible.

Proof. Since ] is the Euler vector field, the Lie derivatives of the linear, quadratic
and cubic structures with respect to ] give a multiple of these Poisson structures, up
to a constant, which is respectively —1, 0 and 1 (see Proposition 8.4). This yields the
two vertical arrows in the diagram. For each of the Lie derivatives %, and %, the
computation is very similar, so we will only do it for one of them, namely we show
that 79%{3-}&9 = {,}Ig2 Let F}, P> be linear functions on g and let f := VF,
and f, := VF,, as before. According to the formula (3.7) for the Lie derivative of a
biderivation (p = 2), we need to show that

(R,B}8 =% [{Fl,Fz}Ryg] +H{ D[R] Bl g +{F, %P g, - (1043)

To do this, first notice that for a linear function F on g, one has (V.F |y) = F(y),
independently of x € g (so we write f for V,F) and %[F](x) = F (x*) = (f|x*). It
follows that, for all x,y € g,

F((x+1y)?) = F(xy) + F(yx) = (xf + fxy) -

VAN = g

&l
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Therefore, for all linear functions F on g, we have
Vi (DlF]) =xf+fx.

One computes similarly that V. (¥1[F]) = f and that V, (%,[F]) = 0, but these for-
mulas are only needed for the verification of the other cases. Since {F},F,} Rgisa
linear function on g, the right-hand side of (10.43), evaluated at x, is given by

— ([ i, Llr) + | VeI, flg) + x| [f1, Va(IF)]R)
= — (2| [fi, Llg) + &| [Xfi + fix, Alg) + x| [fi,xf2 + fox]g)

(v ][R G+ f20)) = 5 (1 ] [ROxfi i)

N —

which is precisely {Fl,Fz}g (see (10.28)).

The compatibility of the three Poisson structures follows easily from the relations
in the diagram (10.42) and the properties of the Schouten bracket. Recall from Sec-
tion 3.3 that, in terms of the Schouten bracket, two Poisson structures 7 and 7’ are
compatible if [, '] = 0, while the Lie derivative with respect to a vector field ¥
is expressed as Ly w = [V, n]g. Clearly, [Zy , 7|g = [/, 7]g, 7] = O, since [, 7]
is a coboundary operator (since 7 is a Poisson structure, see Section 4.1.2). Thus,
on the one hand, {-,-} ; and {, }Ig are compatible, on the other hand, {-, }% and

{-,-}% are compatible. In order to see that® {-,-} rgand {-, -} are also compatible,

let us denote the three Poisson structures by 7z, ng and ng and compute, using the
graded Jacobi identity for the Schouten bracket (Proposition 3.7),

[nR,mg]S =- {me, [%,n,?]s}sz - {7/2, [n,g,mg}s]s— {n,g,[me,”i/z]s}s =0,

where we used in the last step that ng and 7g are compatible, and that [¥5, 7g] s =
—ng (which is a Poisson structure!). 0O

10.4 Notes

R-matrices and r-matrices have their origins in the theory of integrable systems,
but also play a fundamental rdle in the theory of quantum groups. They first ap-
peared in the contexts of the Adler—Kostant—Symes theorem, exhibiting the Lie al-
gebraic structures which underlie the integrability of both the Toda lattices and the
Korteweg—de Vries equation, see Adler [2].

The term “quantum group” is a generic name which is used for several types
of non-commutative algebras, usually Hopf algebras, i.e., algebras (rather than
groups!) endowed with an algebra structure on the dual. Quantum groups are in

3 In general, the notion “is compatible with” is not transitive.
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general constructed from solutions of the quantum Yang—Baxter equation, just as
Poisson—Lie groups are constructed from solutions of the modified classical Yang—
Baxter equation. These constructions are related, since a solution of the Yang—
Baxter equation admits an r-matrix as its first order term, while Poisson—Lie groups
appear as limits of quantum groups. For the theory of quantum groups, we refer to
the classical books of Kassel [103] or Majid [142].

The notion of an r-matrix has been generalized to the general context of Lie
algebroids. The resulting object is called a (classical) dynamical r-matrix; it depends
on parameters, turning some of the conditions which it has to satisfy into differential
equations. See Etingof—Varchenko [69, 70] and Liu—Xu [130].



Chapter 11
Poisson-Lie Groups

A Poisson-Lie group (G, ) is a Lie group G which is equipped with a Poisson
structure 7. The Poisson structure is demanded to be compatible with the group
structure, in the sense that one requires the product map G x G — G to be a mor-
phism of Poisson manifolds, where G x G is equipped with the product Poisson
structure.

To a Lie group G there corresponds a Lie algebra g, which is the tangent space
to G at e, where the Lie bracket [-,-|4 on g is inherited from the Lie bracket on the
space of (left-invariant) vector fields on G. If, in addition, G comes equipped with a
Poisson structure, the Lie algebra g inherits the structure of a Lie coalgebra, which
amounts to a Lie algebra structure [-,-]4+ on the dual vector space g*. In the case
of a Poisson-Lie group (G, 7), the fact that the multiplication in G and the Poisson
structure on G are compatible, implies a compatibility between the two Lie brackets
[,-]g and [-,]g*: the transpose to [-,-]g+ is a derivation of the Lie bracket [-,-]4.
Formalizing this property leads to the notion of a Lie bialgebra.

Thus, to every Poisson—Lie group, there corresponds a Lie bialgebra. Moreover,
to every homomorphism of Poisson—-Lie groups there naturally corresponds a homo-
morphism of Lie bialgebras, hence the correspondence between Poisson—Lie groups
and Lie bialgebras is functorial. Most importantly, the converse also holds. As we
know from Lie’s third theorem, every finite-dimensional Lie algebra is the Lie alge-
bra of some Lie group, which can be chosen to be connected and simply connected.
This Lie group can be made into a Poisson—Lie group if the Lie algebra is a Lie
bialgebra.

Poisson—Lie groups are introduced in Section 11.1, while their infinitesimal
analogs, Lie bialgebras, are introduced in Section 11.2. The above correspondence
between Lie bialgebras and Poisson—Lie groups is discussed in Section 11.3. Us-
ing dressing actions, we study the symplectic leaves of Poisson—Lie groups in Sec-
tion 11.4.

All Lie groups in this chapter are real (I = R) or complex (IF = C).
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11.1 Multiplicative Poisson Structures and Poisson—Lie Groups

A Poisson structure on a Lie group G makes G into a Poisson manifold. For reasons
which will be given later in this chapter, one demands the following compatibility
relation between the Poisson structure on G and the group structure of G.

Definition 11.1. A Poisson structure 7 on a (real or complex) Lie group G is said
to be multiplicative if the product map u : G x G — G is a Poisson map, where
G x G is endowed with the product Poisson structure. The pair (G, ) is then called
a Poisson—Lie group.

A map @ : G — H between two Poisson—Lie groups (G, x) and (H,7’) is called
a Poisson—Lie group homomorphism if it is both a Poisson map and a group homo-
morphism.

11.1.1 The Condition of Multiplicativity

We give in the following proposition two useful characterizations of the multiplica-
tivity of a Poisson structure on a Lie group. Recall that for g € G the maps of left
and right translation L, and R, in G are defined by L, () := gh and R, (h) := hg, for
allh € G.

Proposition 11.2. Let G be a Lie group. For a Poisson structure © on G, the follow-
ing three conditions are equivalent:

(i) 7 is multiplicative;
(ii) Forall g,h e G:

Tgn = N (TeRy) Tt + A* (TiLg) Ty 5 (11.1)
(iii) The map ¥ : G — N*g, which is defined for all g € G by
¥(g) == N (TRy-1) g (11.2)
is a cocycle of G, with respect to the adjoint representation of G on N’g, i.e.,
¥(gh) ="Y(g)+Ady¥(h), (11.3)
forall g.h e G.

Proof. We first prove that (i) and (ii) are equivalent, which amounts to proving that
U : G x G — G is a Poisson map if and only if (11.1) holds for all g, € G. Let us
denote the product Poisson structure on G x G by II; according to (2.11), the value
of IT at (g,h) € G x G is given by the bivector

gy = N (Tytn) 7tg + A (Tt T (11.4)
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where 1, and lL, are the inclusions of G into G x G given by 1, : g — (g,h) and
zfg : h— (g, h) respectively. According to (1.32), u is a Poisson map if and only if

Ton = N (Tigmylt) Mg 1y (11.5)

for all g,h € G. According to (11.4), and using the identities (o1, = Rj, and
p oty = Lg, the right-hand side of (11.5) is given by

/\Z(T(g,h)u) n(g,h) = /\Z(T(g.,h)u) (/\Z(Tglh) ﬂg) + /\Z(T(g,h):u) (Az(Thl(/g) nh)
— ATy o) 7y (T o) 7
= N (ToRp) g + N*(TiLg) T

which is precisely the right-hand side of (11.1). This proves that (i) and (ii) are
equivalent.

In order to show that (ii) and (iii) are equivalent, we fix g,h € G and we apply
the isomorphism /\Z(TghR(gh)fl) to both sides of (11.1), giving

2
A (T;;hR(gh)*l)”gh
= N(TenR gy-1) N (TeRy) g + A (TgnR gy -1) A (Thlg) T
and we show that the latter equation is, term by term, equation (11.3). For the first

two terms, this follows from the definition of ¥ and from the identity
R(gpy-1 ©Rp = R,-1, namely

/\2(TghR(gh)—1)”gh =Y¥(gh),
Az(TghR(gh)*l)(/\z(Tth) Tg) = /\Z(TgRg*I)”g =¥(g)-

For the third and final term, recall that the map C, is conjugation by g, so that
Cg =R,-1 0Ly, leading to the identity R ,;)-1 0 Ly = Cg o R),-1, which in turn yields

N (TghR giy-1) (A (TiLg) 701) = A (Ty(Rygpy-1 0 Lg)) oy
= N (Th(Cgo Ry1)) Ty = N (ToCo) (N (TyRy-1) T4)
= AdP(h)

where we have used in the last step that A(7,Cg)(x) = Adgx forallx € gand g € G.
This proves that condition (11.1) is equivalent to condition (11.3). O

In item (iii) of Proposition 11.2, we used the term cocycle, which is borrowed from
the terminology used when introducing the concept of cohomology for Lie groups.
We will not develop Lie group cohomology in this book, we rather restrict ourselves
to giving the general definition of a cocycle of a group (strictly speaking a 1-cocycle)
and proving the one result on group cocycles which we will use.
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Definition 11.3. Let p : G XV — V be a representation of a Lie group G on a finite-
dimensional vector space V. A cocycle of G in V is a smooth (or holomorphic)
function ¥ : G — V, satisfying

¥(gh) ="(g)+p(s,¥(h), (11.6)
forall g,h € G.

Proposition 11.4. Let G be a connected Lie group, let p : G XV —V be a represen-
tation of G on a finite-dimensional vector space V and let W C V be a G-invariant
subspace. Suppose that V' : G — V is a cocycle of Gin V.

(1) IfT,Y(x)=0forallx € g, then' ¥ =0;
(2) IfT,'P(x) €W forallx € g, then W(g) € W forall g € G.

Proof. The tangent map of the cocycle relation (11.6) with respect to the variable A
at the point i = e is given by

T,WoT,Ly=pgoT.V,

so that the vanishing of T.'W implies the vanishing of T,'¥ o T,L,, and therefore
of T,'V, for all g € G. Since G is assumed to be connected, this implies that ¥ is
a constant function. Since ¥ (e) = 0, as follows from (11.6), ¥ vanishes at each
point, which shows (7). If W is a G-invariant subspace, then we have an induced
representation G x V/W — V /W and ¥ induces a cocycle of G in V/W. In view
of (1), the latter cocycle is zero as soon as its tangent map at e is zero, i.e., as soon
as T,V (x) € W for all x € g, which proves (2). O

See [181] for more information on group cohomology.

11.1.2 Basic Properties of Poisson—Lie Groups

We start with an interesting feature of Poisson—Lie groups. Let (G, 7r) be a Poisson—
Lie group with Lie algebra g. The Poisson structure 7 vanishes at the unit e of G,
hence leads to a linear Poisson structure on g, i.e., a Lie bracket on g*. This structure
will play a mayor rdle in the sequel of this chapter.

Proposition 11.5. Let (G, ) be a Poisson—Lie group.

(1) mvanishes at e;

(2)  The linearized Poisson structure of T at e is the linear Poisson structure my on
g =T,G, whose value at x € g is given by (1)), = T,¥ (x), where ¥ : G — Ng
is the cocycle, defined as in (11.2);

(3) The inverse map inv : G — G is an anti-Poisson map.

Proof. Substituting e for g and % in (11.1) amounts to 7, = 7, + 7., hence w, = 0,
which yields (7). According to Proposition 7.22, g = T,G inherits from 7 = {-,-}
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a linear Poisson structure 7y = {-,-},. For functions F, G on g, defined in a neigh-
borhood of the origin o € g, the linearized Poisson bracket {F, G}, and the original
Poisson bracket {F,G} are, according to Proposition 7.22, related for every x € g
by!

(de{F,G},x) ={d.F,d.G}, (x) = (d.F Nd.G, (m1)x) , 11.7)
where d.F, d,G and d, {F, G} are viewed as (linear) functions on g = 7,G, and (7} )
is identified with an element of A?g. Alternatively, in terms of the map ¥ : G — A’g
defined in (11.2), the Poisson bracket {F,G} at g € G can be written as

{F,G}(8) = (deF NG, 1) = (dgF AdyG, A2 (TR ¥ (2))

which yields, upon putting g := exp(¢x) and taking the derivative with respect to ¢
atr =0,
(d.{F,G},x) = (d,F Nd,G, T,'V (x)) , (11.8)

where we have used that ¥ (e) = 0. Comparing (11.7) with (11.8) leads to the desired
equality
(m):=T.¥(x), (11.9)

proving (2). To say that inv is an anti-Poisson map means that inv : (G, ) —
(G,—m) is a Poisson map: for every g € G, A*(T,inv)m, = —7,-1. To prove that
the latter holds, let g € G, substitute g_1 for hin (11.1), and use 7w, = 0, to find that

0= /\Z(TgR(l ) g + /\Z(Tgfng) Ty-1 .
Combined with T, inv = —TeLgfl o TgRgfl (see (5.2)), this leads to

N (Tyinv) g = A*(ToLy-1 ) (A (TyRy-1) )
=—A? (TeLgfl )(/\2(Tg71Lg) ﬂg—l)
= = A} (Ty1 (Lg1 0 Lg)) Ty
=Ty,

which proves that inv is an anti-Poisson map. 0O

Comparing Definitions 5.32 and 11.1, we see that a Poisson structure 7 on a Lie
group G is multiplicative if and only if left translation L : G x G — G is a Poisson
action. We show in the following corollary of Proposition 11.2 that this condition
does not imply, in general, that the map L, (left translation by a given element g € G)
is, for every g € G, a Poisson map.

Proposition 11.6. Let (G, 1) be a Poisson—Lie group. For every g € G, the following

conditions are equivalent:

(i) e =0;
(ii)  Themap L : G — G, left translation by g, is a Poisson map;

! We use here and below the natural pairing (-,-) between APg* and APg, introduced in (5.10).
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(iii) The map R, : G — G, right translation by g, is a Poisson map.

Proof. For g € G, left translation by g is a Poisson map if and only if, for all 4 € G,
Tgn = N (ThLg) 0 - (11.10)

In view of (11.1), which says that 7 is multiplicative, (11.10) is tantamount to
/\2(Tth) 7, = 0, which is equivalent to 7, = 0, because the linear map TRy, is
an isomorphism. This proves the equivalence of (i) and (ii). The proof of the equiv-
alence of (i) and (iii) is similar. O

11.1.3 Poisson-Lie Subgroups

We consider in this section the notion of a Poisson—-Lie subgroup of a Poisson—Lie
group (G, 7). Recall that a Lie subgroup of G need not be a closed subset of G and
that there is associated to 7 a map ¥ : G — A’g, defined for g € G by ¥(g) :=
N (TgRy1) g

Proposition 11.7. Let (G, ) be a Poisson—Lie group. For a Lie subgroup H of G,
with Lie algebra b, the following conditions are equivalent:

(i) H is a Poisson submanifold of (G, T);
(ii)  For every h € H, the bivector ¥ (h) belongs to N2\,

Under these conditions, the pair (H,7') is a Poisson—Lie group, where 1t denotes
the restriction of m to H. One then says that H is a Poisson-Lie subgroup of G.
When H is connected, the conditions (i) and (ii) are also equivalent to the following
condition:

(iii)  For every x € b, the bivector T, (x) belongs to A2h.

Proof. In view of Proposition 2.12, H is a Poisson submanifold of G if and only if
m, € AT, H for every h € H. Since A°T,H = A?(T,Ry;,) (A%h), the equivalence of (i)
and (ii) follows.

Suppose that H is a Poisson submanifold of G and consider the product map
on H. It is the restriction of the product map on G to H, hence it is a Poisson map.
It follows that H itself is also a Poisson—Lie group.

Suppose now that H is connected. It is clear that (ii) implies (iii). Let us show
the inverse implication. Since ¥ : G — A2g is a cocycle for the adjoint repre-
sentation of G in AZg, its restriction to H is a cocycle for the adjoint represen-
tation of H in A%g, which admits A2h C Ag as an H-invariant subspace. By as-
sumption, T,%¥ (x) € A%} for all x € . According to Proposition 11.4, this implies
that ¥ (k) € A%} for all h € H, which is condition (ii). O

We show in the following proposition that the datum of a Poisson—Lie group and of a
Poisson—Lie subgroup leads, under a topological assumption, to a Poisson structure
on the (left) quotient space.
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Proposition 11.8. Let (G, 1) be a Poisson—Lie group and let (H, ') be a Poisson—
Lie subgroup of G. Suppose that H is a closed subgroup of G, so that the left coset
space H\G is a smooth manifold. There exists a unique Poisson structure on H\G,
such that the canonical projection p : G — H\G is a Poisson map. Moreover, the
right action of G on H\G is a (right) Poisson action.

Proof. Consider the left action of H on G which is the restriction of the product
map on G. Since H is a Poisson submanifold of G, the product H x G is a Poisson
submanifold of G x G, hence the left action of H on G is a Poisson action. Since
the quotient space of this action is precisely H\G, according to Proposition 5.33,
the quotient space H\G inherits a unique Poisson structure from (G, x) such that
the canonical projection p : G — H\G is a Poisson map. Since the product map
U : G x G — G is a Poisson map, the induced map (H\G) x G — (H\G) is also a
Poisson map, hence the (right) action of G on H\G is a Poisson action. O

11.1.4 Linear Multiplicative Poisson Structures

Let V be a finite-dimensional vector space (over R or C). Addition of vectors in V
defines a group structure on V which makes V into an abelian Lie group. Using
Proposition 11.2, we characterize multiplicative Poisson structures on V as linear
Poisson structures on V.

Proposition 11.9. Let V be a finite-dimensional vector space. A Poisson structure
on the Lie group (V,+) is multiplicative if and only if it is a linear Poisson structure.

Proof. Recall that a Poisson structure 7 = {-,-} on V is linear if and only if the
Poisson bracket of every pair of linear functions on V is a linear function on V (see
Section 7.1). By continuity, a real smooth (or complex holomorphic) function H
on V, which satisfies

H(v+w)=HWV)+H(w),

for all v,w € V, is a linear function on V. Therefore, 7 is a linear Poisson structure
on V, if and only if

{F.G} (v+w) = {F,G} (v) + {F.G} (w), (1L11)
for all v,w € V and for all linear functions F,G € V*. We have on the one hand that
{F, G} (V+W> = <dv+wF/\dv+WG, 7TV+W> (11.12)
and on the other hand, since F and F o R, differ by a constant (namely F(w)), that
{F,G}(v) = (d,F N4, G, )

= (dy(FoRy) Ady(GoRy), ) (11.13)
= <dv+wF/\dv+wG» /\Z(TVRW) 77:V> .
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Substituting (11.12) and (11.13) in (11.11) we conclude that 7 is a linear Poisson
structure on V if and only if

nV+W = /\2 (TVRM/) TEV + /\2 (TWLV) ﬂ:W 9

for all vyw € V. Since the latter condition is precisely condition (ii) in Proposi-
tion 11.2, this shows that 7 is linear if and only if 7 is multiplicative. O

Since the dual of a finite-dimensional Lie algebra admits a canonical linear Pois-
son structure (the Lie—Poisson structure), it follows from the above proposition that
the dual of a finite-dimensional Lie algebra is in a canonical way a Poisson—Lie

group.

11.1.5 Coboundary Poisson—Lie Groups

An important class of Poisson—-Lie groups are those constructed out of r-matrices.
Recall from Proposition 10.11 that if g is a Lie algebra and r is an r-matrix for g,
then its skew-symmetric part a := r~ € A2g is such that [a,a] is ad-invariant. We
show in the following proposition that this condition admits a natural connection
with Poisson-Lie groups. Recall from Section 5.1 that if G is a Lie group with
Lie algebra g, we denote for x € g by ¥ (respectively %) the right-invariant (re-
spectively left-invariant) vector field on G, whose value at e is x, and similarly for
elements X € A®g.

Proposition 11.10. Let G be a Lie group with Lie algebra (g,|-,-]) and let a € N?g.
On G we consider the bivector field i, defined by w := ‘@ — @. The pair (G, ) is
a Poisson—Lie group if and only if [[a,a] is an Ad-invariant element. In particular,
if G is connected, then (G, ) is a Poisson—Lie group if and only if a is an r-matrix.

Proof. Tt follows immediately from Proposition 5.2 that the Schouten bracket of
m:= ‘@ — @ with itself is given by

[Tf,ﬂ'}s =

In view of item (3) in Proposition 5.3, we can conclude that 7, as defined above, is
a Poisson structure on G if and only if [a,a] is Ad-invariant. It remains to be shown
that 7 is moreover multiplicative. The map ¥ : G — A’g associated with 7 as in
item (iii) in Proposition 11.2 (i.e. defined, for all g € G, by ¥(g) := Az(TgRgfl ) ty)
is given by

¥(g) =Adga—a, (11.14)
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as one computes using the following description of the bivector field @ — @ at a
point g € G:
g = A} (T.Lg)a— N*(T,Ry)a .

For every g,h € G, we can therefore check that
¥(gh) = Adgra—a=Adga—Adga+Adga—a="Y(g)+Ad, ¥ (h), (11.15)

which, in view of the equivalence of items (i) and (iii) in Proposition 11.2, implies
that 7 is multiplicative. Therefore, (G,7) is a Poisson-Lie group if and only if
[a,a]] is Ad-invariant. If G is connected, then this is, according to Proposition 5.3,
equivalent to [[a, a]) being ad-invariant, i.e., to a being an r-matrix. O

The previous proposition leads to the following definition.

Definition 11.11. A Poisson-Lie group (G, ) is said to be a coboundary Poisson—
Lie group if 1 is of the form © = @ — @ for some element a € A%g.

For a given coboundary Poisson-Lie group (G, ) there may exist two different
elements ay,a> € A*g such that 7 = &7 — a{ and © = & — a3. However, in such a
case, we have

% (_
ay—a=dy—a2

so that a; and a, differ by an Ad-invariant element in /\29. Therefore, for a
given coboundary Poisson-Lie group, the element in A%g which appears in Defi-
nition 11.11 is defined only up to addition of an Ad-invariant element in A’g.

Remark 11.12. The expression (11.14) of ¥ in terms of a, namely that ¥(g) =
Adga — a for all g € G, has the following cohomological interpretation: it says that
¥ is a 1-coboundary (in fact, of a) for the chain complex which underlies the group
cohomology of G with coefficients in A?g. It explains the terminology coboundary
Poisson—Lie group, introduced above. Also, since every 1-coboundary is a cocycle,
the cohomological interpretation of ¥ yields an alternative proof of (11.15), which
shows that ¥ is a cocycle.

11.1.6 Multiplicative Poisson Structures on Vector Spaces

In this section, we explain how the notion of a multiplicative Poisson structure on
a Lie group G is related to the notion of a multiplicative Poisson structure on a
finite-dimensional vector space V, equipped with a product 1, a notion which was
introduced in Section 8.2.1. For the present discussion, we will assume that the
product u is associative and admits a unit e; we will therefore refer to (V, ) as an
associative algebra with unit. An element v € V is said to be invertible if it admits a
right inverse, i.e., there exists w € V such that p(v,w) =e.

Proposition 11.13. Lez (V, ) be a finite-dimensional associative algebra with unit,
and let Viny denote the set of all invertible elements in V.
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(1) Vin is a (non-empty) Zariski open subset of V and the restriction of |1 to Viyy
defines the structure of a Lie group on Viny, whose Lie algebra is isomorphic
to V, with Lie bracket given by [x,y] = 1(x,y) — u(y,x) for all x,y € V;

(2) If ® is a multiplicative Poisson structure on (V,ll), in the sense of Sec-
tion 8.2.1, then the restriction ' of T to Viyy is a multiplicative Poisson struc-
ture on the Lie group Vi, making (Viny, ') into a Poisson—Lie group;

(3) Let a € N’V be a skew-symmetric r-matrix for V. The quadratic bivector
field T on V, whose value at x € V is given by

=2 [x®x,da (11.16)

is a multiplicative Poisson structure on V. The Poisson—Lie group (Viny, '),
where ©t' denotes the restriction of T to Vi, is the coboundary Poisson—Lie
group (Vil‘lvaz(g - 7))

Proof. Since U is assumed to be associative, the invertible elements are precisely the
elements v € V for which the linear map L, : V — V, defined by L,(w) := u(v,w),
is an isomorphism, i.e.,

Vioy ={v €V |detL, # 0} .

Since u is a bilinear map, v — L, is a linear map, and hence v — detL, is a poly-
nomial function on V (it is homogeneous of degree dimV). It follows that Vj,, is a
Zariski open subset of V; it is non-empty since it contains the unit e of . Defining
R,:V =V by R,(w) := u(w,v), we have that R, is an isomorphism if and only if L,
is an isomorphism. Indeed, if L, is an isomorphism, so that there exists w € V with
1(v,w) = e, then we have, in view of the associativity of 4,

/.L([.L(w,v),w) = /J(W,‘LL(V,W)) =w,

so that KerR, = {0}, i.e., R, is an isomorphism (recall that V is finite-dimensional).
Therefore, the invertible elements of (V,u) form a group, with e as unit. As an
open subset of V, the group (Viny, i) inherits a manifold structure from V; since u
is a bilinear map, it restricts to a smooth map ' on Vipy, hence (Vipy,1t') is a Lie
group. For x,y € V ~ T,V, we need to show that their Lie bracket [x,y] is given by
1 (x,y) — u(y,x). Under the canonical isomorphism V ~ T,V we have, by definition,

[x,y] = [Y»?}e and Z,Lt(x,y) —u(y,x)), = u(x,y) — u(y,x). It therefore suffices to
show that

(%, 9] =n(xy) —u(y,x) . (11.17)
Let F : V — [F be a linear function. For v € V we have that

X[F](v) = x[F oL,] = lim F(v+tu(vx)) —F(v)

t—0 t

= F(“(V7x))7

so that X' [F] = F o R,. It follows that
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(%, 51[F] = S [FIF]| - ¥ [%[F]]

= Fo(RyoR;—R,0R))

= FoRy(xy)—u(yx)
= M(X,Y)_ﬂ()’ax))[F]a

for all linear functions F on V, leading to (11.17). This shows (7).

Let 7 be a multiplicative Poisson structure on (V, ). Recall from Section 8.2.1
that this means that the product map u is a Poisson map. Since Vi, is an open subset
of V, the restriction 7’ of 7 to Vi, is a Poisson structure and the restriction y’ of
to Viny, i.€., the product map of the Lie group (Viny, i), is a Poisson map. This shows
that (Vipy, ') is a Poisson-Lie group, which is the content of (2).

Let a be a skew-symmetric r-matrix for V, which is the Lie algebra of the
connected Lie group (Viny, ). According to Proposition 11.10, (Vipy,@ — @) is
a coboundary Poisson-Lie group. We show that the quadratic bivector field’> 7
on V, defined by (11.16), takes at every point of Vj,, the same value as the bivec-
tor field 2(@ — @). To do this, we identify all tangent spaces to V with V, so that
the derivative of left translation by x € Vi, is the linear map T,L, : V — V, given
for z € V by T,L.(z) = xz, since L, is a linear map. Thus, the left-invariant vector
field 7 of z € V is given at x € Vipy, by 7 = xz. Similarly 7', = zx. It follows that,
for a bivector z; Azy € A2V,

(ZiAm), =xaAxz,  (21AZ), =zxAznx,
for all x € Vjyy, in particular
Gy —ar=(x@x)a—a(x®x)=[x®x,4d . (11.18)

This shows our claim. Since 7 and 2(‘@ — @) have the same value at every point
of Viny, the restriction of 7 to Vi, is multiplicative, hence r itself is multiplicative,
showing (3). O

Example 11.14. We show that the bivector field on V = Mat,(F), which we dis-
cussed in Example 8.22 is associated with an r-matrix, which proves that it is a mul-
tiplicative Poisson structure. Let V be equipped with the non-degenerate ad-invariant
bilinear form (x|y) = Trace(xy). We denote the elementary matrices of V by E;;,
and we introduce linear coordinates &;; on V by defining, for a matrix x € Mat,(IF),
&j(x) := (Eji|x), so that &;;(x) = x;j, when x is written as (x;;)1<; j<a- An arbitrary
matrix can be decomposed as the sum of a strictly upper triangular, a diagonal, and
a strictly lower triangular matrix: this decomposition satisfies the requirements of
Example 10.15 so that

1
ri== Y EuAEp (11.19)
1<a<b<d

2 We know from Section 10.3, in particular from the second Russian formula (10.40), that 7 is a
Poisson structure, but this fact is not used in the proof.
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is an r-matrix on the Lie algebra Mat, (). With the help of this r-matrix, a Pois-
son structure 7 on Mat,(IF) can be constructed as in Proposition 11.13. Let us ex-
press the coefficients of the Poisson matrix of 7 with respect to the linear coordi-
nates &;;. For all i, j,k,{ =1,...,d, and all x € Mat,(F), we find using the explicit
formula (11.19) for r and (11.18) for the corresponding Poisson structure,

{&ij 8}, (x) = 2(&ij N, x @ x, 1)
= " (&ij A &uts [ @ x, Eap NEpa) )

a<b

= ¥ (&ij A&, XEap NXEpg — Eapx N Epax)
a<b

= z (65000 — 0,00 — Gi.aGp + 0ipOka) Sie(x)Exj(x)
a<b

= (g0 +€ix) Eir(x)&j(x)

where g;;is 1if i > j,is —1if i < j and is 0 if i = j. It is the quadratic Poisson
structure which we met in Example 8.22.

11.2 Lie Bialgebras

In this section, we consider Lie algebra structures on a finite-dimensional vector
space g, on its dual vector space g* and on their product ? := g x g*. We will often
view g and g* as subspaces of 9, via the natural identifications g ~ g x {0} and
g* ~ {0} x g*. By a slight abuse of notation, (x,0) and (0, &) are often abbreviated
to x and £. We will make a notational distinction between the three Lie brackets
which will be considered: we will write [-,-]g, [,-]g*, and [-, ] for the Lie bracket
on g, on g* and on 0 respectively. We will however use the same notation ad* for the
coadjoint actions of g on g* and of g* on g. In view of the definition of the coadjoint
action (see Section 5.1.3),

(Elelg) = —(adi&y) and  ([€n]p.x) =—(n.adix)y, (1120

for all x,y € g and for all £,7 € g*.

We will find it often convenient to view the Lie algebra structure [-,-|4+ on g* as
a structure on g. This is done by taking the transpose of [-, -]+ : g* A g* — g*, which
can be considered as a linear map 6 : g — g A g. Precisely, 0 is defined by

(AN, 8(0) = ([€nlge ) 121

for all x € g, and for all £, € g*. We will use the natural bilinear form (- |-)5 on 9,
defined for all x,y € g and for all £, 1 € g* by
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() M)y == (&.x) +(n,x) - (11.22)

It is clear that (-|-)5 is symmetric and non-degenerate.

11.2.1 Lie Bialgebras

The following proposition will justify the definition of a Lie bialgebra.

Proposition 11.15. Let g be a finite-dimensional vector space. Suppose that [-,-]4

and [-,-|g+ are Lie brackets on g and g* respectively. On 0 := g x g*, consider the

non-degenerate symmetric bilinear form {-|-)o, given by (11.22). Then the following
conditions are equivalent:

(i) There exists a Lie bracket on 9, with respect to which (- |-}, is ad-invariant,
such that the natural inclusions g — 0 and g* < 0 are Lie algebra homo-
morphisms;

(ii)  The skew-symmetric bilinear map [, 5 : 0 X 0 — 0 given, for all x,y € g and
forall &, m € g%, by

[(xaé)a(yvn)]D = ([xay]g +ad2y_ad;x7 [éan]g*+ad;n_ad;5) ’ (]123)

satisfies the Jacobi identity;
(iii)  The transpose & : g — A*g of the Lie bracket |- ,-| g« : A°g* — g, defined by
(11.21), satisfies for x,y € g the derivation property

8 (bxly) = [80).3] + [x. 8] (11.24)

If any of these three equivalent conditions is satisfied, the Lie bracket on 0, which
satisfies the conditions demanded in (i), is unique and is given by (11.23); moreover,
it makes (9, (-|-)o) into a quadratic Lie algebra.

The proof of this proposition will make use of the following lemma.

Lemma 11.16. Let g be a finite-dimensional vector space, equipped with Lie brack-
ets [-,-]g and [-,-]g on g, respectively on g*. The skew-symmetric bilinear map
[,-]o : 0 X0 =0, defined in (11.23), has the following properties:

(1) Foralld,,dp,ds €0:
(di]]d2,d3]y)y = ([d1, o]y |d3), (11.25)

(2) [,]o satisfies the Jacobi identity if and only if for all x,y € g < 0, and for all
Enegt—o:

(Bl 118 mla)o + (D 8lo [ I nlo)y + {845 | o M)y)y =0 (11.26)

Proof. Letd; = (x;,&;), for i = 1,2,3. In view of the definition of [-,]o, of (-]}
and of the coadjoint actions of g on g* and of g* on g,
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(i | [, dslo )y = (& leasl )+ (€1, &olge 03 )+ O (1,2,3).

Since the latter expression is invariant with respect to a cyclic permutation of the
indices 1,2, 3, it follows that

(di| [d2, ds]y)y = (d3] [di,da]y)y = ([di,daly | ds)y

which proves (I). Let ¢ denote the 4-linear map from 0 to itself, defined for all
di,...,ds €0by

¢(di,da,d3,ds) := ( Fo(d1,d2,d3)|da),

where _#; is the Jacobiator of |-, -]p, i.e., #5 is given, for all dy,d>,d3 € 9, by
Foldy,do,d3) := [[dy,da]y ,d3]y + [[do, &3]y ,di]y + [[d3,di ]y ,da], - (11.27)

Since _#, = 0 if and only if [-,-], satisfies the Jacobi identity, and since (-|-)5 is
non-degenerate, @ = 0 if and only if [-, -], satisfies the Jacobi identity.

In order to prove (2), we therefore only need to show that (11.26) holds for all
x,y € g and all £,n € g*, if and only if ¢ = 0. Since #5(d,d>,d3) = 0 when
dy,dy,ds all belong to g or all belong to g*, we have that ¢(d;,da,ds,ds) = 0 when
dy,dy,ds all belong to g or all belong to g*, whatever the value of dy € 0. The
skew-symmetry of _#5, combined with (11.25), implies that ¢ is skew-symmetric.
Therefore, ¢(d;,d»,d3,ds) = 0 as soon as at least three of the d; all belong to g,
or all belong to g*. It follows, since ¢ is 4-linear, that ¢ = 0 if and only if
©(dy,dr,ds,ds) = 0, whenever two of the d; belong to g and the two other belong
to g*; but that is, in view of (11.25), precisely the condition that (11.26) holds for
all x,y € gand all £,7n € g*. This establishes the proof of (2). O

We are now ready to give the proof of Proposition 11.15.

Proof. We first prove that (i) and (ii) are equivalent. Suppose first that (ii) is sat-
isfied. Then the Lie bracket, defined by the explicit formula (11.23) has in view
of (1) in Lemma 11.16 the properties announced in (i). Suppose next that there ex-
ists a Lie bracket [-, -] on 0, with the properties announced in item (i). We show that
[,]=1,1]o, i-€., [-,-] is given by the explicit formula (11.23). In view of (i), [-,-]
and [-, ], agree when both arguments are taken either from g or from g*, so we only
need to show that

[x,n] = (—adyx,ad;n), (11.28)

forall x € gand all n) € g*. For (z,7) € g x g*, we have in view of (11.25), combined
with the properties of [-, -], assumed in (i), that

(k1] [(z,7)) = ([(,0),(0,m)] [ (z,0) + (0,7))5
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_ <(_ad’;’x,adj§n) | (z, 7’)>a ‘

Since (|-)o is non-degenerate, this shows (11.28), hence that if there exists a Lie
bracket on 0, satisfying (i), then it is given by (11.23). In particular, it shows that (i)
and (ii) are equivalent.

We now prove the equivalence of items (ii) and (iii). In view of item (2) of
Lemma 11.16, we need to show that (11.26) holds for all x,y € g, and for all
&,n € g%, if and only if (11.24) holds for all x,y € g. We claim that, to do this,
it suffices to show that the following formulas hold, for all x,y € g, and for all

g.negh
(€ AN [8(x),¥]) = (ad; &, adfyx) — <ad;fn,adj§ x> . (11.29)

Indeed, using (11.21), (11.29) and the definitions of [-, -], and (- |-}, we find that

(&AM, 8(1x.3]) ~ [8(x).3] — [x.5()])
= (1&g 3] ) — (ad; & ,ady ) + (ad; m,ad x)
+(ad; §,ady y) — <ad; n,ad; y>
= (ol | & Mlodo + (:Elo | I mla)o + (6,40 | v1lo)s

for all x,y € g, and for all £,1 € g*. In order to show (11.29), use (5.13) and the
derivation property of the coadjoint action of g on A?g*:

(EAN,[8(x))]) = —(EAn,ady 8(x)) = (ady(E AM),8(x))
= <ad;§ AN+E& /\ad;n,5(x)>

= <[ad;éa7ﬂg*+ [‘57ad;n]g*’x>

= <ad;f§,ad;‘1 x)— <ad;n,ad2 x> .

This proves (11.29) and hence also the equivalence of (ii) and (iii). O
Proposition 11.15 motivates the following definition.

Definition 11.17. Let g be a finite-dimensional vector space, let [-,-]5 be a Lie
bracket on g and let [-,-]4« be a Lie bracket on g*. The triple (g, [-,|g.[-,"]g*) 18
said to be a Lie bialgebra if it satisfies any one of the equivalent conditions given

in Proposition 11.15. In this case, the Lie algebra (,[-,-]5), where [-, -], is the Lie
bracket on 0 := g x g*, given in (11.23), is called the double of the Lie bialgebra
(gv [ ’ ']gv [ ) ]g*)

Suppose that (g, [-,|q,[,]g*) and (b, [-,]g,[,-]s*) are two (finite-dimensional)
Lie bialgebras. A linear map ¢ : g — b is called a homomorphism of Lie bialgebras
if both ¢ : (ga [ s ]9) - (h7 [ ) }f)) and its transpose ¢T : (h*a [ s ]f)*) - (g*7 [ ) }9‘)
are Lie algebra homomorphisms.
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Example 11.18. Let (g,[-,-]g) be a finite-dimensional Lie algebra. When g* is
equipped with the trivial Lie bracket ([-, ]+ := 0), then the triple (g, [-,|q,[-,]g*) is
a Lie biagebra, since item (iii) in Proposition 11.15 is trivially satisfied when 6 = 0.
Dually, let V be any finite-dimensional vector space, whose dual vector space V* is
equipped with a Lie bracket [-,]y+. Making V in a trivial way into a Lie algebra by
putting [-, -]y := 0, the triple (V,[-,]v, [, ]v+) is a Lie bialgebra.

Example 11.19. Let g be a vector space of dimension two and let [-,-]4 and [-,-] 4
be Lie brackets on g and on g* respectively. The triple (g, [-,|q, [, ]4*) is a Lie bial-
gebra. In view of Example 11.18, this is clear when at least one of the Lie brackets
[-,-]g or [-,]g+ is the trivial bracket. Suppose therefore that none of these brackets is
trivial and denote by V, respectively W the image of the maps [-,]g : Ng—g
and [-,]g~ A’g* — g*. Both V and W are one-dimensional because g is two-
dimensional. If W is the annihilator of V, i.e., (W, V) = 0, there exists a basis (x,y)
of g in which
[e,ylg=x and [x",y"]. =)",

where (x*,y*) is the basis of g* which is dual to (x,y). Then §(x) =0 and o(y) =
x Ay and one sees that condition (i) in Proposition 11.15 is satisfied. Otherwise,
there exists a basis (x,y) of g in which

[e,y]g=x and [x"y"]. =Ax", (11.30)

for some A € F*. In this case 6(x) = AxAy and d(y) = 0, so that we arrive at the
same conclusion.

Remark 11.20. For every A,u € IF and every Lie bialgebra (g,[-,|g.[-,]g*), the
triple (g, A[-,]g, [ ,-]g*) is a Lie bialgebra. It is clear that it is isomorphic to the
original one if A = p € F*, under the isomorphism A 14 : g — g. However, in general,
it is not the case when A # u, even if both A and u are different from 0. For instance,
for two different values of the parameter A, the Lie bialgebra structures described
by (11.30) are not isomorphic.

11.2.2 Lie Sub-bialgebras

The notion of a homomorphism of Lie bialgebras, given in Definition 11.17, leads
naturally to the notion of a Lie sub-bialgebra.

Definition 11.21. Let (g, [-,-]g,[-,]g+) be a finite-dimensional Lie bialgebra. A sub-
space b of g is called a Lie sub-bialgebra if ) admits the structure of a Lie bialgebra,
such that the inclusion h < g is a homomorphism of Lie bialgebras.

It is clear that the Lie bialgebra structure on a Lie subalgebra is completely deter-
mined by the Lie bialgebra structure on the ambient Lie bialgebra. The fact that the
transpose of the inclusion map h < g needs to be a Lie algebra homomorphism,
admits a natural reformulation, which leads to the following proposition.



11.2 Lie Bialgebras 307

Proposition 11.22. Let (g,[-,-1g, [, ]g*) be a finite-dimensional Lie bialgebra. A
subspace Yy of g is a Lie sub-bialgebra of (g, -, -]q, -, -]g*) if and only if the following
two conditions are satisfied:

(1)  The vector space by is a Lie subalgebra of (g,[-,-]g);
(2)  The annihilator h* of Yy is a Lie ideal of (g*,[-,"]¢*)-

Proof. For b a subspace of g, let i : ) < g denote the inclusion map, with transpose
1" : g* — b*. If a Lie sub-bialgebra structure on b exists, making the inclusion map
into a homomorphism of Lie bialgebras, then the Lie bracket on f is the restriction
of the Lie bracket on g (and condition (/) is satisfied); also, A g — bh*is a Lie
algebra homomorphism, so that its kernel h* is a Lie ideal of g* (and condition (2)
is satisfied).

Conversely, if the two conditions are satisfied, the Lie brackets on g and on g*
induce Lie brackets on h (by restriction) and on h* (by taking the quotient with
respect to h1), hence equip b and h* with two Lie brackets [+, -], and [-, “Jp+. Since
the transpose &’ of [-, -]y« is the restriction of & to b, item (iii) in Proposition 11.15
implies that these brackets define a Lie bialgebra structure on . By construction,
is a homomorphism of Lie bialgebras. 0O

11.2.3 Duality for Lie Bialgebras

We now come to the notion of duality for Lie bialgebras.

Proposition 11.23. Let (g,[-,-]g,[-,-]g*) be a Lie bialgebra, where g is a finite-
dimensional vector space. The triple (g*,[- -]+, - ,*|g) is a Lie bialgebra, called the
dual of the Lie bialgebra (g,]-,"|g,[-,"|g+)- The natural isomorphism S : g x g* —
g x g, givenjforall (x,&) € gx g* by S(x,&) := (&,x) is a Lie algebra isomorphism
of the doubles of these two Lie bialgebras.

Proof. In item (i) in Proposition 11.15, the Lie algebras (g, [-,-]g) and (g*,[-,-]¢*)
play a symmetric role, hence the first part of the proposition is clear. The isomor-
phism S : g x g* — g* x g which sends (x,&) to (&,x) is then clearly a Lie alge-
bra isomorphism between the doubles of the Lie bialgebras (g,[-,-]q,[-,]g+) and
(g%, [-,-]g*s[-+]g), which is the second part of the proposition. Notice that S arises
as the composition of the isomorphism g x g* ~ (g x g*)*, induced by (- |-}, with
the natural isomorphism (g x g*)* ~ g* xg. O

It is clear that the dual of the dual of a (finite-dimensional) Lie bialgebra is just the
Lie bialgebra itself. It is also obvious from Definition 11.17 that the transpose of a
homomorphism of Lie bialgebras is a Lie bialgebra homomorphism between their
dual Lie bialgebras. We leave it as an exercise to the reader to show that, if b is a
Lie sub-bialgebra of g, then there exists a (unique) Lie bialgebra structure on the
quotient space g*/h* such that the projection map g* — g*/b= is a Lie bialgebra
homomorphism.
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11.2.4 Coboundary Lie Bialgebras and r-Matrices

In Section 10.2.1, the notion of a coboundary Lie bialgebra was introduced. As
the terminology suggests, coboundary Lie bialgebras are Lie bialgebras, as we will
see in the next proposition. Recall that, given (g, |-,-]4) a Lie algebra, an element
r € g®gis a called an r-matrix when the transpose of the map 6 : x — ad, r, which
is a linear map g* ® g* — g*, defines a Lie bracket on g*. Recall also that the Lie
bracket on g* which is associated to an r-matrix r is denoted by [-, -] and is explicitly
given by (10.15). The corresponding triple (g, [-,-|g,[,]-) Was called a coboundary
Lie bialgebra in Definition 10.9.

Proposition 11.24. Let (g, |- ,-|q) be a Lie algebra, and let r € g & g be an r-matrix
of g. Then the coboundary Lie bialgebra (g,]-,-|q,|-,-|,) is a Lie bialgebra.

Proof. Consider the coboundary Lie bialgebra (g,[-,|q,[-,-],), where r is an r-
matrix of g. Since both [-,-]5 and [-,-], are Lie brackets, we only need to verify
that condition (iii) in Proposition 11.15 holds, where we recall from (11.21) that
0 : g — gAgis the linear map, defined by

(EAN,8(x) = ([&:n],.») ,

for all x € g and all £, 1 € g*. According to (10.17),

<[§7T”r7x> = <€/\nvadxr7> »

so that 6(x) = ad,r~, where r~ denotes the skew-symmetric part of r. Using the
fact that ad is a Lie algebra representation of g (on g A g),

S([x.y]y) = ad;y r~ =adcad,r” —adyad,r~ = ady o(y) —ad, 8(x)

for all x,y € g. This proves that condition (iii) in Proposition 11.15 holds, hence that
(g,[+]gs[+)r) is a Lie bialgebra. O

Not every Lie bialgebra is a coboundary Lie bialgebra. When the Lie algebra g is
abelian, recall from Example 11.18 that (g*,[-,-]¢ = 0,[-,-]¢+) is a Lie bialgebra for
every Lie bracket [-,-]4+ on g*. Such a Lie bialgebra cannot be a coboundary Lie
bialgebra, unless [-, -] ¢+ is trivial.

We show in the following proposition that the double of a Lie bialgebra is a
coboundary Lie bialgebra. Thus we can embed every Lie bialgebra in a coboundary
Lie bialgebra, a fact which will be useful when we prove, in the next section, that
every Lie bialgebra is the Lie bialgebra of a Poisson—-Lie group.

Proposition 11.25. Let (g,[-,-]g,[,]g*) be a finite-dimensional Lie bialgebra. On
its double (0,[-,"]o), there exists a skew-symmetric r-matrix a € N>0, with corre-
sponding Lie bracket |- -], on 0*, such that (g,[-,-]g,[-,"]g*) is a Lie sub-bialgebra
of 0,[,"]0,[ +"]a)- In terms of a pair of dual bases (ey,...,e;) and (€1,...,&;) for
g and for g* respectively, a is given by a = % 2?:1 eiNE.
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Proof. There is a natural Lie algebra splitting of 9, given by 0 = g* @ g, where g and
g* have been identified with Lie subalgebras of ? via g ~ g x {0} and g* ~ {0} x g*.
The corresponding R-matrix of 9 is given by R(x,&) = & —x, for (x,&) € 0. It
is skew-symmetric because both g and g* are isotropic subspaces of 0 with re-
spect to the bilinear form (-|-) (see (11.22)). Using the isomorphism between
and its dual 9%, induced by (-|-)p, the R-matrix becomes an element a € g ® g,
which is according to Proposition 10.13 a skew-symmetric r-matrix, whose asso-
ciated Lie bracket [-,-], makes (9,[,]o,[,]4) into a (coboundary) Lie bialgebra.
As we have seen in Example 10.14, a is given in terms of dual bases (ey,...,eq)
and (gp,...,&4) for g and for g* respectively, by a = %Zfizl e; \ €. We show that
(0,[,]o,[-,]a) contains (g, [-,-]g,[-,-]g+) as a Lie sub-bialgebra. The natural inclu-
sion1: g~ gx {0} — 0 is, by definition of the bracket on 0, a Lie algebra homo-
morphism (g, [-,-]g) = (9,[,-]o). Under the natural identification between ?* and
g* X g, the transpose 1 to 7 is given by 1" (£,x) = &, for (€,x) € g* x g. Therefore,
showing that 1" is also a Lie algebra homomorphism, amounts to showing that

([(6.3). (1,9 (v.0)) = ([Enlge )

for all (€,y),(n,z) € g* X g and for all x € g. This is done by explicitly computing
the left-hand side of the latter equation, namely

([(§,3), (m,2)]4 (x,0))
d
(5 y) (naz>7ad(x,0)2ei/\ei>

i=1

l\J|’—‘
/\\./

<<é Y) ( )7 [(x,O), (6[70)]0 N (07 gi) + (e,-,O) N [(x70)7(078i)]0>

l\)l'—‘
M=

(E:y)A(1,2), ([x,ei],0) A0, &) + (Ei,O)A(—adi,x,adigi)>

Il
—_

N —

NM—‘
. M"“
~~ 7~

M=

<57[x,e,-}g> (6s2) = (1. [x.eily ) (@)

((€.e) ((ady &i,2) — (n,ad; x)) — (1, e:) ((ad} &,y) — (£, ad; x)))
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It follows that 1 is a Lie algebra homomorphism, so that 7 is a Lie bialgebra homo-
morphism. O

Proposition 11.26. Let (g,[-,-|q,[-, |q*) be a Lie bialgebra. If (g,[-,-]g) is semi-
simple, then (g,[-,-]g,[,]g*) is a coboundary Lie bialgebra.
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Proof. Condition (iii) in Proposition 11.15 means that the map § : g — A’gisa I-
cocycle in the complex computing the cohomology of the Lie algebra g with values
on A%g, which is acted upon by adjoint action. According to Whitehead’s lemma
(Lemma 4.1), 6 is a coboundary, which, in the present case means that §(x) = ad,a
for some a € A?g. Since § is the transpose of a Lie algebra bracket, a is a (skew-
symmetric) r-matrix, hence (g, [-,|g,[-,]g*) is a coboundary Lie bialgebra. O

11.2.5 Manin Triples

Making abstraction of the structure of the double 0 := g x g* of a Lie bialgebra
(9,[*,-]g, [ ]g+) leads to the notion of a Manin triple, defined as follows.

Definition 11.27. Let (E, [-,-]) be a finite-dimensional quadratic Lie algebra, whose
bilinear form is denoted by (-|-). Let V and W be vector subspaces of E. The triple?
((E,[-,],{-1")),V,W) is said to be a Manin triple if

(1) E=VeWw,;
(2) V and W are Lie subalgebras of E;
(3) 'V and W are isotropic with respect to (-] -).

We show in the following proposition that there is a natural one-to-one correspon-
dence between Manin triples and Lie bialgebras.

Proposition 11.28.

(1) Let(g,[,]g;["+]g*) be afinite-dimensional Lie bialgebra. Define 0 := g x g*,
the double Lie algebra, with Lie bracket [-,-|y and with bilinear form (-|-)»
given by (11.23) and (11.22) respectively. The triple ((0,[,]o,{-|}2),8,9")
is a Manin triple.

(2) Conversely, let ((E,[-,"]g,{-|"VE),V,W) be a Manin triple, where E is as-
sumed to be finite-dimensional. Denote by [-,-ly and [-,-|w the restriction
of |-, ]g to V and W respectively, and by x.(|-,-]w) the Lie algebra bracket
on V* obtained by transporting [-,-lw under the isomorphism y : V* ~ W,
induced by (-|-Yg. Then (V,[-,-lv, x«([-,-]w)) is a Lie bialgebra.

Proof. Let (g,[-,"]g,[-,]g*) be a finite-dimensional Lie bialgebra, with double
0 := g x g*. Identify, as before, g and g* as Lie subalgebras of 9, via the natural
identifications g ~ g x {0} and g* ~ {0} x g*, so that 0 = g & g*. Clearly, both g
and g* are isotropic with respect to (- | -}, so that ((9,[,]o, (- | -}2),9,9") is a Manin
triple. For the converse, let ((E, [, ]z, (-|)£),V, W) be a Manin triple, with E finite-
dimensional. Then (- |-) induces an isomorphism between V* and W, so we obtain
a Lie algebra structure on V and on V*. In view of (i) in Proposition 11.15 and be-
cause (E,{-|-)g) is quadratic, (V,[-,-]v, x«([-,]w)) is a Lie bialgebra. It is easily
verified that both constructions are inverse to each other. 0O

3 The triple is usually simply written as (E,V,W).
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Notice that, inverting the roles of V and W in a Manin triple, corresponds at the
bialgebra level to taking the dual.

Example 11.29. We construct a natural Manin triple which corresponds to Exam-
ple 10.15. Thus, we assume that (g,[-,-]) is a finite-dimensional Lie algebra and
that g = g4 @ go P g— is a Lie algebra decomposition, where g, and g_ are Lie
subalgebras of g and that gg is abelian and is contained in the normalizer of g
and in the normalizer of g_. Moreover, it is assumed that g comes equipped with
a non-degenerate symmetric bilinear form (- |-) with respect to which both g and
g are isotropic and orthogonal to gg. Recall that the endomorphism R of g, de-
fined for x € g by Rx := x; —x_, where x;,xp and x_ stand for the projections
of x on g,go and g_ respectively, is a skew-symmetric solution to the modified
Yang-Baxter equation (10.4), with ¢ = 1, hence leads to a skew-symmetric 7-matrix
for g, making (g,[,],[-,-],) into a Lie bialgebra. Let E := g X g, equipped with
the product Lie bracket, denoted by |-, -]’ , and with the ad-invariant symmetric non-
degenerate bilinear form (- |-)’, which is defined, for all x1,x3,y2,y2 € g, by

((x1,31) | (k2,32)) o= (x1 | x2) — (v1 [ 32) (11.31)

Let A be the subspace of E, defined by A := {(x,x) | x € g} and let W denote the
subspace of E, defined by

Wi={(x+zy—-2)|x€gs, yEg-andz€go} .

It is clear that E = A & W. Moreover, the assumed properties on the factors of g
imply at once that A and W are both subalgebras of E and are both isotropic with
respect to (- | -)’. It follows that (E, A, W) is a Manin triple. In order to show that this
Manin triple corresponds to the coboundary Lie bialgebra (g, [-,],[,]-) we need to
show that the restriction of [-,-]’ to A, respectively to W, yields the Lie brackets |-, -]
and [-, ], upon identifying A and g, respectively W and g*; the former identification
is done by the diagonal map, which maps x € g to (x,x) € g x g. It is clear that
[-,]', restricted to A, coincides under this identification with |-, -]. Consider the map
v : W — g, defined for (x+z,y—2) € W by w(x+2z,y—z) :=x—y+2z Itis
the transpose of the isomorphism g — W*, induced by (-|-)’, composed with the
isomorphism g* — g, induced by (-|-). We claim that, under y, the Lie algebra
structure on W corresponds to the R-bracket [-, -] on g, showing our claim, since the
r-bracket on g* corresponds to the R-bracket on g under the isomorphism induced
by (-|-). This follows from the following computation, where we use that both g
and g_ are Lie subalgebras of g, that g¢ is contained in the normalizer of g, and
in the normalizer of g_, and that gy is abelian: for all (x+z,y—z) € W and (x' +
z’,y’ _Z/) cWw:

(Wx+z,y—2),y(x'+7,Y 7)),
= [x—y+2z,0 =y +27],

= %([x+y,x'—y/+22'} + [x—y+2z,4 +)])
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] - ]+ ) ] + 1] + 2]
= [x+z,x+7] - [y—z)y —7]
=vy([x+z.x+7], [y—zy -7])

= y([(+zy=2),(+2Y =]

Notice that, considering the particular case of gy = {0}, the constructed Manin triple
corresponds to the case of a Lie algebra splitting (see Example 10.14).

Example 11.30. We also construct the Manin triple which corresponds to Exam-
ple 10.16. To do this, we consider the complex Lie algebra sl;(C) as a quadratic
Lie algebra over R, equipped with the bilinear form, defined for x,y € s(;(C) by
(x|y)g := 3(Trace(xy)). We consider two Lie subalgebras: t.., the space of upper
triangular matrices admitting only real coefficients on the diagonal, and su,;. We
have that s[;(C) = suy; ®t. For all x,y € suy,

Trace(xy) = Trace(xy) = Trace (xTyT) = Trace(yx) = Trace(xy) ,

so that (x|y)g = 3 (Trace(xy)) = 0. This shows that su, is isotropic with respect
to (-|-)5. For every x,y € t,, it is clear that xy € t, hence Trace(xy) has vanish-
ing imaginary part and t. is also isotropic with respect to (-|-)g. It follows that
(s14(C),suy4,t4) is a Manin triple. We show that it is the Manin triple correspond-
ing to the Lie bialgebra discussed in Example 10.16. To do this, recall from the latter
example that we consider on suy the non-degenerate symmetric bilinear form (- |-),
defined for x,y € suy by (x|y) := R(Trace(xy)). Let v : t;. — su, be the composi-
tion of the isomorphisms t; ~ su; ~ suy, where the first one is induced by (- |-)g
and the second one by (- | -). Explicitly, y(x) = — @ (x+x"), forx € t,,asis com-
puted from (x|y)g = (y(x)|y), for all y € suy. For x,y € t;, one checks by direct
computation that y([x,y]) = [w(x), y(y)] . Which confirms that the Lie bialgebra,
associated to the above Manin triple, is the one from Example 10.16.

We have seen in Proposition 11.25 that the double of a Lie bialgebra is also a Lie
bialgebra. We construct in the following proposition the Manin triple of this double
Lie bialgebra in terms of the Manin triple of the original bialgebra.

Proposition 11.31. Lez ((E,[-,-],{-|-)),V,W) be a Manin triple, where E is finite-
dimensional. Let E X E be equipped with the product Lie bracket, which we denote

by [-,+]', and with the non-degenerate ad-invariant symmetric bilinear form {(-|-)’,
given for (x1,y1),(x2,y2) € E X E by

(1, y1) [ (2,32))" 2= (e o2) = (i |y2) - (11.32)
Let

V' :={(u,u) EEXE|uck},
Wi=WxV.

(11.33)
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Then ((E < E,[-,-]',{-|")),V',W') is a Manin triple and the Lie bialgebra associ-
ated to it is the double of the Lie bialgebra associated to (E,V,W).

Proof. Let ((E,[-,-],(-]-)),V,W) be a Manin triple and let (g,[-, ]q,[-,]q+) be its
associated Lie blalgebra According to Proposition 11.28, we may identify (E,|-,-])
with (0 =g x ¢",[","Jo); under this identification, (V,[-,"];,) and (W,[,],, ) are
identified with (g,[-,-]g) and (g*,[-,]g*) respectively; the inner product (-|-) on

E corresponds to the natural inner product (11.22) on 9. According to Proposi-
tion 11.25, 0 is a coboundary Lie bialgebra, where the Lie bracket on 0* is the
r-bracket a which is associated to the Lie algebra splitting 0 = g* @ g, i.e., the
Lie algebra splitting E = W @ V. According to Example 11.29, in the particular
case of go = {0}, the Manin triple of such a coboundary Lie algebra is given by
((EXE,[,-]),{-]),V/,W), where [-,-]' is the product Lie bracket on E X E and
where (-|-)" and V', W’ are given by (11.32) and (11.33). O

11.2.6 Lie Bialgebras and Poisson Structures

We give in the following proposition a different description of the notion of a Lie
bialgebra, by interpreting one of the Lie algebra structures as a linear Poisson struc-
ture: according to Proposition 7.3, to a Lie bracket |-, -]+ on g* corresponds a linear
Poisson structure 7 on g (and vice versa).

Proposition 11.32. Let (g, |- ,-|4) be a finite-dimensional Lie algebra and let Tt be a
linear Poisson structure on g. Then the following conditions are equivalent:

(i)  Denoting by [-,-]g+ the Lie bracket on g*, corresponding to m, the triple
(9,0-5-1g:[-»-]g*) is a Lie bialgebra;
(ii) For every x,y € g, the bivector m, € N*T,g, considered as an element of N\’g,
satisfies
Txyly = ad, my —ad, 7, . (11.34)

Proof. Let [-,-]g« be the Lie bracket on g* which corresponds to the linear Pois-
son structure © = {-,-} on g. For F,G € .7 (g), their Poisson bracket at x € g is,
according to (7.4) and (11.21), given by

(F,G} (x) = <[dXF7 d;Gl ,x> = (deF AdG,8(x))

where we recall that in this formula d,F and d,G are viewed as elements of g*. It
follows that §(x) = m, for every x € g, where the latter bivector is considered as an
element of /\29. The equivalence between (i) and (ii) then follows from item (iii) in
Proposition 11.15 and Definition 11.17. O

If (g,[,]g:[--]g*) and (b, [, -], [-,]p*) are two finite-dimensional Lie bialgebras,
with corresponding Poisson structures {-,-}, and {-,-}, on g and b respectively,
then a linear map y : g — b is a homomorphism of Lie bialgebras if and only if
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v:(g,[,]g) = (b, ]p) is a homomorphism of Lie algebras and y: (g, {,}4) —
(h, {, } ) is a Poisson map. Indeed, the latter condition is equivalent to the fact that
v’ (b%[,]pr) = (8%, [',"]g*) is a Lie algebra homomorphism. It follows that Lie
sub-bialgebras can be characterized as follows:

Proposition 11.33. Let (g,[-,"|q,[-,"|g*) be a Lie bialgebra, and denote by 1 the
linear Poisson structure on g corresponding to |-,-|g«. A subspace ) C g is a Lie
sub-bialgebra if and only if the following two conditions are satisfied:

(1) Yisa Lie subalgebra of the Lie algebra (g,[-,"]q);
(2) b is a Poisson submanifold of the Poisson manifold (g, ).

11.3 Poisson-Lie Groups and Lie Bialgebras

In this section, we relate the objects which appeared in the two previous sections,
namely we establish a natural correspondence between Poisson-Lie groups and
finite-dimensional Lie bialgebras. We first show that the tangent space to the unit
of a Poisson-Lie group inherits the structure of a Lie bialgebra (Section 11.3.1).
We then show that every finite-dimensional Lie bialgebra is the Lie bialgebra
of a Poisson—Lie group. This is first done in Section 11.3.2 for coboundary Lie
bialgebras and then in general in Section 11.3.3, using the fact that every finite-
dimensional Lie bialgebra can be embedded in a coboundary Lie bialgebra (its dou-
ble, see Proposition 11.25).

11.3.1 The Lie Bialgebra of a Poisson-Lie Group

Let (G, ) be a Poisson-Lie group, whose unit is denoted by e. First, since G is a
Lie group, the tangent space g := T,G is equipped with a Lie algebra bracket [-,-]4
(see Theorem 5.1). Second, according to item (/) in Proposition 11.5, the Poisson
structure 7 vanishes at e, leading to a linear Poisson structure m; on 7,G = g (the
linearized Poisson structure, see Section 7.5), hence a Lie bracket [-,-|4+ on g* (see
Proposition 7.3), which we call the linearized bracket of (G,m). We show in the
following proposition that the Lie structures [-,-|4 and [-, -] 4« make g into a Lie bial-
gebra, so that we can naturally associate to every Poisson—Lie group a Lie bialgebra.

Proposition 11.34. Let (G, 7) be a Poisson—Lie group, with Lie algebra (g, - ,-]4),
and with linearized bracket |-, -] g+

(1) Thetriple (g,[-,-]q,[","]g*) is a Lie bialgebra;

(2) Let @ be a Poisson-Lie group homomorphism from (G,n) to a Poisson—Lie
group (H,n’), with corresponding Lie bialgebra (h,[-,-]p, [, ]s+). The tan-
gent map T, D of @ at the unit e of G is a Lie bialgebra homomorphism from

(gv ['7']9’ ['v']g*) fo (ha ["']b’ [’]h*)
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Proof. Let (G,m) be a Poisson-Lie group with Lie algebra (g,[-,-]y) and let ¥
denote the cocycle G — A2g, defined by (11.2). We show that the cocycle con-
dition (11.3) implies condition (ii) in Proposition 11.32, which guarantees that the
triple (g, [-,-|g,[-,-]g*) is a Lie bialgebra, where |- ,-|4+ denotes the linearized bracket
of (G, m). Consider the identity

¥(ghg™') =¥(g) +Adg ¥ (h) — Ad

et P(8) (11.35)

which is valid for all g,i € G, as follows from the cocycle condition (11.3), upon
using that ¥(e) = 0. Differentiating (11.35) leads to an identity for the linearized
Poisson bracket m;, since

(m)x =T, (x) (11.36)

for x € g (see (2) in Proposition 11.5). In order to obtain this identity, replace &
by exp(ty) in (11.35) and take the derivative at t = 0. In view of (11.36), this leads to

(1) Adgy = Adg (71 )y — adag,y P (g) s (11.37)

for all y € g and g € G. We replace now in (11.37) g by exp(zx) and we take the
derivative at t = 0; we claim that we obtain

(1)), = ada(m1)y —ady(m)s (11.38)

which in view of Proposition 11.32, shows that the triple (g, [-,-]4), [, ]4+) is a Lie
bialgebra.

Let us show in detail how (11.38) is obtained from (11.37). Since 7; is a linear
Poisson structure, the map g — A”g, defined by x +— (71 ), is a linear map. It follows
that, for every function z: F — g,

d
dr

1=0 (nl)zm = (m) ailoz®)

Applied to the left-hand side of (11.37), with g = exp(¢x), this yields the left-hand
side of (11.38), in view of the definition of ad. Also,

d

dr Adexp(tx)(n] )y = adx(nl )y )

t=0

which yields the first term in the right-hand side of (11.37). Finally, since ¥'(e) =0,

¥ (exp(tx)) = ad, % B ¥ (exp(tx))
= ad, .Y (x) = ad, (m1) ,

ad Ad

exp(tx) Y
t=0

d
dr

which is the second term in the right-hand side of (11.37). This completes the proof
of (11.38), and hence of item (7).
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We turn to the proof of (2). Since @ : G — H is a Lie group homomorphism,
the tangent map 7, @ : g — b is a Lie algebra homomorphism (Theorem 5.1). Simi-
larly, since @ : G — H is a Poisson map, with 7 vanishing at e and 7’ vanishing at
@(e), the linear map T,®P : g — b is a Poisson map (Proposition 7.22). According
to Section 11.2.6, this shows that ¢ is a Lie bialgebra homomorphism. 0O

The second item of the previous proposition implies that the Lie bialgebra of a
Poisson-Lie subgroup of (G, ) is a Lie sub-bialgebra of the bialgebra of (G, 7).
This is stated, together with its converse, in the following proposition.

Proposition 11.35. Let (G, ) be a Poisson—Lie group, whose Lie bialgebra is de-
noted by (g,[-,"|q,[-,"|g*)- For a connected Lie subgroup H of G, with Lie algebra b,
the following conditions are equivalent:

(i)  His a Poisson—Lie subgroup of (G,T);
(ii) b is a Lie sub-bialgebra of (g,[-,-1g, [, |g*)-

Assuming that these equivalent conditions hold, denote the Lie brackets of the Lie
bialgebra Y by |-,y and [-,-]y+, and denote the Poisson structure on H, which
makes H into a Poisson submanifold of (G,n), by n'. Then (b,[,]p,[-,]p+) is the
Lie bialgebra of (H, r').

Proof. The implication (i) = (ii) follows at once from Proposition 11.34, since
the inclusion map of a Poisson—Lie subgroup is a Poisson-Lie group homomor-
phism. Conversely, assume that h is a Lie sub-bialgebra of the Lie bialgebra
(8,[,-]gs[*,-]g*) of (G,7). Then the transpose & : g — A%g of [-,-]4+ maps b to
A%h. According to item (2) in Proposition 11.5 and the proof of Proposition 11.32,
0(x) = T, (x) for all x € g, where W is defined as usual by (11.2). It follows that
T,%(x) € A%} for all x € h. According to Proposition 11.7, this shows that the con-
nected Lie subgroup H of G is a Poisson—Lie subgroup. Thus, condition (ii) implies
condition (i). O

11.3.2 Coboundary Poisson—Lie Groups and Lie Bialgebras

We show in this section that the Lie bialgebra of a coboundary Poisson-Lie group
is a coboundary Lie bialgebra, which justifies why the same adjective “cobound-
ary” is used for both structures. We also show the following converse: every
finite-dimensional coboundary Lie bialgebra is the Lie bialgebra of a coboundary
Poisson—Lie group.

We first show that there corresponds to every coboundary Poisson-Lie group a
coboundary Lie bialgebra. Let (G, ) be a coboundary Poisson-Lie group. By defi-
nition, there exists a € A%g such that ¥ = ‘@ — @, where (g, [-,]) is the Lie algebra
of G. According to Proposition 11.10, [a,a] is Ad-invariant, hence is ad-invariant.
Proposition 10.11 implies that a is a skew-symmetric r-matrix, i.e., the associated
bracket [-,-], is a Lie bracket on g*, making (g,[,"],[:,"]s) into a coboundary Lie
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bialgebra (see Definition 10.9). The next proposition shows that this coboundary Lie
bialgebra is the Lie bialgebra of the Poisson-Lie group (G, 7).

Proposition 11.36. Let (G, ) be a coboundary Poisson—Lie group, witht="a — @
for some r-matrix a € N*g, where (g,[,"]4) denotes the Lie algebra of G. The Lie
bialgebra of (G, ) is the coboundary Lie bialgebra (g,[-,-]q,[-,"|a)-

Proof. According to (11.14), the map ¥ : G — A’g, defined by g /\Z(Tgqu) T,
is given by ¥(g) = Adgya — a. The tangent map of ¥ at e is therefore given by
T,'Y(x) = ad, a for all x € g. According to item (2) in Proposition 11.5, the linearized
Poisson structure 7y of 7 at the unit e of G is given by (7;), = T,'¥(x), for all x € g,
so that the linearized Poisson structure 7 is given at x € g by (), = ad, a, whose
transpose is precisely the Lie bracket [-,-|,. This shows that (g, [-,]g,[-,]a) is the
Lie bialgebra of (G, 7). O

Corollary 11.37. Let (g,[-,-]g,[-,]a) be a finite-dimensional coboundary Lie bial-
gebra. If G is a connected Lie group, with Lie algebra (g,[,]g), then G ad-
mits the structure of a coboundary Poisson—Lie group, whose Lie bialgebra is
(9,[",-]g, [ ]a)- In particular, every finite-dimensional coboundary Lie bialgebra
is the Lie bialgebra of a coboundary Poisson—Lie group.

Proof. We only need to prove the first part of the corollary, since the last state-
ment follows from it at once upon using the fact that every Lie algebra is the Lie
algebra of a connected Lie group (see Theorem 5.1). Let (g, [-,-]g,[-,]«) be a finite-
dimensional coboundary Lie bialgebra, with a € A%g so that [[a,a] is ad-invariant.
Let G be a connected Lie group whose Lie algebra is g. Since G is assumed to be
connected, [[a,a] is Ad-invariant. Setting 7 := ‘@ — @, Propositions 11.10 and 11.36
imply that (G, ) is a Poisson—Lie group, whose Lie bialgebrais (g, [, |q,[-,]a), as
was to be shown. 0O

Corollary 11.38. Let (g,[-,-|g,[-,-]g*) be a finite-dimensional Lie bialgebra and
let D be a connected Lie group whose Lie algebra is the double (9,[,-]s) of
(9,[,-]g, [ ]g*)- Then D admits a unique Poisson structure mp, making (D, 7tp) into
a coboundary Poisson—Lie group, whose Lie bialgebra is (0,[,|o,[,"]a)- In terms
of a pair of dual bases (ey,...,e;) and (€1,...,&4) for g and for g* respectively, the
skew-symmetric r-matrix a of 0 is given by a = % 2?:1 eiNE.

Proof. According to Proposition 11.25, the double (9,[-,]o) is a coboundary Lie
bialgebra; as before, we denote the corresponding Lie structure on 0* by [, -],. If D
is a connected Lie group with Lie algebra (9,[-,]o), then D admits, according to
Corollary 11.37, the structure of a coboundary Poisson-Lie group, whose Lie bial-
gebra is (9,[,-]o,[,"]a). As we will see in Theorem 11.39, the Poisson structure
on D which integrates the given Lie bialgebra structure is unique. O



318 11 Poisson—Lie Groups

11.3.3 The Integration of Lie Bialgebras

We show in this section that every finite-dimensional Lie bialgebra can be inte-
grated. We mean by this that there exists for every finite-dimensional Lie bialgebra
(9,[",-]g,[*»-]g*) a (not necessarily unique) Poisson-Lie group (G,n) whose Lie
bialgebra is isomorphic to (g, [-,-]g,[-,]g*). For the particular case of a coboundary
Lie bialgebras, this was proved in Corollary 11.37.

Theorem 11.39. Let (g,[-,-]g,[","]g*) be a finite-dimensional Lie bialgebra and
let G be a connected Lie group with Lie algebra (g, |-,-]q).

(1) There exists at most one Poisson structure T on G such that (G,7) is a
Poisson—Lie group, whose Lie bialgebra is (g,[-,-]g, [, ]g*);

(2) If G is simply connected, then there exists on G a unique Poisson struc-
ture 7, such that (G,n) is a Poisson—Lie group, whose Lie bialgebra is
(97 [ ) ']97 [ ) ']9*);

(3) In particular, every finite-dimensional Lie bialgebra is the Lie bialgebra of a
Poisson—Lie group.

Proof. Let ') and (2 be two multiplicative Poisson structures on the connected
Lie group G, leading to the same Lie bialgebra, i.e., their linearized Poisson struc-
tures at e coincide. In view of (2) in Proposition 11.5, ,%) (x) = T,%?) (x), for all
x € g, where Y1) : G — A?g is defined by Y1) (g) := N (TgR 1 )né’), fori=1,2.Tt
follows that ¥(1) —¥2) which is a cocycle (since both w1 and ¥ are cocycles),
has zero tangent map at e. By Proposition 11.4, this implies that w() _ ) =,
and hence that 7(!) = 7(2)_ This shows item (7).

Let (g,[,-]g,[,]g*) be a finite-dimensional Lie bialgebra. According to Propo-
sition 11.25, (g,[-,]g,[*,-]g*) is a Lie sub-bialgebra of a coboundary Lie bialgebra,
which we denote by (9,[-,]o, [, ]a), because the underlying Lie algebra is the dou-

ble of (g,[,]g,[-,"]g*). In view of Proposition 11.37, (9,[-,-]a,[-,"]4) can be inte-
grated into a Poisson—-Lie group (D, mp), which is the only fact about ? which we
will use in this proof. We denote by G the unique connected Lie subgroup of D,
whose Lie algebra is g. According to Proposition 11.35, the subgroup G inherits a
multiplicative Poisson structure 77 from 7p, whose corresponding Lie bialgebra is
(9,[,-]g, [ ]g*)- This shows (3).

We show now that (f}, ) can be replaced by the connected and simply con-
nected Lie group G whose Lie algebra is g, which is the content of (2). In view
of Lie’s theorem (see item (4) of Theorem 5.1), there exists a Lie group homomor-
phism @ : G — G, whose induced Lie algebra homomorphism is the identity map.
We claim that there is a unique Poisson structure 7z on G which turns @ : G — G into
a Poisson map, and we show that 7 is multiplicative. Then (G, ) is a Poisson—Lie
group and @ is a homomorphism of Poisson-Lie groups, so that the induced
Lie bialgebra homomorphism, which is the identity map, is a homomorphism of Lie
bialgebras, which means that the Lie bialgebra of G is (g, [-,|g, [, ]g*)-

Let us prove the claim. Differentiating the identity @ = Rg(,)PR,-1 at g € G
shows that the tangent maps of @ at g € G and at e are related by T, @ = TzR () ©
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T.® o TgR,-1 (in this formula, e and € are the units of the Lie groups G and G
respectively). Since the three linear maps which appear in the right-hand side of
this formula are invertible, so is T, @, hence @ is a local diffeomorphism. We can
therefore define x for all g € G by setting

7y = N (T, @) Rigp(g) - (11.39)

According to Proposition 1.19, if there exists a Poisson structure on G which makes
@ into a Poisson map, then it must be given by (11.39), which gives the desired
uniqueness of 7. Also, the vertical maps of the following commutative diagram are
local diffeomorphisms (here u and fi stand for the group products of G and G).

GxG 15 ¢

Dx P ]

GxG T G
Combined with the fact that p is a Poisson map, this shows that [i is Poisson map.
As a consequence, 7 is multiplicative, as remained to be shown. O

Having established the fact that every Lie bialgebra can be integrated into a Poisson—
Lie group, we now show that every Lie bialgebra homomorphism can be integrated
into a morphism of Poisson-Lie groups.

Theorem 11.40. Let (g, [ ,1g,[-,]g*) and (b,[-,-]p,[-,-]p*) be two finite-dimensi-
onal Lie bialgebras and let (G,n) and (H,nt') be Poisson—Lie groups which in-
tegrate them, where G is chosen connected and simply connected. For every Lie
bialgebra homomorphism ¢ : g — b, there exists a unique Poisson—Lie group homo-
morphism @ : G — H whose induced Lie bialgebra homomorphism is @, i.e., such
that T, = @, where e denotes the unit element of G.

Proof. Suppose that ¢ : g — b is a homomorphism of Lie bialgebras. In view of
Lie’s theorem (item (4) of Theorem 5.1), there exists a unique Lie group homomor-
phism @ : G — H such that 7,® = ¢. It remains to be shown that @ is a Poisson
map. To do this, we consider the map = : G — AZh, defined for all g € G by

E(g) =19 (P(g)) —¥'(@(3)) .

where ¥ : G — A%g and ¥’ : H — A2h denote the group cocycles, associated to
G, ) and to (H, ") respectively (see item (iii) in Proposition 11.2). The map = is
(G, ; p y p p

a cocycle of G with respect to the adjoint representation of G on Ab, i.e.,

Z(gh) = Z(g) +Adg) E(h) ,

for all g,h € G. We first show that = = 0. In view of item (/) of Proposition 11.4,
it suffices to show that T,=Z(x) = 0 for all x € g. To prove the latter, recall from
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item (2) in Proposition 11.5 that T,'¥'(x) = (m1),, for all x € g, where m; denotes the
linearized Poisson structure of 7 at e, and similarly for ¥ and 77:{. It allows us to
compute

T.2(x) = N9 (LY (x)) — T ¥ (T D (x))
= A0 (1)) — (M) () =0,

where the last equality, which states that ¢ is a Poisson map, is tantamount to the
fact that the transpose map ¢ ' : (h*, [, ]p+) — (g%, [","]¢*) is a Lie algebra homo-
morphism (see Section 11.2.6). It follows that = = 0, leading to the equality

N9 (F(g)) =¥ (D))

valid for all g € G, which can be written, using 7,® = ¢ and using the defini-
tion (11.2) of the cocycle YV, as

N (Ty(@ 0 R,-1) = A (T Rog 1) Ty - (11.40)
Now @ is a group homomorphism, so that
@ORg—I - R(D(g’]) o q) B

which, substituted in (11.40), leads to /\Z(ngb)ng = nfp(g), since in a Lie group,
right translation by an element of the group is a diffeomorphism. In view of Propo-
sition 1.19, the latter equality implies that @ is a Poisson map, as was to be shown.
O

The notion of duality for Lie bialgebra leads to a notion of duality for connected,
simply connected Poisson—Lie groups.

Definition 11.41. Two Poisson-Lie groups (G,n) and (G*, ™) are said to be dual
to each other if their Lie bialgebras are dual to each other.

Let (G, ) be a Poisson-Lie group and let (g, [-,-]q, [, ]g+) denote its Lie bialge-
bra, whose dual bialgebra is (g*, [, ]g*,[-,"]g)- Every Poisson-Lie group (G*,7*)
which integrates the latter Lie bialgebra is dual to (G, 7). A canonical dual is picked
by demanding that G* be connected and simply connected. Indeed, there is up to
isomorphism a unique connected and simply connected Lie group G* whose Lie
algebra is (g*,[-,-]g+) (item (3) of Theorem 5.1) and on G* there exists a unique
Poisson structure 7* such that (G*, ") integrates (g,|[-,"|q,[-,]g+). This Poisson—
Lie group is called the dual of (G, 7). For (G, ) a connected and simply connected
Poisson-Lie group, taking twice the dual gives back the Poisson-Lie group (G, ).

Example 11.42. Let G be a connected, simply connected Lie group, with Lie algebra
(9,[,]g)- Consider g* as a Lie group, where the group operation is addition. In
view of Corollary 11.9, g* becomes a Poisson-Lie group, when it is equipped with
the linear Poisson structure 77 on g* corresponding to the Lie bracket [-,-]4. Its Lie
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bialgebra is (g*,0,[,-]4), with dual Lie bialgebra (g,[-,]4,0). It follows that the
(connected and simply connected) dual to the Poisson-Lie group (g*, ) is the Lie
group G, equipped with the trivial Poisson structure.

11.4 Dressing Actions and Symplectic Leaves

We show in this section that the symplectic leaves of a Poisson—-Lie group can be
described by using dressing actions, a notion which we first define in the general
context of Lie groups.

Let G be a connected Lie group and let G| and G, be two Lie subgroups of G.
The triple (G,G1,G>) is said to be complete if the map G| X G, — G given by
(g1,82) — €182 is a diffeomorphism. Since (g1g2)~! = g;lgfl, for all g1,22 € G,
the triple (G, G1,G») is complete if and only if the triple (G, G2, G1) is complete. It
follows that, when (G, G|, Gy) is complete, there exists for every (g1,22) € G| X G
a unique pair (g, g5) € Gi x G, such that g1g> = g5g}. It is customary to denote
the elements g} and g by g{? and g5' respectively.

The associativity of the group structure on G implies that the assignments
(g,h) — h8 and (g,h) — g}fl are group actions. Indeed, the relation (g1h;)g, =
g1(h1g2) implies, for g1,k € G and g, € Gy, that

h
h h e h (82"
& (g1h)® = g18y b = (g5')%18,7 "hi?,
so that, by uniqueness of the decomposition, we can derive the relation
h h
" = (8", (11.41)

valid for all g1,k € G and g3 € Go. This shows that the assignment (g1,g2) — g5'
defines a group action of G on (the manifold) G,. Similarly, one derives from the
relation g; (gz/’lz) = (glgz)hz, for g1 € Gy and g;,hy € Gy, the relation

h
g7 =(

& (11.42)
—1

which says that the assignment (g2, 1) — g‘?z defines a group action of G; on (the

manifold) G;. These two group actions are respectively called the dressing action

of G| on G, and the dressing action of G, on Gj.

Example 11.43. According to a standard theorem of linear algebra (essentially the
Gram-Schmidt orthogonalization process), every complex invertible matrix of de-
terminant 1 can be decomposed in a unique way as the product of an element in
SU,; and an element in T, the group of upper triangular matrices of determinant 1,
admitting only positive entries on the diagonal. It follows that (SL;(C),SUy, T)
is complete.
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In the case of Poisson-Lie groups, the notion of dressing action leads to the
following definition.

Definition 11.44. Let (G, ) be a connected Poisson-Lie group with Lie bialgebra
(9,[",-]g,[»]g*)- A Lie group D is called a dressing group of (G, rr) if the following
three conditions are satisfied.

(1) The Lie algebra of D is the double (0, [-,-]5) of (g,[,-]g, [, ]g*);

(2) G is the connected Lie subgroup of D corresponding to the Lie subalgebra
gCo;

3) (D,G,G") is complete, where G* stands for the connected Lie subgroup of D
corresponding to the Lie subalgebra g* C 0.

The Lie subgroup G* of D is then called the dual of (G, ) with respect to the
dressing group D. The Poisson structure on G* as a Poisson submanifold of the
Poisson-Lie group (D, mp) is denoted by 7*.

Example 11.45. A Lie bialgebra structure on g := suy was given in Example 10.16,
We showed in Example 11.30 that its double 0 = g & g* is isomorphic to the Lie
algebra sl;(C) of traceless complex matrices, identification under which the Lie
algebras g and g* become the Lie algebras su, and t,, where t is the Lie alge-
bra of T, i.e., the vector space of upper triangular matrices of trace zero with real
coefficients on the diagonal. Consider the Poisson bracket © on SU; which makes
(SUy, m) into a Poisson-Lie group, integrating the latter bialgebra structure on sit,.
Since (SLy4(C),SU,, Ty) is complete, as we have seen in Example 11.43, condi-
tions (1)—(3) in the above definition are verified, so that SL;(C) is a dressing group
of (SUd, 71').

Proposition 11.46. Let (G, ) be a connected Poisson—Lie group and suppose
that D is a dressing group of (G,7), and denote by (G*,n*) the dual of (G, )
with respect to D.

(1)  The diffeomorphism G x G* — G* x G, defined by (g,h) — (h8,¢") is a Pois-
son map;

(2)  The dressing action of G on G* is a Poisson action;

(3) The dressing action of G* on G is also a Poisson action, provided that we
replace the Poisson structure T by its opposite —n*;

(4) For a € g*, the fundamental vector field o of the dressing action of G* on G
is given, at g € G, by

o, = —T.R; (Py(Adg ) , (11.43)

where Py : 0 — g is the projection from 0 = g @ g* onto g, and where Ad stands
for the adjoint action of D on its Lie algebra 0.

Proof. The inclusion map G x G* < D x D is a Poisson map because G and G*
are Poisson submanifolds of D. Since the product map D x D — D is a Poisson map
(because D is a Poisson-Lie group), the diffeomorphism G x G* — D, given by
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(g,h) — gh, is a Poisson diffeomorphism. Since the same is true for the diffeomor-
phism G* x G — D, given by (h,g) — hg, the map G x G* — G* x G, defined by
(g,h) — (h8,g") is a Poisson diffeomorphism. This proves (/). As a corollary, the
map G x G* — G*, defined by (g,h) > h8, is a Poisson map, meaning that the dress-
ing action of G on G* is a Poisson map, proving (2). Since the inverse map A+ h~!
is a Poisson map from (G*,—7*) to (G*,7*) (see Proposition 11.5, item (3)), the
assignment (g,h) — g}r1 is also a Poisson map, provided that G x G* is endowed
with the product Poisson structure (7, —*), which means precisely that the dress-
ing action of G* on G is Poisson, provided that we replace the Poisson structure
* of G* by its opposite. This proves (3).

We now prove (4). For all g € G and ¢ € [F we have, by definition of the dressing

action »
gexp(—tar) = h(1)g™P 1) = h(r)g™ (11.44)

where h(t) = exp (—to)®. Note that h(0) = e, and that A(z) is a path in G*. Multi-
plying (11.44) by g~ ! and taking the derivative with respect to ¢ at t = 0, we obtain

d d

_Ad _ 9 exp(te)™! -1, ¢ h(t
= gl 8 St wl, ()
=T,R,1a -|-g h(t) (11.45)
=TeR,10, ar o R .

where the last equality follows from the definition of the fundamental vector field
of a Lie group action. Since A(t) is a path in G*, (11.45) is the decomposition of
—Ad, orin g g*, so that —Py (Adg oc) = TgR,-1 0, which amounts to (11.43). O

We can now describe the symplectic leaves of a Poisson—Lie group which admits
a dressing group, in terms of the dressing action.

Theorem 11.47. Let (G, 1) be a connected Poisson—Lie group. Assume that D is a
dressing group of (G, 1), and let G* C D be the dual of G with respect to D. Then
the symplectic leaves of (G, Tt) are the orbits of the dressing action of G* on G.

Proof. Recall from Corollary 11.38 that D admits a Poisson structure 7p, making
(D, mp) into a coboundary Poisson-Lie group. This Poisson structure is associated
to the skew-symmetric r-matrix a := %Zﬁi:lei A& € A, where (e1,...,eq) and
(&1,...,€&;) are dual bases of g and g*. In view of (11.14), one has for every h € D,

N (TiR)-1) (p)p = Adpa—a.
Since (G, &) is a Poisson—Lie subgroup of (D, mp), it follows for every g € G that
13 13
N (TR 1) Ty = 5 Y Adge; AAdge; — 3 N eine.
i=1 i=1

The left-hand side of this equation belongs to A2g, hence is fixed by the linear map
/\2Pg (with Py the projection of @ = g @ g* onto g). It follows that
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1 d

N (TyR 1) Ty = 3 Y Adge; APy(Ady &) (11.46)
i=1

which, in turn, gives the following expression of the Poisson bivector 7, evaluated

at the point g,
d

1
ﬂg:Eig{(E)g/\gg, (11.47)
where we used item (3) of Proposition 11.46 as well as the identity T,R,(Adgx) =
T,Lq(x) = %, for every x € g.

We use the explicit expression (11.47) of 7, to show that the symplectic leaf of 7
through g coincides with the orbit through g of the dressing action of G* on G.
Since G* is connected and since (g1,...,€&;) is a basis of g*, it amounts to showing
that the image of the linear map n§ : TG — T, G, defined by 7, is the vector sub-
space of T, G generated by £ g o €dy To show this, it suffices according to (11.47)

to show that the matrix (a;;); j—1,.. 4 expressing the elements Ei,» i=1,...,d, in

terms of the basis of tangent vectors (&7),,...,(87), is skew-symmetric, since
these elements are then the columns of the Poisson matrix of 7 at g, expressed
in terms of the latter basis. Notice that, in view of (11.46), this matrix is also the
matrix which expresses the elements P, (Adg g),i=1,...,g, in terms of the vec-
tors Adgey,...,Adgeq,

d
Py(Adger) = 3 aijAdge; ,
=

so that
ajj = <Ad; Sj,Pg(Adg 8[)> = <Pg* (Adg 8j>,Pg(Adg 8,')> s

where Py« is the projection of 0 = g @ g* onto g*; we also used the fact that
ady &; = Py« ([x, (y,€;)],) for all x,y € g, which follows from the definition (11.23)
of [,-]o. Hence, to show that the matrix (a;;); j—1,. 4 is skew-symmetric, we need
to show that

(Pyr (Adg &), Py(Adg €))) + (Pyr (Adg £7), Py (Adg &) = 0 (11.48)

for 1 <i,j <d. According to the definition (11.22) of {-|-)5, the left-hand side of
this equation can be written as <Adg €| Adge f>a' Now

(Ad, & | Adg5j>a = <gi‘£j>a =0,

in view of the Ad-invariance of (-|-),. This proves (11.48), hence yields that the
matrix (a;j); j—1,...q is skew-symmetric, which was to be shown. 0O



11.5 Notes 325

11.5 Notes

Poisson structures can be seen as the semi-classical limit of quantum structures, i.e.,
as being what remains of quantization when 7> (but not %) is considered to be
small enough to be ignored (see Chapter 13). This is especially true for Poisson-Lie
groups which first appeared as semi-classical limits of quantum groups, in the pio-
neering work [58] of Drinfel’d. A second motivation for the introduction of Poisson—
Lie groups was the study of integrable systems associated to infinite-dimensional
Lie algebras, such as the Korteweg—de Vries equation, where Poisson-Lie groups
provide the hidden symmetry, see Semenov—Tian—Shansky [180].

Poisson-Lie groups have proved to be interesting on their own. First, they natu-
rally appear when studying the singularities of several highly singular spaces asso-
ciated to semi-simple Lie groups, like Bruhat and Schubert cells, see Lu—Weinstein
[132, 136]. Also, a Poisson—-Lie group is the first instance of a more general ob-
ject, namely a Poisson—Lie groupoid, see Mackenzie—Xu [140], which appears natu-
rally when studying the dynamical Yang—Baxter equation. Exactly like Poisson—Lie
groups and Lie bialgebras are in one-to-one correspondence, Poisson—Lie groupoids
are in one-to-one correspondence with Lie bialgebroids, see Mackenzie—Xu [140].

One of the first systematic studies of Poisson—Lie groups is the PhD thesis of
Lu [132], which remains an excellent introduction to the subject, especially to those
who want to learn more about the relation with Lie groupoids and enlarged defi-
nitions of moment maps. It also deals with a slightly more general object: affine
Poisson structures on Lie groups. Another useful reference is the review article by
Kosmann—Schwarzbach [110], which insists in particular on the link with Lie bial-
gebras.
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Chapter 12
Liouville Integrable Systems

In this chapter we present the main application of Poisson structures: the theory of
integrable Hamiltonian systems.

Poisson’s theorem, which states that the Poisson bracket of two constants of mo-
tion (of a Hamiltonian system) is a constant of motion, is from the modern point of
view a direct consequence of the formalism, but was in Poisson’s time considered
as a fundamental step towards the explicit integration of Hamilton’s equations, as
for doing this by the known methods, a large number of constants of motion was
required.

The fundamental réle of Poisson structures in integrability was emphasized by
Liouville. As he showed, having half of the dimension of phase space of independent
constants of motion is sufficient for integrating the equations of motion, under the
assumption that these constants of motion are in involution (Poisson commute). Pre-
cisely, integration means here integration by quadratures. A geometrical counterpart
to this result states that, under some topological assumptions, the motion of such a
Hamiltonian system evolves on tori (the so-called Liouville tori), whose dimension
is half the dimension of phase space, and the motion on them is quasi-periodic. A
more elaborate version of this theorem is the action-angle theorem, which yields a
canonical model for Liouville integrable systems, in the neighborhood of a Liouville
torus.

Liouville’s theorems and the action-angle theorems will be presented here in
the context of general Poisson manifolds. These manifolds generalize the phase
spaces, considered in the classical results, namely the cotangent bundle of the con-
figuration space, equipped with its canonical symplectic structure. We give the ba-
sic definitions and properties of functions in involution and of the map, associ-
ated to them, in Section 12.1. Several constructions of functions in involution are
given in Section 12.2: Poisson’s theorem, the Hamiltonian form of Noether’s theo-
rem, bi-Hamiltonian vector fields, Thimm’s method, Lax equations and the Adler—
Kostant—Symes theorem. The action-angle theorem for Poisson manifolds is stated
and proved in Section 12.3.

C. Laurent-Gengoux et al., Poisson Structures, 329
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4_12, © Springer-Verlag Berlin Heidelberg 2013
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12.1 Functions in Involution

In this section we give the basic definitions and the (geometrical) properties of
functions in involution. Throughout the section, all manifolds considered are real
(F = R) or complex (F = C). For such a manifold M, we denote its algebra of
smooth or holomorphic functions by .% (M).

Definition 12.1. Let (M, ) be a Poisson manifold and let F] and F> be two elements
of #(M). We say that F| and F, are in involution if their Poisson bracket is zero,
{F1,F»} =0. More generally, let F = (F1,..., F;) be an s-tuple of elements of .7 (M).
We say that F is involutive if for all 1 <1, j <'s, the functions F; and F; are in
involution.

Classically, a function F € .% (M) which is constant on all the integral curves of a
Hamiltonian vector field 2, where H is a given function on a Poisson manifold
(M, ), is called a constant of motion (for H). Since 2y [F] = {F,H}, we have that
F is a constant of motion for H if and only if F and H are in involution. Therefore,
the notion of involutive s-tuples generalizes the notion of constant of motion.

An s-tuple F = (F1,...,F;) of elements of .% (M) defines a map M — %, which

will be denoted by the same letter F. We say that F is independent if the open
subset %% of M, defined by

U ={meM|dpF A+ NdyuFy #0} (12.1)

is a dense subset of M. Besides the open subset %4, defined by (12.1), we will in
this chapter also make extensive use of the open subset

My :={meM |Rk, w=2r} ,

where 2r stands for the rank of 7. Notice that, if F is independent, then the open
subset ¢ N M,y of M is non-empty.

When dealing with involutive functions, the reader should have the geometrical
picture in mind, described by the following proposition (see also Fig. 12.1).

Proposition 12.2. Let (M, ) be a Poisson manifold and assume thatF = (Fy, ... | F)
is an involutive and independent s-tuple of elements of F (M). The Hamiltonian vec-
tor fields Zr,, 1 <i<'s, commute and they are tangent to the smooth fibers of the
map F: M — T°.

Proof. The Hamiltonian vector fields, which are associated to functions in involu-
tion, commute, because [2F, 26| = — 2y for all F,G € 7 (M). Assume that
F=(F,...,F) is involutive and let 1 <i < s; since 2, [Fj] = {Fj,F;} = 0 for all
1 < j <, the vector field ZF; is tangent to the smooth level sets of F7, ..., Fy, that
is, to the smooth fibers of F. O

The number of independent functions on a manifold M is bounded by the dimension
of M. In the case of a Poisson manifold, the upper bound for the number of indepen-
dent functions in involution is much lower, as given by the following proposition.
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Fig. 12.1 The Hamiltonian vector fields of the components of F = (F1,...,F;) are tangent to the
smooth fibers F~!(¢) of F and they commute.

Proposition 12.3. Let (M, 1) be a Poisson manifold of dimension d and rank 2r and
suppose that ¥ = (Fy, ... F;) is an independent s-tuple of elements of & (M).

(1) IfF,...,F;are Casimirs, then s < d —2r;
(2) IfF isinvolutive, then s < d —r;
(3) IfF isinvolutive, with s = d — r, then

dimspan { (25, ), (2F )} =7

for every m € Uy N\ M;).

Proof. Form € M, let n,ti, denote the linear map 7,;M — T,,M, which corresponds
to the Poisson structure. Explicitly, for H € % (M),

nﬁ't (de) = _(%H)m .

Recall that the rank of 7'6,31 is Rk, 7. For every H € Cas(M) the cotangent vector
d,H belongs to Kerﬂ,ﬁn, whose dimension is d — Rk, w. Let F = (Fy,...,F;) be
independent and let m be an element of the non-empty (open) subset % N M,
of M. Suppose first that each element of F is a Casimir. Since d,,F1,...,d,F; are
independent elements of Ker 7':,31, we have that

s < dimKern,,ﬂl =d-—2r

and (/) follows. Next, suppose that F is involutive and consider F,,, the fiber of F,
passing through m. Since m € % N M), the restriction of F,, to a neighborhood U
of m is a submanifold of dimension d — s of U, passing through m. This dimension
is an upper bound for the dimension d,, of span{(2F),,,-..,(ZF),, | because
these s vectors are tangent to that fiber at m. Moreover, d,, > s — dimKer 71,51 =
s+ 2r — d, because the differential one-forms dFy,...,dF; are independent at m.
Combining the two inequalities for d,,, we get
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s+2r—d:s—dimKer7t,§1<dmgd—s, (12.2)

leading to (2). Third, suppose that s = d —r. For m € % N M, we deduce
from (12.2) that
r:s—dimKernfn <d,<r,

so that dimspan { (27, ) A2F)p} =dn=r. O

mrc

The extreme case r+ s = d will be discussed in detail in Section 12.3. Notice
that, in this case, the commuting Hamiltonian vector fields ZF,, ..., ZF, define an
integrable distribution of rank r on the open subset % N M,y of M.

12.2 Constructions of Functions in Involution

In this section we will give a list of constructions of functions in involution. The
first two of them (Poisson’s theorem and Noether’s theorem (in its Hamiltonian
form)) are very classical, the other ones were discovered quite recently. All mani-
folds which are considered in this section are real or complex; accordingly, I stands
for R or for C.

12.2.1 Poisson’s Theorem

Poisson’s theorem yields new constants of motion (of a given Hamiltonian H), start-
ing from two given constants of motion.

Theorem 12.4 (Poisson’s theorem). Let (M, ) be a Poisson manifold and let F,G
and H be elements of & (M). If F and G are constants of motion for H, then their
Poisson bracket {F,G} is also a constant of motion for H.

Proof. The proof is an easy consequence of the Jacobi identity, valid for all
F,G,H € #(M):

{F,{G,H}}+{G,{H,F}}+{H,{F,G}}=0. (12.3)

Namely, if F' and G are constants of motion for H, then the first two terms in (12.3)
vanish. Then the remaining term also vanishes, that is, {F, G} is a constant of motion
forH. 0O

In practice, Poisson’s theorem often does not yield a function which is independent
of the given constants of motion; as we will see, it happens in many important cases
that the Poisson bracket of two constants of motion is actually equal to zero.
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12.2.2 Noether’s Theorem

A second classical theorem which leads to constants of motion is Noether’s theo-
rem, which we give in a Hamiltonian form (the classical version is in a Lagrangian
form). Let G be a Lie group, whose Lie algebra is denoted by g. Suppose that G
acts on a Poisson manifold (M, ) and suppose that the action is Hamiltonian
(Definition 5.38). Recall that this means in particular that one can construct a co-
momentum map, which is a linear map fi : g — % (M), having the property that for
every x € g the function —fi, € .% (M) is a Hamiltonian for the fundamental vector
field x, i.e.,
A= _%ﬂx :

Noether’s theorem, in its Hamiltonian form, then states that the co-momentum map
yields constants of motion for every G-invariant Hamiltonian.

Theorem 12.5 (Noether’s theorem). Let G be a group which acts on a Poisson
manifold (M,n) and assume that the action is Hamiltonian, with co-momentum
map [i. If H is a G-invariant function on M, then for every x € g the function [i, is
a constant of motion for Zy.

Proof. Letx € g and m € M be arbitrary. We denote for every g € Gby yo: M — M
the diffeomorphism which is induced by the action and we write {-,-} for 7. By G-
invariance of H, that is, H o y, = H for every g € G, we have that

{H, 1} (m) = (2h,),, [H] = —x,,[H]
d
7&\1:0

d
dt|i=0

H(m)=0.

H (lexp(—tx) (m)) =

Since m € M is arbitrary, this shows that the function i, is a constant of motion
forH. O

12.2.3 Bi-Hamiltonian Vector Fields

A bi-Hamiltonian manifold (M,m,,m,) is a manifold M, equipped with two com-
patible Poisson structures m; = {-,-};, i = 1,2. Let ¥ be a vector field on a bi-
Hamiltonian manifold (M, 7;,m) and suppose that there exist functions F and G
on M for which

Vv ={,F} ={.,G},. (12.4)

Then 7 is called a bi-Hamiltonian vector field. Equation (12.4) implies that F and G
are in involution with respect to both Poisson structures since {F,G}, ={F,F}, =0
and {G,F}, = {G,G}, = 0. They are in involution with respect to every linear com-
bination of these Poisson structures, which is itself a Poisson structure, because m;
and m, are compatible.
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More generally, suppose that we have a bi-Hamiltonian hierarchy on a bi-
Hamiltonian manifold (M,n,m,), i.e., a sequence of functions F = (F;),., such
that

{'aE-‘rl}l :{'71:;'}2 5 (125)
for every i € Z. In this case one has, forall i < j € Z,

{F.Fi}, = {F.Fji},
= {P‘H»laijfl}l

= {Fj’Fi}l )

so that {F}, Fj}, = 0 by skew-symmetry. It follows that F is involutive with respect
to 7;. Also, F is involutive with respect to 7, because {F;,F;}, = {F,Fj;1},.

Such bi-Hamiltonian hierarchies may be constructed, under some assumptions,
as follows. Given two compatible Poisson structures 7; and m», one first consid-
ers, for arbitrary A € T, the Poisson structure 7, := m; — Am,. We set, as before,
{-,-},, := m). The one-dimensional family of Poisson structures (7 ), . is called a
Poisson pencil. Suppose that there exists a Laurent polynomial in A,

4
F=Y MF,
i=—k

such that {-,F; };, =0 forall A € F. Such a Laurent polynomial is called a Casimir
for the Poisson pencil. Setting F; := 0 for i > ¢ and for i < —k, we can write

{' ’F?L}A = ZAH—I ({'aFHl}l - {an}z) .
i€Z
It follows that, since F), is a Casimir for the Poisson pencil, the sequence of functions
(Fi);ey satisfies (12.5) for all i € Z, hence is a bi-Hamiltonian hierarchy. By the
above, (F;),.y is involutive.

12.2.4 Poisson Maps and Thimm’s Method

Thimm’s method [191] for constructing large families of functions in involution is
based on a few elementary observations, cleverly combined. The first one is that if
¥ (M, {,},) = (Ma,{,-},) is a Poisson map (between two Poisson manifolds),
then the pull-back of every involutive s-tuple on M, yields an involutive s-tuple
on M;. This is simply because if F and G are functions on M5 and {F, G}, = 0, then

{FoW¥,Go¥}, ={F,G},o¥=0.
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The second one is that Lie algebra homomorphisms between finite-dimensional Lie
algebras induce Poisson maps: let ¢ : g — go be a Lie algebra homomorphism,
where (g1,[,-]1) and (g2,[-,-]2) are finite-dimensional Lie algebras and consider
the transpose map ¢ ' : g5 — g}, which assigns to & € g} the linear form ¢ ' (&) :
g1 — I, defined for all x € g; by

(97 (&)x) == (&.0(x) .

where we recall that (-,-) stands for the canonical pairing between a vector space
and its dual. Then ¢ " is a Poisson map, when both g} and g} are equipped with their
Lie—Poisson structure (denoted {-,-},, for i = 1,2). To check this, it is sufficient to
check that if x,y € g; ~ (g})*, then

{x007yo0T} ={xyhio0T. (126)

Recall that under the canonical isomorphism g; >~ (g})*, the Lie—Poisson bracket
[x,¥]; corresponds to {x,y},, and similarly for g. Also, under the isomorphism
(g5)* ~ go, the linear map xo ¢ ' : g5 — F corresponds to ¢(x), for all x € g;.
Therefore, (12.6) is equivalent to saying that ¢ is a Lie algebra homomorphism.

Combining both observations, it is clear that Lie algebra inclusions lead to func-
tions in involution (on the dual of the larger Lie algebra). It has the following non-
trivial consequence: if go is a Lie subalgebra of g, then the Ad*-invariant functions
on g; provide involutive functions on g*; notice that while the Hamiltonian vector
fields of these functions are trivial on g, they are non-trivial, in general, on g*.

Applied to a sequence of subalgebras, a family of functions in involution can be
constructed on the dual of a Lie algebra (equipped with its Lie—Poisson structure).
One usually refers to this technique as Thimm’s method. Explicitly, let g be a finite-
dimensional Lie algebra and suppose that

91 CHC--CogCo+1=9

where g1, ..., g are Lie subalgebras of g. By the above, the functions on g*, obtained
by pulling back to g* all Ad*-invariant functions on each of the spaces gy, ..., gx+1,
are in involution. Notice that to this involutive family, the pull-back to g* of an
arbitrary involutive set on g} can be added.

Thimm [191] also analyzes the case of two Lie subalgebras g;,g, of the same
Lie algebra g (the above case corresponds to g; C g2).

Proposition 12.6. Let g be a finite-dimensional Lie algebra and let g; and g, be
two Lie subalgebras of g, with inclusion maps 1;, whose transpose maps g* — g; are
denoted by liT (i=1,2). Suppose that

[91,02] C g2 (12.7)

Then for every function Fy on g} and for every Ad*-invariant function F> on g3, the
functions Fy o z}r and F> o z; on g* are in involution.
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Proof. Let us denote the Lie—Poisson brackets on g, respectively on g;, by {-,-},
respectively {-,-}, (i = 1,2). For all § € g* we have that

{FlollT,onlzT}(é) = <§7 [dé(Fl OlI)vdé(Bo’zT)D
= <5’ [dJ(é)Fl’dJ@FZD '

In view of (12.7), the latter Lie bracket belongs to g, so we can replace & by 1, (),
which is the restriction of & to g;. It follows that

{Foi Frod } (&)= (&), [dy )P dg e 2] ) =0,

where we used Ad-invariance of F; in the last step (see (5.15)). O

12.2.5 Lax Equations

Let M C gl;(F) be an affine subspace of the Lie algebra of (d X d)-matrices with
entries in IF and let ¥ be a vector field on M. Suppose that there exists a matrix-
valued function ¢ : M — gl;(F) such that

V=[x 0(x)] (12.8)

for all x € M. Then ¥ is said to be written in Lax form and (12.8) is called a Lax
equation. As we have seen in Section 7.2, if g is a quadratic Lie algebra, identified
with its dual using its bilinear form, and equipped with its Lie—Poisson structure,
then every Hamiltonian vector field on g is of this form. We claim that all coefficients
of the characteristic polynomial det(A 1, — x), which we view as functions (of x)
on M, are constants of motion of ¥". To see this, let x(7) be an integral curve of ¥,
defined for ¢ in a neighborhood of 0, and denote by y(z) the value of ¢ at x(¢) € M.
Take an arbitrary i > 0 and use Trace(AB) = Trace(BA) to compute

d i . i—1 dx
gTracex (t) = iTrace (x (t) ar (t)>

= iTrace (x'(t)y(t) —x! (t)y(1)x()) =0.

Thus, the functions H; : x — Tracex' are constants of motion of #". The same is true
for each coefficient of the characteristic polynomial of x, viewed as a function on M,
because each such coefficient is a polynomial in the functions H;. In particular, if
¥ = Zy is a Hamiltonian vector field, with Hamiltonian H, then H is in involution
with each H;, and with each coefficient of the characteristic polynomial of x.
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12.2.6 The Adler-Kostant—Symes Theorem

The Adler—Kostant—Symes theorem is a fundamental theorem in the modern theory
of integrable systems, which allows one to construct, from Lie algebra splittings, on
the one hand large families of independent functions in involution and on the other
hand explicit solutions to Hamilton’s equations, with either one of these functions
as Hamiltonian. We will focus on the case in which the Lie algebra is quadratic, be-
cause in the known examples where the Adler—Kostant—Symes theorem is applied,
the Lie algebra is usually quadratic.

Let g be a finite-dimensional Lie algebra. We recall from Section 10.1 that a
linear map R : g — g is called an R-matrix of g if the skew-symmetric bilinear map
[,:]r: g x g — g, defined for x,y € g by

ol = 5 (R + [6RY])

defines a Lie bracket on g. If g is quadratic, i.e., g is equipped with an ad-invariant
non-degenerate symmetric bilinear form (- | -), then the original Lie bracket |-, -] and
the R-bracket [-,-]g lead to two Lie—Poisson structures {-,-} and {-,-}, on g. In
order to describe these, recall that to a function F € % (g) and an element x € g, an
element V. F of g is associated by setting (V,F |-) = d,F, that is,

(ViF [y) = (deFy)

for all y € g. Using this notation, the two Lie—Poisson structures on g take the form

{F,G} (x) = (x| [V<F,ViG]) ,
{Fv G}R (x) = <x| [VxFa VXG]R> )

(12.9)

for F,G € 7 (g) atx € g (see Section 7.2). The involutivity theorem yields functions
in involution, coming from the R-bracket; moreover, their Hamiltonian vector fields
can be written in a Lax form.

Theorem 12.7 (Involutivity theorem). Lez (g, [- ,-]) be a finite-dimensional quadra-
tic Lie algebra, whose bilinear form is denoted by (-|-). Let R be an R-matrix
for g and denote the Lie—Poisson bracket on g, which corresponds to the R-bracket,
by {-,-}g- If F and H are Ad-invariant functions on g, then

(1) {F.H}p=0;
(2)  The Hamiltonian vector field of H with respect to {-,-}p is given, at x € g, by

(2), = —%[LR(VXH)] . (12.10)

Proof. Recall that the Ad-invariance of H means that [V H,x] = 0 for all x € g (see
Section 5.1.4). For functions F' and H on g, their R-bracket is given, at x € g, by
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[FHY () = 5 (x| R(VLE), Vo)) + 3 (5] [VFR(V,H)))
1

1
) (R(ViF) | [VXH»XD"‘E (R(ViH) | [x, ViF])
which is zero when F and H are both Ad-invariant; if only H is assumed Ad-
invariant, only the first term vanishes, leading to

(P HYe ()= 5 (Vo | R (Vo) a]) = 5 (@, R (Vo) )

which proves (12.10). O

We will now refine the involutivity theorem to obtain the (historically older) Adler—
Kostant—Symes theorem, in which the R-matrix comes from a Lie algebra splitting.
Recall from Section 10.1.2 that if (g, [-,-]) is a finite-dimensional Lie algebra and g
is written as a vector space direct sum g = g4 ¢ g_ of two Lie subalgebras g and
g— of g, then gy & g_ is called a Lie algebra splitting, and that such a splitting
leads to a natural R-matrix. Denoting the projections of x € g on g4 and g_ by x4,
respectively x_, the endomorphism R : g — g is defined by

Rx:=x4—x_,

for all x € g. As in the case of the involutivity theorem, we assume that g is a
quadratic Lie algebra, with bilinear form (- |-). The Lie—Poisson bracket {-,-}, on
g can then also be written as

{F,GYg (x) = (x| [(VeF) . (VxG) ] ) = (x| [(VeF) -, (V2G)_]) -

Non-degeneracy of (-|-) implies that g admits another (vector space) direct sum
decomposition, namely as g = gi @ gt where gi (respectively g*) is the orthogonal
complement (with respect to (-|-)) of g (respectively g_).

The Adler—Kostant—-Symes theorem (AKS theorem), which we formulate and

prove next, yields functions in involution on certain translates of gf (items (1)—(3)
below) and the explicit integration of their Hamiltonian vector fields (item (4)).

Theorem 12.8 (AKS theorem). Suppose that g = g+ @ g_ is a Lie algebra split-
ting, with associated R-matrix R, and that (-|-) is an Ad-invariant non-degenerate
symmetric bilinear form on g. Let F and H be Ad-invariant functions on g and
suppose that € € g satisfies

[e.gs]Coy, [eg-]Cot. (12.11)

The restrictions of F and H to € + g+ are denoted by F; and Hp.

(1) The affine subspace € + g of g is a Poisson submanifold of (g,{-,-}); the
restricted Poisson structure on € + g will be denoted by {-,-},;
(2) {FSaHE}g :0’
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(3)  The Hamiltonian vector field of He with respect to {-,-}, is given by

ig (9) = 3 s ROVH)] = [, (VyH)<]

where y € €+ g,

(4) Let G be a Lie group, whose Lie algebra is g, and let G and G_ denote the
Lie subgroups of G, corresponding to g, respectively g_. For xo € g and for
|t| small, let g1 (t) and g_(t) denote the smooth curves in G respectively G_
which solve the factorization problem!

exp(—1Vy H) =g (1) 'g-(t),  g(0)=e. (12.12)

Then the integral curve of Xy 1= {-,H } g, which starts at xo € g (or in par-
ticular of 2, starting at xo € €+ g*), is given, for |t| small, by

x(1) = Adg, (%0 = Ad,_() X0 - (12.13)

Proof. We first show that € + g= is a Poisson submanifold of (g,{-,-} ). Letx € g*
and let H be a function, defined in a neighborhood of € +x in g. We need to show that
(ZH) g4y € Te4xg" ~= g*. Let F be an arbitrary function, defined on a neighborhood
of £+ x in g, which is constant on £ +g*. Then V. .F € g_ since

(VeraF [y) Fle+x+1y)=0,

T dr [t=0

forally € g*. It follows from ad-invariance of (- | -) and from the assumptions (12.11)
on ¢ that

(21) e [F] = {F.H}g (€ +x)
= <£+x| [(V8+XF)+ ’ (V8+xH)+] - [(V£+XF)77(V£+XH)7]>
= <x| [(V£+XF)+a(V£+xH)+}>_<x| [(V8+XF)77(V£+XH)7]> .

Both of the above terms are equal to zero: the first one because V¢, F € g_ and
the second one because x € g+, combined with the fact that g_ is a Lie subalge-
bra (of g). This proves that all Hamiltonian vector fields .2} are tangent to € + g+,
hence that € + g is a Poisson submanifold of (g,{-,-}z), which is the content of (/).
Since (& +g+,{-, },) is a Poisson submanifold of (g,{-, }), the involutivity of
two Ad-invariant functions F and H on g (Theorem 12.7) implies the involutivity
of Fe and He on €+ g*, which proves (2); similarly, the first equality in (3) fol-
lows from (/) and from the involutivity theorem (Theorem 12.7), while the second
equality is a direct consequence of the obvious formulas

R(V,H) = (ViH), —(V.H)_ =2(V,H), —V.H=V,H—-2(V,H)_.

! For g in a neighborhood of the identity e € G, the factorization g = g, g, with g1 € G exists
and is unique.
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We now turn to (4), the integral curves of 2. We first show that Ad, ()Xo =
Ad,_(;)xo (the second equality in (12.13)). Since Ad is a group homomorphism, the
factorization (12.12) implies that

Adexp(ftVXOH) X0 = Adg+(t)’1 Adgi(t))C() s

for all xg € g. We have for every x € g that

<Adexp<_tVX0H)xo|x> <xo|Adexp 1V H) X >
= <xo|exp (tadv H) >

— (x0|%)+1 (x0] [VigH,4])
<xo\ +t<[XO,VxOH]I>
=

where the value of x (which depends on ¢) is irrelevant, in view of the Ad-invariance
of H and (-|-). This shows that Adexp(—v,,#)¥0 = X0, and hence that Ad,, ()Xo =
Adg7 (1) X0

We now show that x(¢) := Ad,, () xo is (for small [¢[) a solution to (12.10), which
amounts to proving that

d
S Ady (30 == [x(0), (Vuo ), ] - (12.14)

In order to simplify the proof (mainly the notation), we will assume that G is a linear

.. . . . . . dgi
group, so that Ad is just given by conjugation and we will write g (f) for == (¢).
Then the left-hand side of (12.14) is given by [¢4(¢)g+ (1), x(t)], so it sufﬁces to
show that

g+()g+() ' = (Ve H)+ -

Differentiating the identity g (1) exp(—tVy,H) = g_(r) with respect to r and multi-
plying both sides of the result by g_(¢)~!, we get

§+(0)g+ (1) —g-(1) (VipH) g-(1) ' = g-()g—(1) "

Taking the + part of both sides of this equation, we find
g+(t)g+(t)7l = (g—(t) (V)CQH) g—<t)71)+ = (Vx(t)H>+ )

where we have used Ad-invariance of H and of (-|-) in the last step. O
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12.3 The Liouville Theorem and the Action-Angle Theorem

In this section, we formulate and prove two basic theorems in the theory of inte-
grable systems: the Liouville theorem and the action-angle theorem. Classically,
these theorems are considered for Liouville integrable systems on symplectic man-
ifolds; we consider these theorems here in the more natural context of Poisson
manifolds. We follow [3] in Section 12.3.1 and [120] in Sections 12.3.2 to 12.3.4.
Throughout the section, all manifolds are real and % (M) stands for the algebra of
smooth functions on the (real) manifold M.

12.3.1 Liouville Integrable Systems and Liouville’s Theorem

We first give the definition of a Liouville integrable system on a real Poisson mani-
fold.

Definition 12.9. Let (M, r) be a real Poisson manifold of rank 2r and of dimen-
sion d. Let F = (Fy,...,F;) be an s-tuple of smooth functions on M and suppose
that

(1) Fisindependent;
(2) Fisininvolution;
3) r+s=d.

Then (M, rt,F) is called a Liouville integrable system of dimension d and rank 2r.
Viewed as a map, F : M — R* is called the momentum map of (M, F).

Suppose that (M, ,F) is a Liouville integrable system, where (M, rr) is a Poisson
manifold of rank 2r. We recall that M|,y denotes the open subset of M where the rank
of 7 is equal to 2r, and % denotes the dense open subset of M, which consists of
all points of M where the differentials of the elements of F are linearly independent.
We consider on the non-empty open subset % N M,y of M two (regular) foliations:

(1) The Hamiltonian vector fields 2F,,..., ZF, define, according to Proposi-
tions 12.2 and 12.3, on the non-empty open subset %% N M, of M an inte-
grable distribution 2 of rank r. The integral manifolds of & are the leaves
of a foliation, which we denote by .%; the leaf of .%, passing through
meE U ﬂMm, is denoted by .%,,, and is called the invariant manifold of F,
through m;

(2) Since, by definition, the restriction F of F to % ﬂM(r) is a submersion, its
fibers define a foliation on % ﬂMm , which is denoted by Z . Thus, the leaves
of .7 are the connected components of the fibers of the map

F:(Fl,...,Fy)I%FﬂM(r)—)Rs.

We show in the following proposition that both foliations .% and .% coincide, lead-
ing to a description of the invariant manifolds of F.
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Proposition 12.10. Let (M, rt,F) be a Liouville integrable system and let F and F
denote the foliations, defined above.

(1) The foliations F and F coincide;
(2) Form € % MM, the invariant manifold #,, of ¥ is the connected compo-

nent of the fiber of F which contains m. In particular, F,, is an (embedded)
submanifold of M.

Proof. We prove item (1); item (2) is an immediate consequence of it. Since all
leaves of .Z and of .Z are r-dimensional (and are, by definition, connected), it suf-
fices to show for every m € % N M, the following inclusion of tangent spaces:
T, 7 C T,,.7. According to Proposition 12.2, the fact that F, ..., F, are pairwise
in involution implies that each of the Hamiltonian vector fields 27, ,..., ZF,, at m,
belong to 7,,-% . Since T, is spanned by these vector fields, the required inclusion
follows. O

We now come to the Liouville theorem for Liouville integrable systems on Poisson
manifolds.

Theorem 12.11 (Liouville’s theorem). Ler (M, 1w, F) be a Liouville integrable sys-
tem of dimension d and rank 2r. For m € Uy M, let F,, denote the invariant
manifold of F = (Fy,...,Fy) which passes through m.

(1) If %, is compact, then there exists a diffeomorphism from %, to the torus
T" = (R/Z)", under which the vector fields ZF,, ..., ZF, are mapped to con-
stant (i.e., translation-invariant) vector fields;

(2)  If Fu is not compact, but the flow of each of the vector fields X, (i=1,...,s)
is complete on F,, then there exists a diffeomorphism from F,, to a cylin-
der R™% x T? (0 < g < r), under which the vector fields Zr, are mapped to
constant vector fields.

Proof. We suppose that the flow @) of each of the integrable vector fields 2 F 1s
complete on %, i.e., is defined for all ¢+ € R. We may order the functions F; such
that the r vector fields ZF,,..., ZF, are independent at m. These vector fields are
then independent at every point of .%,,. Indeed, since the vector fields ZF, pairwise
commute,

ZQ/F_/(‘%Fl/\"'/\‘%Fr)zz‘%ﬂ/\"'/\[‘%Fjv‘%ﬂ]/\"'A‘%Fr:O’

for j=1,...,s. It means that Z, A--- A ZF, is conserved by the flow of each one of
the vector fields ZF,,..., ZF,. In particular, since this r-vector field is non-vanishing
at m, it is non-vanishing on the entire invariant manifold .%,,. As a consequence, .%,,
is a leaf of the distribution, defined by the first 7 vector fields ZF,,..., ZF,, in a
neighborhood of .%,,.

The completeness and commutativity of the vector fields ZF,,..., ZF, on F,
imply that we can define an action R" x .%,, — %, by
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((tl,. .. ,tr),m/) — CD[(II) o (15,(22) 0---0 (Dts_r) (m/) .

Since .%,, is the integral manifold through m of the distribution defined by the first
r integrable vector fields, the action is transitive on .%,, and .%,, becomes a homo-
geneous space. The action is also locally free, because the vector fields ZF, are
independent at every point of .%,,. Therefore the stabilizer is a discrete subgroup
H,, of R" and .%,, is diffeomorphic to R"/H,,. If %,, is compact, then H,, must be a
lattice, so R"/H,, is a torus, smoothly embedded into M. Otherwise H,, is a discrete
subgroup whose rank ¢ is at most r — 1 and R”/H,, is isomorphic to R"~7 x TY. By
construction, the vector fields ZF are mapped to translation-invariant vector fields
in both cases. 0O

For what follows, we will be uniquely interested in the case in which .%,, is
compact. Then .%,, is a torus; we call such a torus a standard Liouville torus.

12.3.2 Foliation by Standard Liouville Tori

We show in this section that, in some neighborhood of a standard Liouville torus,
the invariant manifolds of a Liouville integrable system (M,n,F) of dimension d
and rank 27 form a trivial torus fibration over an open ball B¢~".

Proposition 12.12. Suppose that 7, is a standard Liouville torus of a Liouville in-
tegrable system (M, 7, F) of dimension d and rank 2r. There exists an open sub-
set U C % N My, containing Fm, and there exists a diffeomorphism ¢ : U —
T" x B4, which takes the foliation .F to the foliation defined by the fibers of the
canonical projection pg : T" x B4~" — B~", leading to the following commutative
diagram.

_ 9
Fp=Fy—— U — T xB*"
PB
Bd—r

Moreover, U and ¢ can be chosen such that the last d — 2r components of ¢ are
Casimirs of w, restricted to U.

Proof. Suppose that .%,, is a standard Liouville torus. Setting s := d — r, as before,
we first show that there exists a neighborhood U of .%,, and a diffeomorphism ¢ :
U — %, x B%, which sends the foliation F (which, according to Proposition 12.10,
coincides with .%), restricted to U, to the foliation defined by pp on .%,, x B. The
proof of this statement depends only on the fact that .%,, is a compact component
of a fiber of a submersion (namely F; see Proposition 12.10). Notice that since F
is a submersion, every point m’ € .%,, = .%,, has a neighborhood U, in M, which
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is diffeomorphic to the product of a neighborhood V,,/ of m' in Z,, times an open
ball B}, centered at F(m') = F(m) in R’; such a diffeomorphism ¢,,, as provided
by the implicit function theorem, is a lifting of F, that is, it leads to the following

commutative diagram:

¢

"/
Uy — =5 \ /A XBin/
_ pB
F
S
m/
Since .%,, is compact, it is covered by finitely many of the sets V,y, say Vi, ..., Vip,.
Thus, if every pair of the diffeomorphisms @, , ..., ¢n, agrees on the intersection

of their domain of definition (whenever non-empty), we can define a global dif-
feomorphism on a neighborhood U of .%,,, whose image is the intersection of the
concentric balls B;, ,...,B,, . In order to ensure that these diffeomorphisms agree,
we need to chose them in a more specific way. This is done by choosing an arbitrary
Riemannian metric on M. Using the exponential map, defined by the metric, we
can identify a neighborhood of the zero section in the normal bundle of .%,,, with
a neighborhood of .%,, in M; in particular, for every m’ € .%,, there exist neighbor-
hoods U,,; of m’ in M and V,; of m’ in .%,,, with smooth maps y,,, : U, — Vv, which
have the important virtue that they agree on the intersection of their domains. Upon
shrinking the open subsets U, if necessary, the maps ¢, := W,y X (Fi,...,F;) area
choice of diffeomorphisms, defined on a neighborhood U of .%,,, with the required
properties. This leads to the diffeomorphism ¢ : U — %, x B®, which we view as a
diffeomorphism ¢ : U — T" x B*, using the fact that .%,, is diffeomorphic with T”,
as stated in the Liouville theorem.

It remains to be shown that ¢ can be chosen such that its last d — 2r = s — r com-
ponents are Casimirs. To do this, we consider on U the integrable distribution 2’
defined by all Hamiltonian vector fields on U it has rank 2r and its leaves are the
symplectic leaves of (U, ). It is clear that  C &', where we recall that 9 is the
distribution defined by the Hamiltonian vector fields ZF,,..., ZF,. Consider the
submersive map

ppo¢:U—T xB' — B,

whose fibers are by assumption the leaves of .%#, that is, the integral manifolds of 2
(restricted to U), so that the kernel of the tangent map T (pg o ¢) is precisely 2. The
image of 2' by T (pgo ¢) is therefore a (smooth) distribution 2" of rank r on B*,
which is integrable, since 2’ is integrable. The foliation defined by the integral
manifolds of 2" is, in the neighborhood of the point pg(¢(m)), defined by s —r =
d —2r independent functions z}, ...,z ,,. Pulling them back to M, we get functions
Z1,---,24—2r On a neighborhood V C U of .%,, which are Casimir functions, because
they are constant on the leaves of 2’, which are the symplectic leaves of (U, 7).
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Since they have independent differentials on U, they can be chosen as d — 2r of the
last d — r components of @, upon shrinking B® into a smaller ball, if needed. O

12.3.3 Period Normalization

In this section, we study Liouville integrable systems of the form (T" x B*, x,F),
where F = pp : T" x B® — B® is the projection on the second factor and & is a
regular Poisson structure of rank 2r on T" x B®. Given such a Liouville integrable
system, there is no reason why the Hamiltonian vector fields ZF;, which are tangent
to the fibers of F (which are tori), would be constant on these fibers, and even if they
were constant on these fibers, they might vary from one fiber to another in the sense
that their flow may not come from an action of the torus T” on T" x B®. We show
in the following proposition that vector fields which satisfy the latter property can
be constructed by taking well-chosen linear combinations of the Hamiltonian vector
fields ZF, with as coefficients F-basic functions, i.e., functions of the form AoF,
where A € .% (B*); equivalently, smooth functions on T” x B* which are constant on
the fibers of F.

Proposition 12.13. Let (T" x B*,n,F) be a Liouville integrable system, where T
has constant rank 2r and F = (F, ... Fy) is the projection on the second compo-
nent. Suppose that among the s commuting vector fields Zr,,..., ZF, the first r
are independent at every point of T" x B. There exists a ball Bj C B°, concentric

with BS, and there exist F-basic functions ?Lij € Z(By), such that the vector fields
N,..., Vs, defined by
r .
% = z A‘l‘] %Fj I
j=1

are the fundamental vector fields of a torus action of T" on T" x By

Proof. The fibers of F = (Fy,...,F;) are compact, so for i = 1,...,r, the flow dﬁ,(ii)
of the Hamiltonian vector field ZF, is complete and we can define a map,

SR N(TxB) > TxB
((tlv"~7tr),m) — (pt(ll)o...o(pt(rr)(m) )

Since the vector fields ZF, are pairwise commuting, the flows CD,E.Z) pairwise com-
mute and @ is an action of R” on T" x B®. Since the vector fields ZF,,..., ZF, are
independent at all points of T” x B®, the fibers of F, which are r-dimensional tori,
are the orbits of the action. For ¢ € B*, let A, denote the lattice of R”, which is the
isotropy group of every point in F~!(c); it is the period lattice of the action @, re-
stricted to F~!(c). In order to simplify the notation, we assume that B® is centered

at o.

Let m, be an arbitrary point of F~!(0) and choose a basis (1;(0),...,4.(0)) of
the lattice A,. For a fixed i, with 1 < i < r, for m in a neighborhood of m,, in T" x B*
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and for L; in a neighborhood of A;(0) in R”, consider the equation @(L;,m) = m.
Since F(®(L;,m)) = F(m) for all L; and m, it is meaningful to write ®(L;,m) —
m and solving the equation @(L;,m) = m locally for L; amounts to applying the
implicit function theorem to the map

D(Ljm)—m
R’x(Tprs) % T"x B — T".

Since the action is locally free, the Jacobian condition is satisfied and we get by
solving for L; around 2;(0) a smooth R’-valued function A;(m), defined for m in
a neighborhood W; of m,. Doing this for i = 1,...,r and setting W := N/_;|W;, we
have that W is a neighborhood of m,, and on W we have functions A, (m), ..., A,(m),
with the property that @(A;(m),m) = m for all m € W and for all 1 <i < r. Thus,
A1(m),...,A,(m) belong to the lattice Ag(,, for all m € W and they form a basis
when m = m,; by continuity, they form a basis of Ag(,, forallm € W.

The functions A; can be extended to a neighborhood of the torus F~!(0). In
fact, the functions A; are F-basic, hence extend uniquely to F-basic functions on
F~!(F(W)). We will use in the sequel the same notation A; for these extensions and
we write F~!(F(W)) simply as W. Using these functions, we define the following
smooth map:

D : R'xW — w

(1. sty)ym) — @ <gtili(m),m> _ (12.15)

Since the functions A; are F-basic, the fact that @ is an action implies that @ is an
action. This action has the extra feature that the stabilizer of every point in W is Z’.
Thus, @ induces an action of T on W, which we still denote by . By shrinking W,
if necessary, we may assume that W is of the form F~! (Bp), where By is an open
ball, concentric with B, and contained in it. Thus we have a torus action

D : T xW — w
((tla"'vtr)vm) = @ <Ztili(m)7m> .
i=1

Looking at the action on a single point m € W, it is clear that the fundamental
vector fields of @ are expressible as linear combinations of the Hamiltonian vector
fields ZF,, with F-basic functions as coefficients. [

12.3.4 The Existence of Action-Angle Coordinates

We formulate and prove in this section the action-angle theorem. The following
lemma plays a key role in the proof.
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Lemma 12.14. Let M be a manifold, equipped with a vector field ¥ and a bivector
field P. Suppose that 'V is complete and that each one of its integral curves has
period 1. If,,%,z/P =0, then £y P =0.

Proof. Let Q be the bivector field on M, defined by Q := % P. We pick an arbitrary
point m and we show that Q,, = 0. Denoting the flow of ¥" by @;, we have for all ¢
that

d
3 (@)Po ) = (P)(LyP)o(m) = (P1):Q0 () = O (12.16)
where we used in the last step that the bivector field Q satisfies %y Q = 0. By inte-
grating (12.16),

(cpt)*PdL,(m) =Pn+10m .

Evaluated at r = 1 this yields Q,, = 0, since @, = @_; = 1y, as ¥ has period 1.
O

Theorem 12.15 (Action-angle theorem). Let (M, 7, F) be a Liouville integrable
system, where (M,T) is a Poisson manifold of dimension d and rank 2r. Sup-
pose that %, is a standard Liouville torus, where m € Uy A M. Then there ex-
ist R-valued smooth functions (p1,...,pa—r) and R/Z-valued smooth functions
(61,...,6,), defined in a neighborhood U of Z,, such that

(1) The map, defined by (61,...,0,,p1,...,Pa—r), is a diffeomorphism between U
and T" x B4~
(2)  The Poisson structure © can be written in terms of these coordinates as

0,9
- By 9
i=1 ael 8171
in particular the functions pyi1,...,pd—r are Casimirs of & (restricted to U );

(3)  The leaves of the surjective submersion ¥ = (Fy,...,Fy_,) are given by the
projection onto the second component T" x B~ in particular, the functions
Fi,...,Fy_, depend on the functions p1,...,pqa_ only.

The functions 0y,...,0, are called angle coordinates, the functions py,...,p, are
called action coordinates and the remaining functions pyii,...,p4—r are called
transverse coordinates.

Proof. We denote s := d —r, as before. The hypotheses imply, according to Proposi-
tion 12.12 that we can assume that (M, 7, F) is of the form (T” x B, w, pg), where B
is a ball, centered at the origin of R®. We do this, but we still write F for pg, denoting
its components as (fi,..., fr,Z1,- . -,2s—r), since according to the latter proposition,
the last components of F can be assumed to be Casimir functions. According to
Proposition 12.13 there exist F-basic functions A/ € .7 (T" x B), such that the r
vector fields .

Vii= Y Ny, (12.17)

=1

Jj=
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where i = 1,...,r, are the fundamental vector fields of an action of T" on T" x B*.

We first prove that these vector fields are Poisson vector fields, i.e., that fy/in =
[#,r]g=0fori=1,...,r. Since each ¥; has period 1 and is complete, it suffices
to show, according to Lemma 12.14, that .,%,2/177: =[%,[¥,x]]=0,fori=1...,r
Since each of the coefficients /ll/ which appear in (12.17) is an F-basic function,
it suffices to show that if F,F’,G and G’ are F-basic functions on T” x B®, then
[F Z6,[F' Zg,mlg]lg = 0. In fact, Hamiltonian vector fields leave 7 invariant, F-
basic functions are in involution and their Hamiltonian vector fields commute, so
that the graded Leibniz identity for the Schouten bracket yields

[F 2, [FI%GUTC}S]S =[F26, Zp N Zorls
=F[Z, Zp N Zels+ 2 [F, Zp N ls=0

as was to be shown.

We proceed to construct the action coordinates: we show that the Poisson vector
fields #; are actually Hamiltonian vector fields (upon shrinking B’, if necessary),
where the Hamiltonians can be taken as F-basic functions; these Hamiltonians will
yield the action coordinates. According to Theorem 1.28, we can construct on a
neighborhood U’ of m in T" x B® functions gy, ..., g, such that

(fl?"'7fr7g17'"agl’7Z17"-7ZS—I‘)

is a system of coordinates on U’, in which the Poisson structure takes the form

z aft agz

In what follows, we make no notational distinction between the F-basic functions
fiseeos fra2ls - Zs—r, A, considered as functions on F(U’) C B?, and the functions

SlseeosSry 2s--- ,zs_,,lij themselves, defined on U’. With this notation, the vector
fields 2 Y and 7} can be written as

r 8/11] j r i a
lj_zaf Xy, and Y= Z?L 3&”]«] zlll—
j=

j=1

Expressing that ¥#; is a Poisson vector field, [¥, 7] s = 0, then takes the explicit form

= —A=—=0,
S jk=1 dfx &gj dgk

-3

Jjk=1

[ aAi]_razg‘a J
8813fk agk

which is rewritten in terms of the Hamiltonian vector fields ‘%/fi as

Y

1<j<k<r

IAS Ak
(afl - &flj> St =e e
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Since the vector fields 2%, ,..., 2 are linearly independent at all points of U’, all
coefficients of (12.18) vanish and we get, for every i, j,k € {1,...,r}:

YTy Y
L=—1L. (12.19)
Ife  9f;
As in the proof of the classical Poincaré lemma, the smooth functions py,...,p,

on F(U’), defined by
=pi(fi,-- fs) Z )L] (tfi,- lfr,Z],...,Zsfr)fjdl (12.20)

satisfy
2= 3]7[
i 9
i

for all 1 <i,j < r. As above, we view these functions as functions on U’. They are
Hamiltonians of the vector fields ¥;, because

(12.21)

Ipi
Z, = zaizﬂ Zkﬂ% % (12.22)
~

This shows that each one of the vector fields ¥; is a Hamiltonian vector field on U’.
Since the functions p; and z; are F-basic, each admits a unique extension to an
F-basic function on F(F~!(U’)), a neighborhood of .%,, which we call U’ in the
sequel. On U’, we still have ¥; = 2.

We proceed to the construction of the angle coordinates. In view of Theo-
rem 1.28, there exist on a neighborhood U” C U’ of m in T" x B, smooth functions
01,...,0, such that

"0 P
g&— Err (12.23)

OnU", %p/ = %, for j =1,...,r; since each of these vector fields has period 1, it
! J

is natural to view the functions 0y, ..., 6, as R /Z-valued functions, which we will do
without changing the notation. Notice that the functions 6y,..., 6, are independent
and pairwise in involution on U”, as a trivial consequence of (12.23). In particular,
01,...,0,,p1,...,ps define local coordinates on U” . In these coordinates, the action
of T" is given by

(tla"'7tr).(917"'791‘;[717'"3[7‘?) = (91+t17"'a9r+tr7pla"'>ps) ) (12.24)

so that the functions 6; uniquely extend to smooth R /Z-valued functions satisfy-
ing (12.24), on U := F~!(F(U")), which is an open neighborhood of .%,, in M; the
extended functions are still denoted by ;. It is clear that {Oi, )4 j} =§;j on U, for
alli,j=1,...,r. Combined with the Jacobi identity, this leads to
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25 16,611 = {{61.6;} .} = {6184} — {684} =0,

which shows that the Poisson brackets {Gi, Bj} are invariant under the T"-action;
but the latter vanish on U”, hence these brackets vanish at every point of U. We
may conclude that on U, the functions (6y,...,6,,p1,...,ps) have independent dif-
ferentials, so they define a diffeomorphism to T" x B® where B® is a (small) ball
with center 0, and that the Poisson structure takes in terms of these coordinates the
canonical form (12.23), as required. O

In terms of action-angle coordinates, the Hamiltonian vector fields ﬁ”f[ take a
particularly simple form. In fact, since the functions F; depend on the coordinates p;
only, the equations of motion, associated to the Hamiltonian F; are given by

JF

pj:{pjaE}:_aej:Oa j=1...r,
0, =130, F}=— =c; i=1,...

J { Js l} apj Cj J yeeea s
=0, k=1,...,5=2r,

where c; depends on the p and z coordinates only. Integrating the first and third
equations, we find that all p; and z; are constant (which is not surprising since the
F; are constants of motion and the z; are Casimirs), so that the ¢; are constant,
which yields upon using the second equation that the angle coordinates evolve lin-
early, 6;(r) = c;t, for j =1,...,r. Thus, action-angle coordinates not only exhibit
an integrable system locally as a Hamiltonian system with linear flow(s) on a family
of tori, they are also the coordinates in which the equations of motion take their
simplest possible form.

The action-angle theorem admits a natural generalization to the case of non-
commutative integrable systems (see [120]). The classical examples of Liouville
integrable systems can be found in [204]. For a modern treatment of Liouville inte-
grability, including recently discovered examples, we refer to [3, 164].

12.4 Notes

The term “integrable system” appears in a large variety of mathematical and physi-
cal contexts, referring often more to phenomena than to a precise general definition.
The notion of a Liouville integrable system, detailed in this chapter, is a notable
exception. Liouville’s observation that “Liouville integrable systems” can be solved
by quadratures has been a main impulse to the development of Poisson geometry,
for a long time restricted to symplectic geometry (the geometry of the phase space
of a mechanical system). For an excellent account of what was classically known
about integrable systems, the reader should consult Whittaker [204]. The books by
Abraham—-Marsden [1], Arnold [15] and Libermann—Marle [125] are all devoted
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partly to integrability in classical mechanics, in the setting of symplectic manifolds,
although Lie groups and Lie algebras are present throughout these books, just as
Poisson brackets are. See also the book by Kosmann—Schwarzbach [114], which
focuses on the Noether theorems, with special emphasis on their historical develop-
ments, as well as on their influence in mathematics and physics.

Shortly before 1970, the remarkable discovery was made that the Korteweg—de
Vries equation can be solved by the inverse spectral method, has an infinite num-
ber of constant of motion, has a (in fact many) Hamiltonian structure(s) and can be
described as an isospectral flow of a Sturm—Liouville operator (as a Lax equation).
It has very much revived the interest in integrable systems, in particular in Liou-
ville integrable systems, on which the newly discovered infinite-dimensional tools
(inverse spectral method, Lax equations, recursion operators), were successfully ap-
plied, thereby shedding a new light on some classical results, leading to the solution
of some classical problems and to the discovery of some new integrable systems.
See the books by Perelomov [164] and Fomenko [78], which together cover a large
spectrum of examples and phenomena. From the Poisson point of view, the im-
portant observation by Adler that the Poisson structure of the Korteweg—de Vries
equation comes from a Lie algebra splitting led to the notion of an R-bracket, which
in turn was at the basis of a better understanding of the symmetries of quantum sys-
tems, culminating in the discovery of quantum groups, see Faddeev—Takhtajan [72]
and Chari—Pressley [40].

The presence of algebraic geometry in integrable systems, already present in
the classical works of Euler, Jacobi, Painlevé and Kowalevskaya, was reaffirmed
by Its—Matveev, who showed that the theta functions of hyperelliptic curves lead
to solutions of the Korteweg—de Vries equation, and by Adler—van Moerbeke, who
showed upon building upon Kowalevskaya’s intuition that basically all classical ex-
amples of integrable systems are algebraically integrable, see Adler—van Moerbeke—
Vanhaecke [3, 196]. The underlying Lie and Poisson geometry of these systems is
always very rich, but often only partly understood.



Chapter 13
Deformation Quantization

In this chapter we present a second application of Poisson structures: the theory of
deformations of commutative associative algebras, also called deformation quanti-
zation. Geometric quantization and deformation quantization are two approaches to
the process of forming a quantum mechanical system from a given classical sys-
tem. Both are based on Dirac’s observation that the natural quantization rules for
Euclidean-invariant systems yield for the simplest variables (position and momen-
tum) differential operators which obey commutation relations analogous to the Pois-
son bracket for the corresponding classical variables. We will only discuss deforma-
tion quantization here, which consists of considering for a given Poisson manifold
(M,{-,-}) all associative products x on the vector space C*(M)[[V]], which are of
the form:

1
F*GzFG+§{F,G}v+C(F,G)v2+~--

Kontsevich’s formality theorem implies that for every Poisson manifold, such a de-
formation quantization exists.

The problem of describing for a given commutative associative algebra (<7 ,-)
all associative structures on <7 [[v]], which deform the product “-” is also interesting
from the mathematical point of view. Since even in this more general context, any
such deformation makes a Poisson bracket appear on (<7, ), the question is most
naturally asked when this Poisson bracket is fixed in advance, i.e., when (<7, -, {-,-})
is a Poisson algebra. As we will see, the problem of describing all Poisson brackets
on (/[[v]],-) which deform the Poisson bracket {-,-} is related to the deformation
quantization problem.

Formal deformations of associative products and of Poisson structures are intro-
duced in Sections 13.1 and 13.2. Section 13.3 is devoted to the basics on differential
graded Lie algebras, while the more advanced theory of L.-morphisms of differ-
ential graded Lie algebras is discussed in Section 13.4. Combined, these sections
provide the material which allows the reader to understand and appreciate Kontse-
vich’s formality theorem, which is stated, together with some of its consequences,
in the final Section 13.5.

Unless stated otherwise, [F is an arbitrary field of characteristic zero.
C. Laurent-Gengoux et al., Poisson Structures, 353
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354 13 Deformation Quantization

13.1 Deformations of Associative Products

In this section, we introduce the notion of a formal deformation and of a k-th order
deformation of a commutative associative algebra and we show how these defor-
mations are related to Hochschild cohomology. We pick an indeterminate v and we
denote by FV the ring F[[v]] of formal power series in v with coefficients in F.

13.1.1 Formal and k-th Order Deformations

Let o/ be a commutative associative algebra over F with unit. The product on .o’ will
be denoted in its functional form by u, or by a simple juxtaposition of the factors,
so we write FG for i (F,G) for all F,G € /. Associated to .27, we consider the V-
algebra o7 [[v]] of formal power series in v, with coefficients in .27; we also denote
this algebra by .«7V. Thus, an element of 7V is a formal power series Y;cn FiV',
where all F; € o7 . The product which &7V inherits from .2/ by “extension of scalars”,
as in Section 2.4.1, is given by

<2F,-vi> : (2 ijj> =Y FG; v/, (13.1)
ieN jeN i,jeN

which is well-defined, since for every k € N, the coefficient of v in the right-hand
side of (13.1) is a finite sum. This product is associative, FV-bilinear and reduces to
the original product it on .27 when setting v = 0. It is therefore a formal deformation
of i in the sense of the following definition.

Definition 13.1. Let (<7, 1) be a commutative associative algebra. An FY-bilinear
map W : Y x oY — o7V is called a formal deformation of u if U, is associative
and (L, = u  (mod v), i.e., if e (F,G) — u(F,G) € ve/Y for all F,G € </ .

The question which we will address later in this chapter is the construction of all
formal deformations of a commutative associative product . The above deforma-
tion (13.1), which is commutative, is a particular example, in fact a rather trivial
one. We stress that the formal deformations which we consider, are not required to
be commutative.

The notion of equivalence of deformations of a given commutative associative
product u is given in the following definition.

Definition 13.2. Let (<7, 1) be a commutative associative algebra and let i, and
be two formal deformations of u. Then u, and y, are said to be equivalent if there
exists an FV-linear map @ : &7V — &V, such that

(1) @F)=F (modv), forall F e
2) D(u(F,G)) = u(®(F),D(G)), forall F,G € o .

The map @ is then called an equivalence of formal deformations.
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Condition (1) in the above definition implies that the map @ is invertible, so the
notion of equivalence of formal deformations defines an equivalence relation on the
set of all formal deformations of a product u. Also, if u, is a formal deformation
of u and @ : &7V — &7V is an FV-linear map such that @(F) = F (mod v), for
every F € o, then the map ., : &V X &V — o7V, defined for F,G € <7V by

W(F,G) =@ (u(@~(F),@71(G) ,
is a formal deformation of u, equivalent to fi,.

Remark 13.3. A formal deformation i, of it can be seen as an element of Hom (.27 x
o, o/ )[[v]], because there is for every k € N* a natural isomorphism of FV-modules

Homg (7%, o7)[[v]] ~ Homgv ((M)’:M) .

We show this in the case of k = 1, the case of arbitrary k being only notationally
more complicated. Suppose that @ : &7V — /" is an FV-linear map. For F € &7,
we can write @(F) in a unique way as

D(F) = O(F)+ D (F)V+- -+ D (F)V 4 - | (13.2)

where every @;(F) belongs to «7. It follows that we can associate to every ele-
ment @ of Hompv (27", 27V) a sequence of linear maps (@;);cn from 7 to o7, that
is, an element of Homp (<7, o/)[[v]]. Conversely, given such a sequence of F-linear
maps (®;);cn, the map @, defined by (13.2), extends in a unique way to an FV-linear
map. By a slight abuse of notation, we keep the notation @; for the FV-linear exten-
sions of the maps @; to <7V, which has the effect that (13.2) remains valid when F
belongs to &7V

Formal deformations are often constructed term by term, which is done rigor-
ously by considering k-th order deformations. For k € N, we consider the ring
FY := FV/(v¥*!). Elements of this ring can be represented by polynomials in v
of degree at most k and the product in this ring is the ordinary multiplication of
polynomials, followed by stripping off the terms whose degree is higher than k.
Starting from a commutative associative algebra .o/, we consider similarly

JZ{kv — %V/<vk+l> ,

which we can view as an FV-algebra, or as an IF,‘(’-algebra. We have that ,Qio" ~ o,
in a natural way; these algebras will be identified in the sequel. Notice also that in
Remark 13.3, one can replace F by ) and .7 by .27 .

Definition 13.4. Let (<7, 1) be a commutative associative algebra. For k € N, an
[Fy-bilinear map g : ) x &) — o',

Mgy = Mo+ MV + -+ Ve (13.3)
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where each y; is an F-bilinear map from .o/ to itself, is called a k-th order deforma-
tion of W if o = W and Wy, is associative.

Under the natural quotient maps &/ — 7" and &}, | — ", formal deformations
(respectively (k+ 1)-th order deformations) are mapped to k-th order deformations.
By a slight abuse of language, we say that an FV-bilinear map y, : &V x &V — &7V
such that g, = g (mod v) defines a k-th order deformation of y if the induced
[Fy-bilinear map p) : " x @ — o/ is a k-th order deformation of u. Clearly,
this is equivalent to saying that

(1 (F,G), H) = . (F, 1 (G,H))  (mod v¥*T)

forall F,G,H € & .

The notion of equivalence of k-th order deformations of u is obtained by replac-
ing F¥ by F/ and .7V by 7" in Definition 13.2, which deals with the notion of
equivalence of formal deformations. Again, an F-linear map <7V — <7V which in-
duces an equivalence of k-th order deformations will be said to define an equivalence
of k-th order deformations.

Let (7, 1) be a commutative associative algebra and suppose that My = Mo+
w1v defines a first order deformation of u = . For a,b,c € o7, the coefficient
in v in the associativity equation 1) (i1 (a,b),c) = 1) (a, i1y (b,c))  (mod v2)
is given by

Wi (ab,c)+ i (a,b)c = apy (b, c) + tyi(a,be) .

It follows that

uy (ab,c) +py (a,b)c—apy (b,c) —py (a,bc) =0,

where ;" is the skew-symmetric part of py, i.e.,

iy (@) = 5 (ab) — b)) (134

for all a,b € <. Performing a cyclic permutation of @, b, c in this equation leads to
the following three equations.

/,Lf(ab,c)—|—uf(a,b)c—,uf(b,c)a—,uf(a,bc) =

0
“;(bc>a) +.Uf(b»c)a—#f(ﬂa)b—ﬂf(baac) =0,
py (ac,b)+py (c,a)b—py (a,b)c— puy (c,ab) =0

3

Y

whose alternating sum simplifies to

uy (ab,c) =y (a,c)b+u; (b,cla.

It follows that if py) is a first order deformation of u = o, then u; is a skew-
symmetric biderivation of (7, it). Suppose now that M) = Mo+ v+ wv?is a
second order deformation of y = po. The associativity of (5 (up to v?) implies
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that the commutator

[(l,b]* = ,LL*(a,b) _nu*(bva)
= 2vu; (a,b) (mod v?).

satisfies the Jacobi identity up to order v?,
lla,b], ,c], + O (a,b,c) =0 (mod v?),
for all a,b and c in <. It follows that
uy (1 (a,b),¢)+ O (a,b,¢) =0,

forall a,b and c in &7, i.e., J1; satisfies the Jacobi identity. In conclusion, if Moy =

Uo + 1V + upv? is a second order deformation of an associative algebra (.7, ),
then (o7, p, 1) is a Poisson algebra!

13.1.2 Hochschild Cohomology

Deformations of associative products are governed by Hochschild cohomology. In
the present section, we introduce this cohomology and we show in the next section
how it is related to deformation theory. Throughout this section, we fix a commuta-
tive ring R.

Let V be a module over R. For k € N*, we denote by HC*(V') := Hom(V*,V)

the space of all k-linear maps V¥ — V, while HC?(V) := V. We will define
a bracket [, ], called the Gerstenhaber bracket, on

HC* (V) := PHCK(V) ,
keN

which is a graded Lie bracket, just 1i1<e the Schouten bracket, a_fter a shift of degree
(see Section 3.3.2). Thus, we denote k := k— 1, and we define HC¥~! (V) := HC¥(V)

for k € N so that HC*(V) = HC¥(V). Elements of the latter space have degree k and
shifted degree k. With respect to the shifted degree, the Gerstenhaber bracket is a
graded Lie bracket, i.e., for all k,¢ € N*,

[, ]o : HCY(V) x HC' (V) — HCF(v)

and [-,-]¢ is graded skew-symmetric and satisfies the graded Jacobi identity (see
Table A.2 in Appendix A).

Explicitly, the bracket [-,-]¢ is defined, for ¢ € HCX(V) and w € HC/(V), by the
following formula,
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[9,¥]g (

=

""XIE+Z+1) (135)

(—l)i [d) (xl,...7x,-_1,w(xi,...,xi+2) 7xl.+3+17...,xk+2)

M=

1

! -
- (_l)kle(_l)l kl[/(X],. .. 7xi717¢ (xia" . 7-xi+]}) axi+1}+17' . .,X€+];) 3
i=

where x1,...,xz, 7, € V. In particular, if u € HC2(V), then

[.uv,u](;(xlax%)@) = 2“(“()517)52)’)53) —2M(x1’li(x2,x3)) )

for all x1,xp,x3 € V, so that u defines an associative product on V if and only if

[, ] =0.

Suppose now that (7, 1) is an associative (not necessarily commutative) alge-
bra with unit, over R. Combined with the graded Jacobi identity, the associativity
condition [u, i}, = 0 implies that

8y :=—[-u]g : HC(«) — HC*! () (13.6)

is a coboundary operator, i.¢., 65“ o 5[1 = 0 for every k € N. This operator is called
the Hochschild coboundary operator and the associated complex

k—1 5k+l
u

d, 8k
- HC* (o) > HCH(o/) — HCH (o) —— -+

is called the Hochschild complex of </ . The cohomology of this complex,

HH}, («7) := (D HH} (/)
keN

is called the Hochschild cohomology of <7, where
k . k k—
HHj; (/) :=Ker 8}, /Im&; ",

for k € N*, while HHz (o) :=Ker 58 . The elements of Ker 55 are called Hochschild
k-cocycles and the elements of Im 5,5’1 are called Hochschild k-coboundaries.

An explicit formula for the Hochschild coboundary operator §, is obtained by
substituting ¢ for y in (13.5); writing FG for u(F,G), it takes, for ¢ € HCk(,;a/),
and Fy, ..., F; € o/, the simple form

85 (0)(Fo, ..., ) := Fod(F1,....F) + (=)o (R, ... . F1)
k (13.7)

+ 2(_1)i¢(F0a'"7E*IE7---7F/C) :
i=1

Since
0
SH(F)(G) =GF -FG,
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for F,G € 47, one has that HH(,BL (&) = Ker 53 is the center of the associative alge-
bra (<, ). Since moreover

8,(0)(F,G) =F¢(G)— ¢(FG)+¢(F)G, (13.8)

for F,G € o/ and ¢ € HC! (), the kernel of 5,} consists of linear maps ¢ : & — &7
which satisfy
¢(FG)=F¢(G)+9(F)G,

for all F,G € <7, which is the non-commutative analog of the derivation property. It
follows that the first Hochschild cohomology space associated to (7, 1) consists of
the quotient of the space of all the derivations of (<7, i), by the space of all inner
derivations of (7, 1) (i.e., derivations of (&7, ) of the form [F,-], for F € 7,
where [F,G] := FG — GF, for G € /). In particular, if (</,u) is commutative,
then HHL(% ) is the R-module X' (<) of all derivations of 7.

13.1.3 Deformations and Cohomology

We now explain how the Hochschild cohomology of a commutative associative al-
gebra (7, ) is related to the deformations of its product p. As we already pointed
out, a formal deformation (respectively, an ¢-th order deformation) defines for ev-
ery k € N (respectively for every k < ¢) a k-th order deformation. Conversely, let
Ui,...,Hx € HC?(o7) and suppose that Mgy == Ho+ M1 v+ + vk defines a
k-th order deformation of y = Lo, so that [H, tu], =0 (mod v¥1), where!
[-,]¢ denotes the FV-linear extension of [-,-]g to o/V. Let 1 be a bilinear map
o x o/ — /. The bilinear map U ), defined by:

Hk41) 2= Ky + M1 v

defines a (k + 1)-th order deformation of y, if and only if [.u(k+1)uu(k+l)JG =0
(mod v¥*2). Since [u(k) , [J(k)} ¢ = 0(in &), all that remains in the latter equation is

> [Mimlg=0,

i+ j=k+1
i,j20

which we can write in terms of the Hochschild coboundary operator (13.6), associ-
ated to U = Uy, as

1

Gilier) =~ tols = 5 >, [wals - (13.9)
i+ j=k+1
Q=1

! In other words, [-,-]¢ denotes the Gerstenhaber bracket on the F¥-module HC®*(27").
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This means that [i(;) can be extended to a deformation of u of order k+ 1, if and only
if the right-hand side of (13.9) is a 3-coboundary for the Hochschild coboundary
operator 6&. Notice that it is a 3-cocycle, since

Sl Y lunuls D T T TE3 P

it+j=k+1 it+j=k+1
i,j=1 i,j>1

=— > ([l ulg) g+ 1) [, milelg)
it+j=k+1
ij>1
it j=k+1
ij>1

> [“iv[“jvuf]a]c
i j =kt 1
i,j =1

:O’

where we have used the graded Jacobi identity for [, -] to obtain the second and the
last lines. It follows that the obstruction to extending a deformation of y of some
order to the next order lies in the third Hochschild cohomology space HHZ ().
This statement is the content of the following proposition.

Proposition 13.5. Let (<7, 1) be a commutative associative algebra and suppose
that Uy = 2;‘:0 W;v' defines a k-th order deformation of 1. Then Hky can be ex-
tended to a (k+ 1)-th order deformation of L if and only if the Hochschild 3-cocycle
Z;{:I (Ui, Ugt1—i] g is a Hochschild 3-coboundary.

It is clear from (13.9) that the term i, ; v¥*! which makes a k-th order deformation
of p into a (k+ 1)-th order deformation of u is not unique (if it exists): one can
always add a Hochschild 2-cocycle to u 1 and this is the only freedom in the choice
of 1. If this 2-cocycle is a coboundary, then the two extended (k + 1)-th order
deformations are essentially the same, in the sense that they are equivalent (see
Definition 13.2). More generally, we have the following proposition.

Proposition 13.6. Let (o7, 1) be a commutative associative algebra and suppose
that [ = Zfzo W; V' defines a k-th order deformation of U, where k € N*. Let £ < k,
where £ € N*. Let ¢ : o/ — o/ be an F-linear map, which we extend to an FY -linear
map /¥ — &7, still denoted by ¢, and let

Wiy = Mo+ v+ oV + -+l v (g 85(9) v (13.10)
Then, /,L('é) extends to a k-th order deformation ,u{k) of W, which is equivalent to [iy).

Proof. Consider the FV-linear map @ : &7V — 7V, defined by
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(R AR A
F — F—¢(F)v'

whose inverse is given by @1 (F) = Y,y ¢! (F) vi‘. The FV-bilinear map ,u(’k), de-
fined for all F,G € o/ by

Wy (F.G) == @ (uuy (@~ (F),®7(G)))

is a k-th order deformation of u, which is equivalent to ). Up to order /, it is
given by

() (F.G) = @(p) (F + ¢ (F)v,G+(G) V"))
= @(u)(F,G) + ¢(F)GV' + F9(G) V')
= W) (F,G)+(9(F)G - ¢(FG) + F¢(G)) v*
= W) (F,G) +8,(9)(F,G)V'

where we have used (13.8) in the last step. It follows that ,LL<’ o =M+ 51 (9) VY, as
in (13.10). O

It follows from the proposition that in order to construct all possible deforma-
tions of U, up to equivalence, one only has to consider, at every step k, as many
possibilities as there are elements in HHi ().

13.1.4 The Maurer—Cartan Equation

Let i, = Y7o 1;v' be an element of HC?(o7V), where to = u1. As above, L, is
associative if and only if [y, 1|5 = 0, which is in turn equivalent to demanding
that i, — p € vHC?(.7V) is a solution of the following equation

5ﬁ(x)*%[x,x](;:0, (13.11)

where, by a slight abuse of notation, 53 stands for the FV-linear extension of 53
to HC?(@7") ~ HC?(«7)[[v]]. For future use, we stress that we consider only so-
lutions x of this equation which are formal series without constant term. Precisely,
X € vHCz(d V). In terms of the terminology of Section 13.3, equation (13.11) is
called the Maurer—Cartan equation associated to the differential graded Lie algebra

(HC* (), ", ]G, 8u)-
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13.1.5 Star Products

As a particular case, we consider the algebra o = C*(M) of smooth functions on
a real manifold M, where the associative product u is the usual product of func-
tions. In this case, one usually considers a particular class of formal deformations
of 1, where all Hochschild cochains are bi-differential operators, a notion which we
define first.

A bi-differential operator on M is a map @ : C*(M) x C*(M) — C*(M), com-
patible with restrictions to open subsets and such that, on every coordinate chart

(U, (x1,-..,x4)) and for all smooth functions F,G on U, one can write:
Jd"F\ [(0°G
D(F,G) = -— 13.12
(F,G) 21¢m(ax,)(axs), (13.12)
r,seN¢

where for r,s € N the coefficients ¢rs are smooth functions on U, which van-
ish except for a finite number of (r,s). When all coefficients ¢,; are constant,
we speak of a constant coefficient bi-differential operator. For each multi-index
r=(ry,...,ry) € N, we used in (13.12) the notation

O'F ar|+~"+rdF

T O g0
ox oxy' - dx

The generalization of the definition of a bi-differential operator to a multi-differential
operator is clear. Notice that [ is a bi-differential operator on M.

Definition 13.7. Let M be a real manifold.

(1) A star product on C* (M) is a formal deformation g, = ¥;cx t;V' of the prod-
uct i of C=(M), where each L; is a bi-differential operator on M;

(2) Two star products U, and p, on C*(M) are said to be equivalent star products
if they are equivalent as formal deformations, via an equivalence of the form
D =1dcopyy +O1vV+---+ ¢ V¥ + -+, where each one of the F-linear maps
@i : C°(M) — C=(M) is a differential operator;

(3) If & is a Poisson structure on M, then (M, ) is said to admit a deformation
quantization if there exists a star product pt, = ¥, 4;V' on C*(M), such that
U1 = Z. Then u, is said to be a star product for (M, ).

We also use the infix notation “x” for a star product. Thus, we often write F' x G
instead of . (F,G), for F,G € C*(M).

Several authors demand that the constant power series “1” is a unit for the star
product; this condition is not very essential, since it can be shown that every star

product as defined above is equivalent to a star product which has “1” as its unit
(see [39, Cor. 3.4.5]).

The description of star products in terms of cohomology is the same as for de-
formations, except that one considers as cochains only the differential Hochschild
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cochains of C* (M), i.e., the Hochschild cochains which are given by multi-differen-
tial operators. The space of all differential Hochschild cochains of C*(M) is denoted
by HCS;(M) := @y HCA:(M). Notice that the Gerstenhaber bracket can be re-
stricted to such cochains because the Gerstenhaber bracket of two multi-differential
operators is a multi-differential operator.

13.1.6 A Star Product for Constant Poisson Structures

In this section we consider the case of a constant Poisson structure 7 on a finite-
dimensional vector space V. We describe the Moyal-Weyl product, which is an
explicit star product for (V, 7).

In order to describe the Moyal-Weyl product, we first show how a constant
Poisson structure leads naturally to an endomorphism of .# (V) ® .7 (V), where
F (V) :=C=(V). Given two endomorphisms ¥} and ¥ of #(V), an endomorphism
N QY5 of F(V)®.Z(V) is defined by letting

(M) (FRG):=1(F)®%(G),

forall F,G € .# (V). Given endomorphisms #1,..., %, %/,..., %/ of # (V) leads by
linear extension to an endomorphism Y¥_ % @ ¥/ of Z (V) ®.Z (V). In particular,
given a constant Poisson structure on V, which we write as & = 2?:1 Vi N 7// , with
Noeos Vo ¥ 5., ¥ constant vector fields on V, the previous construction yields
an endomorphism of .# (V) ® .% (V), which we also denote 7. We can then write

n[F,G) = u(n(F ® G)), (13.13)

where (1 denotes the linear map  : .7 (V) @ .# (V) — .#(V), which simply sends
F ® G to the product FG, for functions F,G € .% (V). The interest of writing the
Poisson structure, and the other differential operators which will come up in the con-
struction, as in the right-hand side of (13.13) is that although 7 cannot be reapplied
to [F, G, it can be reapplied to m(F @ G). It allows us to define, for F,G € Z (V)
(or, by v-linearity, for F,G € % (V)") the following formal power series:

i
i2(F©G)=F@G v
A ©6):=FaG+ ¥ o

ieN*

T(F®G). (13.14)

Proposition 13.8. Let w be a constant Poisson structure on a finite-dimensional vec-
tor space 'V and let [l denote the linearmap 1 : F (V)" Q F (V)Y — F(V)Y, defined
by U(F ® G) :=FG, for all F,G € % (V). The bilinear map % (V)" x FZ(V)" —
F(V)Y, defined by

F*G::,LL(e"”/2(F®G)) : (13.15)

is a star product for (V, ).
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Proof. We first prove that  is associative: for all F,G,H € #(V), we show that
F*(GxH) = (F*G)*H. This can be done by direct computation, upon using
the classical trick of representing a bi-differential operator as a composition of two
differential operators: if @ is a bi-differential operator, which we consider here with
constant coefficients, then there exists a differential operator Cﬁx , such that

D(F,G) = Dy (F(x)G(y))

y=x *

Explicitly, when @ is of the form (13.12), with all ¢, constant, then (sty is given by
R ar+s
(px = (Pr‘xi .

With this notation, we can write (13.15) as

FxG=e""/2F(x)G(y)

ly=x *
The associativity of % then follows from the following computation:
(F*G)xH = ¢"**(FxG)(x)H(z), _,
— oVx/24 Vi /2 evftxy/ZF(x)G(y)H(Z)‘
= /B R 2 (1) G (3)H ()
= F+(G*H) .

z=y=x

z=y=x

The computation demands some extra justification. We have used in the third equal-
ity that if ¢; and ¢, are commuting endomorphisms, then %1792 = ¢91¢%2; this prop-
erty follows at once from the definition given in (13.14). We used in the second
equality that if ¥ = ¥, is a derivation of .% (V'), then

P (Floy), ) = BF )+ HF ) = (et BF ()

which follows from the chain rule. This proves that * is associative, hence is a formal
deformation of y; since for F,G € . (V) the coefficient of v in F* G is 37[F,G], it
follows that x is a star product for (V, ). O

When the rank 27 of the constant Poisson structure 7 is equal to the dimension of V/,
there exists a system of linear coordinates (q1,...,4¢,, p1,...,pr) on V, in which the
Poisson bracket of functions F, G € .% (V) takes the canonical form

{FvG}:lﬁ; <8F G OJF &G)

k)

dq; dp; dpidq;

see Proposition 6.5 for the existence of such coordinates. For such a choice of Pois-
son structure and such coordinates, the explicit formula (13.14) is referred to as the
Moyal-Weyl product, or simply the Moyal product.
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13.1.7 A Star Product for Symplectic Manifolds

In this section we explain how the Moyal-Weyl product can be used to prove that
every symplectic manifold (M, ®) admits a star product; more precisely, the alge-
bra of smooth functions on (M, ), equipped with its canonical Poisson structure,
admits a star product. The construction presented here is due to Fedosov; we refer
to his original paper [73] for proofs and details.

We first need to elaborate on the star product in the case of a symplectic vector
space (the Moyal-Weyl product, explained in Section 13.1.6 above). Let (V, ®) be
a finite-dimensional symplectic real vector space and let 7 = {-,-} denote the (con-
stant) Poisson structure on V which corresponds to @ (see Section 6.3.1). We denote
by F (V) the space of all formal power series in the variables that constitute a basis
for V* and we denote by . >/ (V') the subspace of .7 (V'), consisting of those formal
power series whose valuation is at least j € N. We also consider, for k € N,

EPNV)= Y ViFZI(V).
i,jeN
2itj>k
It is easy to see from the explicit formula (13.15) that the Moyal-Weyl product
on C(V)" extends to . (V)" := .%(V)[[v]]; moreover, for all k,¢ € N, we have
that
EZX(V)xEZ'(V) c EZF(V) | (13.16)

which follows immediately from the fact that {.#>(V), #>!(V)} C F2K2(v),
for all k, £ € N*. To V we associate the associative algebra A(V'), defined by

A(V) :=EZ2 (V)@ A V*,
equipped with the associative product ® given by:
(Fed®(Gon):=(F+G)®(GAnN),

for all F,G € EZ°(V) and &,1 € A*V*. Note that there is a decreasing sequence of
vector spaces
AR V) = EPR (V)@ AtV

with AZ(V) = A(V). Note also that A(V)/AZ*(V) is a finite-dimensional vector
space, for each k € N, and that there is on A(V) a natural linear form Py : A(V) = R
defined by mapping F ® & to 0 if & € ®;>; A'V* and by mapping F ® 1 to F(0)
for all F € EZ%(V), where 1 stands for the unit element of the algebra A*V*, and
where F(0) stands for the constant term of the formal power series F.

We now get back to the case of a symplectic manifold (M, ®). The canonical
Poisson structure associated to @ is denoted by 7 and the algebra of smooth func-
tions on M is denoted by .%(M). Each tangent space T,,M to M is a symplectic
vector space, associated to the Poisson structure 7, so that we can consider as
above a star product %, on .% (T;,M)" and an associative product ®,, on A(T;,,M).
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We say that a section of the canonical projection UyepA(T,,M) — M mapping each
element to its base point is smooth if its projection on the vector bundle

A(T,M)
U ASK(T,,M)

meM

—M

is smooth, for every k € N. For k € N, the space of all smooth sections which take
values in AX(T,,M), for every m € M, is denoted by .7 > (M); we use the shorthand
o (M) for o7>°(M). The product of two sections a € .o7>*(M) and b € o7/>'(M) is
the section of . >**!(M) whose value at m € M is a(m) ®,, b(m). Combined, the
linear maps Py : A(T,,M) — R defined above lead to a linear map &7 (M) — .# (M)",
which we also denote by Py.

Theorem 13.9. Let (M, ) be a symplectic manifold and let (<7 (M), ®) be the al-
gebra constructed as above. There exists a derivation D : of (M) — <o (M) with the
following property: for every F € % (M)", there exists a unique ap € </ (M) such
that D(ar) = 0 and Py(ar) = F.

Without going into details, we mention briefly how D is constructed, thereby
sketching a proof of the theorem; see [73] for details. D is an operator of the follow-
ing form:

D:=d"+[®d+7,] . (13.17)

The first term, d, depends on the choice of a symplectic connection, i.e. a torsion-
free connection V on TM which satisfies

for arbitrary vector fields ¥, %', % on M. Such a symplectic connection induces
a connection on the bundle | J,,cp, G (TnM) — M, which is strictly speaking not
a vector bundle (because the vector spaces .% (T,uM) are infinite-dimensional), yet
it leads to a covariant derivative, which is dV : ./ (M) — </ (M). The bracket [, -]
in (13.17) is the Lie bracket on 7 (M) induced from the bracket [-,],, on the spaces
A(T,,M), with m € M, where [-,],, is defined by

[@a®@&,b@n)y:=(axb—bxa)QEAN,

for all a,b € .Z(T,,M) and &,m € A®T:M. Third, & is the symplectic struc-
ture ®, viewed as an element of </ (M). Finally, y € &/Z3(M) is a section of
Umen -Z (T,,M)" @ TM, which is chosen such that D*> = 0. Using the latter prop-
erty, one proves the existence and uniqueness of ar, as stated in Theorem 13.9.
It is clear that D is a derivation, because both the adjoint action and the covariant
derivatives are derivations.

Corollary 13.10. Ler (M, ®) be a symplectic manifold, let (</ (M),®) be the al-
gebra constructed above and let D be a derivation of </ (M) as in Theorem 13.9.
Denote by * the bilinear map on % (M)" defined for all F,G € F(M)" by
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FxG:=PR(ar®ag), (13.18)

where ag is the unique element in the kernel of D, for which Py(ar) = F, and simi-
larly for ag. Then % is a star product for (M, 1), where T is the canonical Poisson
structure on M, associated to o.

Proof. We first prove that the product, defined by (13.18), is associative. Let
PB(M) C &/ (M) be the kernel of D; it is a subalgebra of /(M) since D is a
derivation. By Theorem 13.9, the assignment F — ar is a bijective linear map
from .#(M)¥ to #(M) with inverse map the restriction of Py to Z(M). It fol-
lows that the product x on % (M)" is obtained from the associative product &
on %B(M), via a bijection, hence is associative. We prove that * is a star product
for (M,r). Let F and G be smooth functions on M (in particular, they are inde-
pendent of v). A closer look at the construction of ar and ag in [73] implies that
ap = (F +d,F +Hess,, F)® 1 +bp and ag = (G+d,,G + Hess,, G) ® 1 4 b for
some bgp,bg € of 23(M), where d,,F' and d,,G are viewed as linear functions on
T.M, and Hess,, F and Hess,, G are viewed as quadratic functions on 7,,M. An
explicit computation then yields Py(ar ® ag) = FG+ % {F,G} (mod v?), which
completes the proof. O

13.2 Deformations of Poisson Structures

The deformation theory of commutative associative algebras, described in Sec-
tion 13.1, can quite easily be transcribed for Lie algebras. For Poisson algebras,
a few extra adaptions are necessary, since Poisson algebras have not one but two
algebra structures; in this section, we will deform only one of them, the Poisson
bracket, but we need to keep in mind that the deformed Poisson bracket should be
compatible with the associative product. As we will see, the deformation theory of
Poisson algebras is, despite this constraint, formally very similar to the deformation
theory of commutative associative algebras.

13.2.1 Formal and k-th Order Deformations

Let («,-, ) be a Poisson algebra. On &7 we consider, as in (13.1), the FV-linear
extension of the product “-”, which makes .7V into a commutative associative alge-
bra (over the ring FV).

Definition 13.11. Let (<, -, ) be a Poisson algebra. An FV-linear skew-symmetric
biderivation 7, of («7V,-) is called a formal deformation of 7 if m, satisfies the
Jacobi identity and m, = (mod V).

When 7, is a formal deformation of a Poisson structure 7, the triple («7",-, 1) is a
Poisson algebra over the ring FV. Strictly speaking, our Definition 1.1 of a Poisson
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algebra is valid only for algebras over a field, but it is clear that one can define
Poisson algebras over an arbitrary commutative ring (with unit) R, by replacing in
Definition 1.1 “F-vector space 27"’ by “R-module .«7”. It is also clear that the Jacobi
identity for m, is satisfied if and only if [m,,m,]s = 0, where the Schouten bracket
[-,-]s is still given by (3.36), but for FV-multi-linear maps, rather than F-multi-linear
maps; this is the main fact which we will use about this more general context.

Definition 13.12. Let (<7, -, ) be a Poisson algebra and let 7, and 7, be two formal
deformations of 7. Then 7, and 7, are said to be equivalent deformations if there
exists an FV-linear map @ : &7V — o7V, satisfying for all F,G € < the following
conditions:

(1) @F)=F (modv);
() BFG) = O(F)d(G);
(3)  @(m[F.G)) = m[P(F), P(G)].
Condition (1) implies that @ is invertible; then (2) means that @ is an automorphism
of the associative algebra (<, -), hence of (&/V,-) and (3) means that @ is a Lie
algebra isomorphism (&7V, 7,) — (&Y, 7).

It is clear that, if m, is a formal deformation of # and @ : &V — &7V is an
FV-linear map satisfying items (1) and (2) of Definition 13.12, then the map 7, :
AV x oV — &V, defined for F,G € o7V by

m[F,G] == @ (m[® ' (F), @ '(G))) , (13.19)

is a formal deformation of 7, equivalent to 7,.
As in the associative case, we define the notion of a k-th order deformation of a
Poisson structure.

Definition 13.13. Let (.<7,-, ) be a Poisson algebra. For k € N*, an [F)-bilinear
skew-symmetric biderivation 7 of 2",

Mgy =M+ v+ +mv (13.20)

is called a k-th order deformation of m, if my = m and if 7, satisfies the Jacobi
identity.

One defines the notion of equivalence of k-th order deformations by replacing F
by F} and &7V by 7" in Definition 13.12.

13.2.2 Deformations and Cohomology

As in the associative case, it is clear that a formal deformation can be truncated
to a k-th order deformation, for every k € N. Similarly, an ¢-th deformation can be
truncated to a k-th order deformation, for every k < £. This suggests to approach also
in this case the construction and the study of all (formal) deformations of a Poisson
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bracket, by analyzing the extensibility of a k-th order deformation to a (k+ 1)-th
order deformation.

Therefore, let (<, -, ) be a Poisson algebra and suppose that ) = 7o + 71 v +
.-+ mvk defines a k-th order deformation of 7, where 7y, ..., m; are elements of
X?(/) and my = 7. Given a skew-symmetric bilinear map 7, | : & X & — o7, the
skew-symmetric F}/, -bilinear map 7,1, defined by T 1) *= (k) + T4 v g
a (k+ 1)-th order deformation of 7 if and only if [n(kH), n(k+1)] =0 (mod vi2),
ie.,

82 (1) = — M1, To)s = % Y [mm (13.21)
i+j=k+1

ij=1
where we have used the Poisson coboundary operator (4.5), associated to the Pois-
son bracket = = my. As in the associative case (see Section 13.1.3), one checks by
using the graded Jacobi identity for [-,-]s, that the right-hand side in (13.21) is a
Poisson 3-cocycle, so that the obstruction for extending a deformation of the Pois-
son bracket 7, of some order to the next order lies in the third Poisson cohomology

space H3 (7). This shows the following proposition.

Proposition 13.14. Let (</,-, ) be a Poisson algebra and suppose that T =
2;‘:0 m;V! is a k-th order deformation of m. Then Ty can be extended to a (k+1)-th
order deformation of m if and only if the Poisson 3-cocycle Zé‘:l (7, Mpt1—i) 5 @
Poisson 3-coboundary.

It is clear from (13.21) that the term vkt which makes a k-th order deforma-
tion of & into a (k+ 1)-th order deformation of 7 is not unique (if it exists): one
can always add an arbitrary Poisson 2-cocycle (for ) to m ;. If this cocycle is a
coboundary, then the two extended (k + 1)-th order deformations are essentially the
same, in the sense that they are equivalent (see Definition 13.12). A stronger state-
ment is given in the following proposition, which is the analog of Proposition 13.6.

Proposition 13.15. Let (</,-,7t) be a Poisson algebra and suppose that Ty =

Z?:o mViis a k-th order deformation of w, where k € N* and let { < k, where £ € N*.
Let ¢ € X'(o7), which we extend to an FY -linear map <7 — <7V, still denoted by @,
and let

My =M+ mV+V> 441 v+ (4 82(9)) v (13.22)

Then, n(’g) extends to a k-th order deformation 7t<’k) of &, which is equivalent 1o T).
Proof. Let us consider the map
(OB AR A

vt GRILNT
F —e V(p(F)ZZTV " (F) .
keN ’

(13.23)

Itis clear that @ is FV-linear and that ®(F) = F (mod v), for all F € o/. We show
that @(FG) = @(F)P(G) for all F,G € /. To do this, we use that for all k € N,
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k
r6)= 3 ($)eree. (1324
r+s=k
r,s=0

which is a consequence of the fact that ¢ is a derivation of <. Then,

—v! (—l)k Ok ok
D(FG) =e " ?(FG) =Y, ~—>Vv*o"(FG)

=@(F)D(G).
As in (13.19), we have that ”(/k)’ which is defined for all F,G € <7V by
T F,G) = @ (g [@ ' (F), @ (G)])
is a k-th order deformation of 7 which is equivalent to 7). Using the formula for
the inverse of @, namely
vik
keN
we can make the following computation in the algebra .27)" (i.e., all equalities are
modulo vithy:
) (F.G) = @ (7 [F + @[F]v',G + @[G]V'])
= @ (m)[F, Gl + (z|o[F], G] + n[F, o[G]])v')
= m)[F, G| + (n[@[F],G] + n[F. ¢[G]] - p[n[F,G])V*
- TC(@)[F,G] +87%((p)[F7G] ve.

It shows that 71:&) =my+ 5L(@) v, which is the content of (13.22). O

It follows from the proposition that in order to construct all possible deformations
of 7, up to equivalence, one only has to consider, at every step k, as many possibili-
ties as there are elements in H2(.<7). Notice that the associative analog of the above
proposition, which was given in Proposition 13.6, is easier to prove; the reason for



13.3 Differential Graded Lie Algebras 371

this is that in the Poisson case the map @ which defines the equivalence needs to be
an automorphism of the associative algebra (27" ,-).

13.2.3 The Maurer—Cartan Equation

Let (7, -, ) be a Poisson algebra and let 7, = Y° , ;' be an element of X?(o7"),
where my = 7. As above, 7, is a Poisson structure if and only if [7,, 7] s = 0. Denot-
ing by &2 the FV-linear extension of 52 to X?(«7") ~ X*(&/)[[v]], it follows that 7,
is a Poisson structure if and only if 7, — 7 is a solution of the following equation

1
5,%(x)—§[x,x]S:O. (13.25)
In the terminology of Section 13.3, this equation is called the Maurer—Cartan equa-
tion associated to the differential graded Lie algebra (X*(<7),[-,"|s, Or)-

13.3 Differential Graded Lie Algebras

Differential graded Lie algebras are graded Lie algebras which are equipped with
a derivation of degree one whose square is zero. A prime example, which we have
already encountered several times in this book, is the algebra of skew-symmetric
multi-derivations of a Poisson algebra (or multivector fields on a Poisson manifold),
where the graded Lie bracket is the Schouten bracket and the differential is (up to
a sign) the Poisson coboundary operator. Since in the study of a differential graded
Lie algebra its symmetric algebra plays an important réle we first give the basic
definitions and properties of the symmetric algebra of a graded vector space.

13.3.1 The Symmetric Algebra of a Graded Vector Space

Let V = @, Vi be a graded vector space. We denote the degree of a homoge-
neous element x € V by d°(x). The symmetric algebra of V is the associative al-
gebra S*V, which is obtained by dividing the tensor (graded associative) algebra
TV = Pyen V@ of V by the two-sided ideal generated by all elements of the form
XRy— (—l)d()(x)do(y)y ® x, with x and y homogeneous. The induced product is de-
noted by juxtaposition of elements. With this notation,

xy = (=) W)y (13.26)
for all homogeneous elements x,y of V. Note that if x is a homogeneous element
of V of odd degree, then it follows from (13.26) that x2 = —x2, so that x2 = 0. We
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call an element of SV of the form x; ... x, with all x; homogeneous, a homogeneous
monomial of S*V . Let iy, ..., i, be integers for which there exists a non-zero homo-
geneous monomial X = x;...x, where x; € V;,,...,xy € V;,. Then we can define the
sign sgn(o;iy,...,i) € {—1,1}, associated to (iy,...,i¢) and & € Sy, by the equality

Xo(1) -+ Xo(0) = sgn(G;il, e ,ig) X1...X¢, (13.27)
since it only depends on the ¢-tuple (ij,...,i¢) and not on the choice of xi,...,x;.
With X as above, we often write sgn(o;X) as a shorthand for sgn(o;iy,...,i). For

indices iy,...,i; such that V; V;,...V;, = 0 we define sgn(o3;iy,...,is) := 1 for all
oSy

In what follows, the graded vector space of which we consider the symmetric
algebra will always be a graded Lie algebra, but in which we shift the grading by
one. Thus, if g = @ gr is a graded Lie algebra, we consider on g two gradings:
for x € g¢ we define |x| := ¢ and d°(x) := ¢ —1 = |x| — 1. Then g is a graded Lie
algebra with respect to the grading | - |, but when the grading d° is used, it is only
a graded vector space; when we use the latter grading, we will write g instead of g.
The symmetric algebra which plays an important role in what follows is the graded
commutative algebra S*g, where the grading on S°g is given, for a homogeneous
monomial xj ...xy, by

4 4

do(xy.xg) =Y | — 0= d%x;) . (13.28)

i=1 i=1

Of course, S*g inherits also a grading from the tensor algebra, which assigns to a
monomial x; ...xy the degree ¢; we will not use this grading, except that we denote,
for £ € N, by S'g the span of all monomials of the form x; ...x;, where x{,...,x; € g.

13.3.2 Differential Graded Lie Algebras

In this section, we introduce the notion of a differential graded Lie algebra and of a
morphism of differential graded Lie algebras. The basic examples, given below, are
the Poisson complex, associated to a Poisson algebra, and the Hochschild complex,
associated to an associative algebra.

Definition 13.16. A differential graded Lie algebra is a triple (g,[,-],D), where
(g,[-,°]) is a graded Lie algebra and D : g — g is a differential of g, i.e., D is a
graded linear map of degree one from g to g, D satisfies DoD = 0 and D is a graded
derivation of degree one of (g, [-,]).

Expressed in terms of formulas, the fact that (g = @yez 0k, [ ,¢]) is a graded Lie
algebra means that [, -] satisfies, for all homogeneous elements x,y and z of g and
for all i, j € Z, the following properties:

(M gi,9)] C givjs
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@) [ry] = —(=1)FM [y

3 (=DME L], 2+ O (x,0,2) = 05

while the fact that D is a differential on g means that D satisfies, for all homogeneous
elements x and y of g and for all i € Z, the following properties:

4 D(gi) Cgir1;
() D([x,y]) = [D(x),y]+ (=P [x,D()];

(6) DoD=0.
Let (g,[-,-]) be a graded Lie algebra and let z be an element of degree one, z € gj.
The graded Jacobi identity for [-,-], i.e., the above identity (3), implies that the

degree one map D,, defined by

D.(y) == [z,)]

for all y € g, is a graded derivation of g of degree one. Moreover, if z satisfies
[z,z] = 0, the graded Jacobi identity implies that D, o D, = 0, hence (g,[-,],D;)
is a differential graded Lie algebra. We then call the triple (g, [-,-],z) a pointed dif-
ferential graded Lie algebra. The differential of a pointed differential graded Lie
algebra (g, ][, ],z) will, without further mention, always be denoted by D,.

Example 13.17. Let (-, ) be a Poisson algebra and consider the graded Lie al-
gebra (X*(<7),[-,]s), where we recall that X*(.<7) denotes the graded vector space
of skew-symmetric multi-derivations of &7, with shifted degree, and [-,-]s denotes
the Schouten bracket on X*(.7) (see Chapter 3). Since the shifted degree of 7 is one
and since [7r, ]g = 0 because 7 is a Poisson bracket, (X*(#/),[-, s, ) is a pointed
differential graded Lie algebra.

Example 13.18. The previous example can also be considered in the smooth cate-
gory. Namely, let (M, ) be a real Poisson manifold and recall that we denote by
(X*(M),[,-]s) the graded Lie algebra of multivector fields on M, equipped with
the Schouten bracket [-,-]s. Then (X*(M),]-,]s, ) is a pointed differential graded
Lie algebra. Notice that this example can be considered for any real manifold M by
taking the trivial Poisson structure on M, i.e., for every real manifold M, the triple
(X*(M),],"]s,0) is a pointed differential graded Lie algebra.

Example 13.19. Let (<7, 1t) be a commutative associative algebra and consider the
graded Lie algebra (HC®(</),[-, |), where we recall from Section 13.1.2 that
HCF(.7) = Hom(2/**!, o7) is the space of all (k + 1)-linear maps from .7 to itself
and the graded Lie bracket [-,-] is the Gerstenhaber bracket (defined in (13.5)).
Since y is associative, [i, tt]; = 0 and hence (HC®*(«7),[-,"|g, 1) is a pointed dif-
ferential graded Lie algebra.

Example 13.20. The previous example can also be considered when (7, 1) is the
algebra of smooth functions on a real manifold M, equipped with the usual product
of functions yt. Consider the graded Lie algebra (HC§;(M),[-,"]g), which is the
subalgebra of (HC®*(C*(M)),|-,-]c) which consists of the differential Hochschild
cochains (see Section 13.1.5). Then (HC§(M),[-,-]g, 1) is a pointed differential
graded Lie algebra.
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Example 13.21. Every differential graded Lie algebra (g,[-,-],D) leads to a coho-
mology space, which is itself a pointed differential graded Lie algebra. To see this,
consider DF : g; — gy, the restriction of the differential D to gy. Since DoD =0,
we have a complex

Dk—l Dk Dk+l
Ok—1 Ok Ok+1

The cohomology of this complex is denoted by Hp(g) = @z HY(g), where, for
allk € Z,
Hf(g) := KerD*/ImD*" ! .

D is a graded derivation of degree one of (g, [-,-]), hence [-,-] induces a Lie bracket
on Hp(g), also denoted by |-, ] and the triple (H})(g), [-,-],0) is a pointed differential
graded Lie algebra.

We now show that the differential and the bracket of a differential graded Lie algebra
(g,[,],D) can be encoded in a single differential A on S°*g. Let g be a graded vector
space, let [-,-] : g x g — g be a graded skew-symmetric bilinear map of degree zero
and let D : g — g be a graded linear map of degree one. Two linear maps from S°g
to itself are defined by setting for every homogeneous monomial X = x; ...x; € Sg,

4
Ap(X) ==Y sgn(0;: X)D(x)X; ,
= i ) (13.29)
A[] (X) = z sgn(cij;X)(—l)d (i) [xi,xj}Xij,
1<i<j<t

where X; and X; ; are obtained by removing from X the element x;, respectively the
elements x; and x;. For example, Xi=x ... Xji_1Xit1 ...X¢. The permutation o; € Sy
is the permutation which sends 1 to i and subtracts one from the integers 2, ...,i and
fixes the other integers, i.e., it is the cycle (i,i —1,...,1); similarly, o; ; is the per-
mutation which sends 1 to i, sends 2 to j, removes two from the integers 3,...,i+1,
removes one from the integers i+ 2, ..., j and fixes the other integers. We leave it as
an exercise to the reader to check that the maps Ap and A[. | are well-defined. We
define A to be the sum of the two linear maps in (13.29),

A=Ap+A . (13.30)

Taking a homogeneous monomial X € S°, it is easy to see that d°(Ap(X)) =
d°(Ar (X)) = d°(X) 41, so that A has degree 1. Notice however that Ap : S‘g —

§'g, while A, j: S'g— "'

Proposition 13.22. Let (g, [+, ], D) be a triple, where g = @7, 0k is a graded vector
space, D : g — g a graded linear map of degree one and [-,-] : N>g — g a graded
skew-symmetric bilinear map of degree zero. Let Ap, A. j and A denote the linear
maps defined in (13.29) and (13.30). Then the following statements are equivalent.

(i)  (g,[,"],D) is a differential graded Lie algebra;
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(i)  Ap=Al =0and ApoA j+Ap joAp=0;

(iii) A*=0.

For a given differential graded Lie algebra (g, |- ,-],D), we call the linear map A :
S°g — S°g the total differential of (g, [-,-], D).

Proof. As we already pointed out, for X € S‘g, we have that Ap X) e S'g, while
Ar)(X) € $"'§. Therefore, A(X) € S°g, while A? 1(X) € S *gand (Apo Ay, |+
ApjoAp)(X) € §*1§. Since

A’ = A+ Apo AL j+ AL joAp+ AL |,

.

the equivalence of (i) and (iii) follows. Let X = x;...x; be a homogeneous mono-
mial of $‘g. Then

14
Ap(X) =Y sgn(0;:X) D*(x)X;
i=1

so that A3 = 0 if and only if D?> = 0. Similarly,
A0 = X sen(osX) (= 1) o (00) X

1<i<j<k<t

where 0; ; and )?,'jk are defined similarly to o;; and X; » defined earlier in this section,
and
0t (X) = (=DM [, ] ] + © (i, ,k) -

It follows that A[?_.] =0ifand only if |-, -] satisfies the graded Jacobi identity. Finally,

(AD OA[',‘] +A[] OAD)(X) = — 2 Sgn(O','j;X)(—l)lxilﬁij(X)Xij 5

1<i<j<t

where
Bij(X) := D([x1,x}]) — [D(xi),x;] — (1) [x;, D(x;)] 3

as a consequence, Ap o A |+ A joAp = 0if and only if D is a derivation of |-, -].

.

The last three equivalences, combined, prove the equivalence of (i) and (ii). O

We finish this section by giving the definition of a morphism of differential
graded Lie algebras.

Definition 13.23. Let (g, [-,-]q,Dg) and (b, [-, -]y, Dy ) be two differential graded Lie
algebras. A graded linear map ¢ : g — h of degree zero is said to be a morphism of
differential graded Lie algebras, if ¢ is a homomorphism of graded Lie algebras
and oDy =Dy o ¢.

Let us denote by Ay and Ay the total differentials of (g,[-,-]g,Dg), respectively
of (h,[-,-]p,Dy). It follows easily from the definitions that a graded linear map of
degree zero ¢ : g — b is a morphism of differential graded Lie algebras if and only
if S*p o Ag = Ay 0S*¢, where S°¢ : S°g — S°h is defined by
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SO (x1...x0) == (x1)...0(x0) (13.31)

for all x1,...,xs € g.

13.3.3 The Maurer-Cartan Equation

In this section, we define the Maurer—Cartan equation associated to a general dif-
ferential graded Lie algebra. We have already met this equation in the case of the
pointed differential graded Lie algebras (HC®* (%), [, ], 1) and (X*(<), ], ]s, 7)
(see (13.11) and (13.25)); as we explained, these equations govern deformations of
associative products and of Poisson brackets. We will come back to these particular
cases in Section 13.3.6 below.

As in the case of deformations of associative products and of Poisson brack-
ets, we consider formal power series with coefficients in a (differential graded
Lie) algebra. Thus, given a differential graded Lie algebra (g,[-,-],D), we consider
g := g[[v]], the F¥-module of formal power series with coefficients in g. Every
element x of g is of the form x = ZZ’:Oxkvk ; even without writing explicitly x in
this form, we will often write x; (or (x); in the case of ambiguity) for the coefficient
of vk in x, a notation which comes in particularly handy when picking a particular
coefficient of the series of a complex expression.

We keep the same notations [-,-] and D for the F¥-linear extension of [-,-] and
of D to g¥. Similarly, when A denotes the total differential on S*g, then A will still
denote its extension to (S*g)" := (5°g)[[v]]. Consider the subspace vg := vg;[[V]]
of g¥, which consists of all formal power series in v without constant term and with
coefficients in gy, the degree one component of g. On vg| we consider the equation

1
D(x) + 5 r.a] =0, (13.32)
which is called the Maurer—Cartan equation associated to (g, [, -], D) (or to g). We

denote by MC(g) the set of all elements x of vg| which are solutions of the Maurer—
Cartan equation associated to g. We will give in Proposition 13.26 below two char-
acterizations of the solutions of the Maurer—Cartan equation. To do this, we define,
for x € vgY and for k € N*,

Obs(x) :=D(xe)+5 Y, [ri,xj] . (13.33)
i+j=k
i,j>1

N =

Then (13.32) can be written out as the infinite list of equations Obsi(x) = 0,
where k € N*. If x satisfies Obsy(x) = 0 for k = 1,...,¢ we say that x is a solu-
tion of the Maurer—Cartan equation up to order ¢ and we denote by MC,(g) the set
of all such elements. Clearly, x € MCy(g) if and only if x satisfies (13.32) modulo



13.3 Differential Graded Lie Algebras 371

v*1 and x € MC(g) if and only if x € MC,(g) for all £ € N*. Moreover, we have
the following proposition.

Proposition 13.24. Let (g,[-,-],D) be a differential graded Lie algebra. Suppose
that x € MCy(g) for some ¢ € N*. Then Obsy.(x) is a cocycle.

Proof. Since D is a graded derivation, satisfying D> = 0, and since the Lie bracket
is graded skew-symmetric, we have that

DObsi() =5 3 (Dl)ul -l Do) = 3 D)l

jrk=t+1 jrk=t+1
Jik=1 Jik>1

Since x satisfies the Maurer—Cartan equation up to order ¢, we obtain

1
D(Obsp (x))=—= Y [lxx;],0]=0,
i+ jAk=L+1
ij k=1

where we used the graded Jacobi identity in the last step. O

For the second characterization, we use the exponential map. For x € vg¥, we
define e* to be the following formal power series

x? xk

ex::1+x+5+-~+ﬁ+-~€(5°§)v. (13.34)

Notice that this infinite sum is a well-defined formal power series in v with co-

efficients in S°g since at most the first k+ 1 terms of the infinite sum in (13.34)

contribute to the coefficient of V¥ in ¢* (recall that x is a formal power series in

v without constant term). The total differential A, applied to e*, can be explicitly
computed, as is shown in the following lemma.

Lemma 13.25. Let (g, [, -], D) be a differential graded Lie algebra with total differ-
ential A : §*g — S*§. For x € vgy, one has

[x,x] ) e . (13.35)

This completes the proof. O

The lemma and the remarks made about Obs;, lead at once to the proof of the fol-
lowing proposition.
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Proposition 13.26. Let (g,[-,-|,D) be a differential graded Lie algebra with total
differential A : S*g — S*g. For x € vgY, the following statements are equivalent.

(i)  xsatisfies the Maurer—Cartan equation associated to g;

(i)  Ae")=0;
(iii)  Obsk(x) =0 for every k € N*.
In the case of a pointed differential graded Lie algebra (g,|-,-],z), these conditions

are also equivalent to

(iv) [z+x,z+x]=0.

13.3.4 Gauge Equivalence

We have introduced in Sections 13.1.1 and 13.2.1 the notion of equivalence of de-
formations in the case of associative products and of Poisson brackets. We now
introduce the corresponding notion for formal power series (without constant term)
with coefficients in the degree one component of an arbitrary pointed differential
graded Lie algebra.

Definition 13.27. Let (g, [-,-],z) be a pointed differential graded Lie algebra. Two
formal power series without constant term x,y € vg" are said to be gauge equivalent
denoted by x ~ y, if there exists § € vgy such that

2y =e"%(z+x).

The definition requires some explanation. As the notation suggests,’ ¢*% stands for
the endomorphism of g", defined for x € g¥ by

= ad x
Hen)i= ¥ S =t S Gt (1330
k=0 '

The latter infinite sum is a well-defined formal power series in v with coefficients
in g since at most the first k+ 1 terms of the sum contribute to the coefficient of v¥.
Notice that it follows easily from (13.36) that

d ad, _ ad,
S () = [£,e% ()] (13.37)

for & € vgy and x € g¥. When we work in a fixed pointed differential graded Lie
algebra (g,],],z), we will make extensive use of the notation

Eox:i=e%(z4x) —z=x+ 2 —adk (z+x),

2 The endomorphism &% of g", defined here, should not be confused with the exponential e~
which is the element of (S°g)", defined in (13.34).
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where x and & are as above. In terms of this notation, x,y € vg" are gauge equivalent
if and only if there exists & € vgy such thaty =& O x.

In order to show that the relation ~ is an equivalence relation, we use the
Campbell-Hausdorff formula

exp(u) exp(v) = exp(CH(u,v)) , (13.38)

where CH(u,v) is an infinite sum, each of whose terms consists only of repeated
brackets of u and v. The first few terms of CH(u,v) are given by

u?[uvv]]+[‘}’ [V’”H)+"' . (13.39)

1 1
CH(M,V):M+V+§[M,V]+E([

In particular, CH(u, —u) = 0 for all u. This formula is usually given for  and v in
a finite-dimensional Lie algebra, with exp being the exponential map between the
Lie algebra and its Lie group (see for example [29]), but the Campbell-Hausdorff
formula is essentially a formal identity, in particular it is equally valid when for
example u and v are formal power series (without constant term) with coefficients
in an arbitrary Lie algebra. In the present case, we apply it for # and v of the form
adg, where & is a formal power series without constant term and the Lie bracket is
the graded commutator (of graded linear maps, such as adg). For &.n € vgy and
x € vg¥, the Campbell-Hausdorff formula and the fact that ad is a representation
imply that
eadn eadé (x) _ eCH(adn.adg)(x) _ eadCH(n-ﬁ) (x) ’

so that
neEox)=CH(N,E)Ox. (13.40)

The fact that ~ is an equivalence relation follows at once from it.

To finish this section, we show that the equivalence relation ~ is compatible with
the Maurer—Cartan equation, i.e., that if x ~ y, then x is a solution of the Maurer—
Cartan equation if and only if y is a solution of the Maurer—Cartan equation. To do
this, let x,y € vg} be two equivalent solutions of the Maurer—Cartan equation and let
& € vgy be such that y = & ®x. Since x is a solution of the Maurer—Cartan equation
if and only if [z +x,z+x] = 0, we need to show that

[eadi (z4x),6"% (2 —&-x)} =0.

For s, € g", the fact that ad¢ is a derivation of the Lie bracket implies that

e [s,1) =
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= {eadés,eadﬁ t} .

We may conclude that [ead’? (z+x),e"% (z+x)| = ™% [z+x,24+x] =0, since x is a
solution of the Maurer—Cartan equation.

The upshot is that gauge equivalence defines an equivalence relation on the set of
solutions of the Maurer—Cartan equation associated to g. For x € MC(g), we denote
by cl(x) its equivalence class modulo gauge equivalence.

13.3.5 Path Equivalence

We introduce in this section another notion of equivalence of solutions of the
Maurer—Cartan equation. This notion, which turns out to be equivalent to the no-
tion of gauge equivalence (see Proposition 13.31 below) seems both less intuitive
and technically more complicated, but we will see that it is easier to work with the
latter notion when dealing with L..-morphisms, introduced in the next section.

We first define the notion of a polynomial path in V" := V[[v]], where V is an
arbitrary F-vector space. By definition, a polynomial path in V" is a map from F to
VY whose component in V V¥ is for every k € N a polynomial in #; it means that a
polynomial path x(¢) in V¥ can be written as

x(0) = YV,
k=0

where each one of the functions x;(¢) is a polynomial function, with values in V. We
will often consider such paths satisfying xo(¢) = 0; they will be referred to as poly-
nomial paths in vVV. Polynomial paths in V¥ admit well-defined derivatives with
respect to ¢, which are themselves also polynomial paths in VY. Also, polynomial
paths in a (graded) algebra, such as (S*V)", form an algebra and, for every polyno-
mial path y(¢) in vV", its exponential e”) (defined as in (13.34)) is a polynomial
path in (S°V).

Definition 13.28. Let (g, [,-],z) be a pointed differential graded Lie algebra, and
let A denote the total differential on (S°§)", as in (13.30). We say that two solutions
x,y € vg] of the Maurer—Cartan equation are path equivalent if there exists two
polynomial paths y(t),1(¢) in vg{ and vgy respectively, such that y(0) =x,y(1) =y
and

d
— V) — ()
¢ A (n(t)e ) . (13.41)

We will show in Proposition 13.31 below that two solutions of the Maurer—Cartan
equation are gauge equivalent if and only if they are path equivalent. We will do this
by using the following two lemmas, the first one of which can be viewed as giving
yet another (equivalent!) notion of equivalence of solutions of the Maurer—Cartan
equation.



13.3 Differential Graded Lie Algebras 381

Lemma 13.29. Ler (g,[-,:],z) be a pointed differential graded Lie algebra and
suppose that x,y € vg| are two solutions of the Maurer—Cartan equation asso-
ciated to g. Let y(t) and n(t) be polynomial paths in vg| and vgy respectively,
with ¥(0) = x and y(1) = y. Then condition (13.41) is equivalent to the following
condition:

LA =470, (0] (13.42

Proof. Tf condition (13.41) holds, then the component in g" = S'g¥ C (5°g)" of
%e”(’ )—A (n(t)ey(t)) vanishes. Since the components of y(f) € vg{ commute, this
component is given by

d

g )~ Ao () = A (n(0)v(1)) = %Y(f) —lz+v@).n@)]

condition (13.41) implies condition (13.42).

Conversely, suppose that ¥(¢) and 1(¢) satisfy condition (13.42), where y(0) = x
is a solution of the Maurer—Cartan equation and y(1) = y. We first show that ()
is a solution of the Maurer—Cartan equation for all #, which we do by showing that
[z4v(t),z+ y(¢)] = O for all . This is in turn done by showing that the polynomial
path F(t) := [z+ y(¢),z+ y(¢)] is the unique solution of a linear differential equa-
tion, with initial condition F(0) = 0. Taking the derivative of F and using (13.42)
and the graded Jacobi identity we find

{dy z+V} [ZJrY(t),jtY(f)]

dt
= [[z+y(),n(@)] .z +v(O)] + [z +7(t), [z+ ¥(t),n ()]
[l +v(1),z+v(1)],n ()]

=[F(t),n(1)]

which yields the required linear differential equation. We write F () = 3> Fi(f) V&
and 1(t) = 3> k() vF, where all coefficients Fi(¢) and 1,(¢) depend polynomi-
ally on t. Then the differential equation can be written out as an infinite list of
equations

—Fk 2 Fe¢(t),me(¢)] and F(0)=0,

where k € N*. An easy recursion on k implies that Fi(¢t) = 0 for all k € N*. In
conclusion, ¥(¢) is a solution of the Maurer—Cartan equation for all 7 € F. Next, we
sum up, for k € N, each one of the following equalities,

Ap, (NP (1)) = Ap. ()P (0) + Ap, () (),
Ay (NP ©) = kMO 7O O+ (FO) n()

to find that
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A(n@er) = L+ n@)e +A (1) n()
= [z+v(0),n(0)]e"

where we have used in the last step that y(z) € MC(g) for all ¢, combined with
item (ii) of Proposition 13.26. It follows that

5= (1)) = (70 - ey )] ) .

showing that condition (13.42) implies condition (13.41). O

The second lemma which we will use to prove Proposition 13.31 below can
be seen as a generalization of the classical formula, giving the derivative of e/ ®,
when f(#) takes values in a non-commutative algebra.

Lemma 13.30. Let (g,[-,-]) be a graded Lie algebra and let &(t) be a polynomial
path in vgy. Then

de?d-c0
Ao — —  — _ad €0

1 k .
dr & e g Ga)

(13.43)

Proof. Given a polynomial path &(r) in vgy, we consider for fixed ¢ the polynomial
path in End(g;)", defined for s € F by

ud de®d-sz0)
GS =t o —— +ad k1 ik dé@) - (1344)
dr & e e ~ar
It is clear that Gy = 0. We will show that
d
—GS :adé(t)oGs_GSoadé(t) . (1345)

ds

It follows, as in the proof of Lemma 13.29, by writing G, and & as formal series in
v that all coefficients of G as a series in v vanish, so that G; = 0 for all s € F. In
particular, G| = 0, which is tantamount to (13.43).

In order to show (13.45), we write the two terms in the right-hand side of (13.44)
as Ay and By, so that Gy = A, + By. Explicitly, A¢(x) and B,(x) are given, for x € g},
by

Ay(x) = ") diead—sar) (x)> 7
t

o (13.46)

By(x) := L%\Imadgwé(t),x] ,

where & (¢) is an abbreviation for 4 (t). Using (13.37) twice, we compute
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SAW) = EOAW]+ 50 (4 [-80.e0 )] )

ds
a d a
= [E0.A)] =0 = (50 (E(1), )
= [E(0,A0)] = A€ @).x) — [€(0),x] (13.47)
For the derivative of By, it follows at once from the second equation in (13.46) that

E py(x) = [0 ()]

so that, in view of the graded Jacobi identity,

sk+l .
E().B(x)] = gmad@,;ém,x +By(E(1),x)
d

= TB(0) — [E0).x] +B([E(0). ) .

giving the following formula for the derivative of Bj:

d .

CB() = [0 B ) - B(E@ D + [E0.x] . (348)
Equations (13.47) and (13.48), combined, yield the proof of (13.45), and hence
of (13.43). O

Using the two lemmas, we show that gauge equivalence and path equivalence are
the same (for solutions of the Maurer—Cartan equation).

Proposition 13.31. Let (g, ,|,z) be a pointed differential graded Lie algebra. Two
solutions x,y € vg of the Maurer—Cartan equation associated to g are gauge equiv-
alent if and only if they are path equivalent.

Proof. Let us first assume that x and y are gauge equivalent. Then there exists & €
vgy such that y = & Ox. Fort € T, define

Y1) = (1) Ox = % (z4-x) — 2,

and let n(¢) := —&, which is a constant polynomial path. Then y(0) = x, y(1) =y
and it follows from (13.37) that y(¢) and 1(¢) satisfy condition (13.42). In view of
Lemma 13.29, x and y are path equivalent.

Conversely, let us assume that x and y are path equivalent, and let ¥(¢),7n(¢) be
polynomial paths in vg and vgg respectively, such that y(0) = x, y(1) = y and such
that the equivalent conditions (13.41) and (13.42) are satisfied. In order to establish
that x,y are gauge equivalent, we will construct a polynomial path & (¢) in vgy such
that y(r) = &(¢) Ox, i.e.,

e 0 (24 (1) =z 4x, (13.49)
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forall # € F. It implies that y = y(1) = & (1) ®x, so that x and y are gauge equivalent.
In order to satisfy (13.49) for t = 0, we require £(0) = 0. With this additional as-
sumption, the condition which we wish to impose on & (¢) is %eiadg O (z+7y(t)) =0,
or equivalently:

d
adgr) = (o adg( =
e (e (z+ Y(t))) 0.

We can compute the left-hand side of the previous equation with the help of (13.43)
and (13.42) as follows:

d de” 0 d
ade () = ,—adg(py — padgy =2 7 =
50 2 (750 (2 7(1)) ) = 50 L= (@4 7(0) + £ 0)

d
= —ad 1)+ —yl(t
R IR0

keN (k+1)!

dé(r)
!ad’ém i +n()

(0. 3, (kJil)

It suffices therefore to find a polynomial path £(¢) in vgy which satisfies

1 dé (¢
2 o =i (1350

and £(0) = 0. To see that such a polynomial path &(¢) exists, substitute &(¢) =
Sren+ E(£)vE and 1(1) = Yyen Ne(r) v in (13.50) and observe that the equation
decomposes into an infinite number of equations

dee(r) S dg; (1)
= —me(t) — adg, (yo---oadg , (13.51)
dr ,;(Hl)! i1+--~§ik+j:é & (1) S () g
i5eslps j 21

indexed by ¢ € N*, which express dgét(t) as a multi-linear expression in 7,(¢) and

Ei(2),...,&—1(r). By integration, we find a unique polynomial &,(¢), satisfying the
initial condition &;(0) = 0. Thus, the coefficients of &(¢) can be constructed recur-
sively. It leads to a polynomial path &(¢) in vgy which at t = 1 realizes the gauge
equivalence between x and y. 0O

Remark 13.32. Let x,y € vg| be solutions of the Maurer—Cartan equation, as in
Proposition 13.31. Suppose that x and y are gauge equivalent, y = £ @ x, where
Eevt gy~ Then it is clear from the first part of the proof of the proposition that the
constant polynomial path 7(¢) belongs to v’ gy - Alternatively, suppose that x and y
are path equivalent, where the polynomial path 1(z) belongs to vt gy Then the in-
tegration of (13.51) gives a polynomial path &(¢) in v/gY, since n(t) = 0 for k < £.
Then &(1) € vgy, so that x and y are gauge equivalent via an element of v/gy.
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13.3.6 Applications to Deformation Theory

We pointed out in Example 13.17 that for every Poisson algebra (<7, -, ), the triple
(X*(),[,"]s,7) is a pointed differential graded Lie algebra. Similarly, accord-
ing to Example 13.19, for every commutative associative algebra (<7, 1), the triple
(HC*(#),[, ]G, ) is a pointed differential graded Lie algebra. Up to a sign, the
differentials Dy and Dy, coincide with the Poisson and Hochschild coboundary op-
erators, namely

Ox(P)=(=1)"Dx(P),  &u(w)=(=1)"Du(y),

for P € XP(«/) and y € HCY(</). Thus, the cohomology of (X°*(7),[-,-]s, ) is the
Poisson cohomology of (7, -, 7t) and the cohomology of (HC®*(&),[-,"]g, 1) is the
Hochschild cohomology of (7, it). Since for elements of shifted degree 1, 6 and
Dy have opposite sign, the Maurer—Cartan equation (13.32) of (X*(</), ], ]s,7)
is precisely the Maurer-Cartan equation (13.25) of («7,-,7), and similarly for the
Maurer—Cartan equation (13.11) of (&7, ).

The fact that the notion of gauge equivalence of solutions of the Maurer—Cartan
equation for pointed differential graded Lie algebras coincides in the cases of
(HC*(),[,"]g, 1) and (X*(7),|-,-]s, ™) with the notion of equivalence of formal
deformations of associative products and of Poisson brackets is also true, but it is
less obvious. We prove it in the case of formal deformations of associative products,
the proof in the case of Poisson brackets being completely analogous. Thus, we con-
sider the pointed differential graded Lie algebra (HC®*(</),[-,]g,1). Let x and y be
solutions of the Maurer—Cartan equation associated to this differential graded Lie al-
gebra, which is equivalent to saying that tt +x and u +y are formal deformations of
u. Let us suppose that x and y are gauge equivalent, which means that there exists
an element & € VHC?(«7)" = vHom(.«7,.27)[[v]], such that g +y = "% (u 4 x),
where adg = [§,];. Let @ : &7V — o7/ be the F¥-linear map, defined by @ := e~
We show that @ realizes an equivalence between the formal deformations t +x and
U+ (see Definition 13.2). Since @(F) =F (mod v) forall F € &/, we only need
to show that

D (1 +x)(@ 7 (F),d(G)) = (u+y)(F.G)

for all F,G € &7, which amounts to showing that
E((L+x)(e 5 (F),e 5(G))) = (" (u+x))(F,G)

for all F,G € /. Writing x’ for u + x, the left-hand side of the above equation is
given by

e (x’ (ef‘g (F),e~¢ (G)))
—XFO+Y Y ()il

I s! 1)
keN* 15 1eN rlsit!
r+s+i=k

£ (¥(&'(F).E'(G))
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—X(FG)+ Y, Ladt (v)(F,G) = &% (v)(F,G)
keN* k!

where the second equality is easily proved by induction on k € N*. This shows
that if two solutions of the Maurer—Cartan equation are gauge equivalent, then the
corresponding deformations are equivalent. The same computation shows that if two
deformations are equivalent, then the corresponding solutions of the Maurer—Cartan
equation are gauge equivalent: one constructs in this case & € vHom(<7, o7)[[V]]
from @ by taking the logarithm (using the series expansion of log(1+x)). Summing
up, we have shown the following proposition.

Proposition 13.33. Let (<7, 1) be a commutative associative algebra and let x,y €
VHC? (7).

(1) xis a solution of the Maurer—Cartan equation associated to HC®* (/) if and
only if L+ x is a formal deformation of the associative product i,

(2)  Ifxandy are solutions of the Maurer—Cartan equation associated to HC®* (<7 ),
then x and y are gauge equivalent if and only if the formal deformations [ +x
and [l +y are equivalent.

The above proposition and its proof are easily transcribed to the case of Poisson
brackets. The statement is the following.

Proposition 13.34. Let (<7 ,-, 1) be a Poisson algebra and let x,y € vX*(o/)".

(1) x is a solution of the Maurer—Cartan equation associated to X*(</) if and
only if m+ x is a formal deformation of r;

(2)  Ifx andy are solutions of the Maurer—Cartan equation associated to X*(</),
then x and y are gauge equivalent if and only if the formal deformations 7+ x
and T +y are equivalent.

Both propositions are easily specialized to the case of smooth manifolds; in the case
of Proposition 13.33 one can also restrict oneself to star products on the algebra of
smooth functions on a manifold M, rather than considering arbitrary deformations
of the standard product on C”(M). Also, taking all formulas in the above proof
modulo vA*! shows that two k-th order deformations u +x and u -+ y are equivalent
if and only if x and y are gauge equivalent up to order k.

13.4 L..-Morphisms of Differential Graded Lie Algebras

In this section we introduce the notion of an L.-morphism and of an L..-quasi-
isomorphism of differential graded Lie algebras and we show that an L..-quasi-
isomorphism between two pointed differential graded Lie algebras (g,[-,-]4,2g)
and (h,[-,-]y,2p) induces a bijection between the sets MC(g)/ ~ and MC(h)/ ~ of
gauge equivalence classes of solutions of the Maurer—Cartan equation of (g, [-,]q,24)

and of (b,[-,-]y,zp)-
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Letg =@z 90 and h = P,z by be two graded Lie algebras. In what follows we
will be mainly interested in graded linear maps @ : S*g — b of degree 0. We recall
that g is the same vector space as g, but the degree of its homogeneous elements is
lowered by one; it is this grading which is extended to S°g (see (13.28)). Denoting
for k € N by @ the restriction of @ to S¥g, the fact that @ is graded of degree 0
means that @, maps g;, ... g, t0 b 4.4, k41 forall iy, ..., i € Z. In particular, @y
maps g; ...g; to h, a fact which will be useful when we consider solutions of the
Maurer—Cartan equations associated to g and .

We extend @ to a graded linear map @ : S*g — S*h, whose component in
h C S°h is @. First, the restriction of ® to S°g ~ [F is by definition the identity map
onto S°h ~ F. For k,¢ € N* and for a homogeneous monomial X =xj...x; € skg,
we define the component in S°h of ®(X) to be given by

1 4
2 2 Sgn(OTX)Z H D;; (xc(i1+-~-+ij,1+1) . ~Xc(i1+--~+ij)) , (13.52)
b

i,ig€N* OES; i

i+ ip=k
where S;, ., is the set of (iy,...,is)-shuffles, i.e.,
o(l)<-<a(ir),
Si],...,i[ —Jse Si1+---+i[ o(i1+1)<-<ao(ij+ip),
o(ij+ip+-+ipg_1+1)<--<o(ij+ip++ip)
Remark 13.35.

(D @ is the (unique) extension of @ as a coderivation of S*g with values in S°B,
but this fact will not be used in what follows.

(2) It is clear that, when @ is identically zero on Skﬁ forA allk > 2,1.e., when @ is
simply a graded linear map of degree O from g to b, then @ = S* D (see (13.31)).

(3) It is also clear that the component in §'h of &)(xl ...xy) is zero for all £ > k.

(4) The order of the terms in the product in (13.52) is important: the meaning of
the product is that the terms are ordered as follows: &; @, ... ;.

Definition 13.36. Let (g, [-,-]q,Dg) and (b, [-, -]y, Dy ) be two differential graded Lie
algebras, whose total differentials are denoted by Ay and by Ay respectively. A
graded linear map @ : S°g — b of degree 0 is called an L..-morphism between g
and b if R R

DoAg=Ayod. (13.53)

For x € g we have that Ag(x) = Dg(x) and @ (x) = @, (x). Therefore, if @ : S°§ — b
is an L..-morphism, then
® 0Dy = Dyyo®) (13.54)
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as maps® from g to b, so that @, : g — b induces a morphism in cohomology,
®f : Hj, (3) — Hp, (b)

Notice that @; is not a morphism of differential graded Lie algebras, in general.
However, if a graded linear map ¢ : g — b is a morphism of differential graded
Lie algebras (see Definition 13.23), then one can extend ¢ to a graded linear map
@ :S5°g — b, with @ = ¢ and @ = O for all k > 2. According to item (2) of
Remark 13.35, the map @ is then an L..-morphism. In this sense, morphisms of
differential graded Lie algebra are particular cases of L..-morphisms.

Definition 13.37. Let (g, [-,-]q,Dg) and (b, [-, -]y, Dy ) be two differential graded Lie

algebras and let @ : S*g — b be an L..-morphism. Then @ is called an L..-quasi-
isomorphism if the morphism @} : Hp, (g) — HZ)h (h), induced by the restriction
D : g — hof D to g, is an isomorphism.

We have seen i11(13.54) that the equation ) oAg=Ayo (5, which is an equality of
maps S°g — S°h yields, when restricted to S'g = g, the equality @, oDy = Dyo®.
Similarly, we can consider the restriction to S*g, which yields an equality of maps,
involving @y, ..., . In the example which follows, we show how this equality is
obtained for k = 2.

Example 13.38. Let (g,[-,]g,Dg) and (b, [-,-]y,Dy) be two differential graded Lie

algebras and let @ : §*g — b be an L..-morphism. We compute the restriction of the
compact equation (13.53) to Szﬁ. To do this, let x,y € g, with x homogeneous, and
recall that, by definition

Ag(xy) = Dg(x)y+ (— D)@ OxDyg () + (1) [x,y],
D (xy) = Do (xy) + Py (x) Py (y) ,

while Ag(x) = Dg(x) and ®(x) = ®; (x). It follows that

B0 Aqg (1) = By (D () P (¥) + @o(Dy(x)y)
+ (=)™ (@1(x) @y (Dy () + P> (+Dg () + Py ([x,3],) )
and
Ay B(xy) = Dy(@2(x)) + Dy (1 (1)) 1 ()

+ (=) ([0 (), @1 ()] + 81 (6)Dy (D1 3)) ) -

Equating the right-hand sides of these two equations yields, upon using that @; o
Dy = Dy o @, the following equation, involving both the maps @; and @;:

3 Strictly speaking, @) is a map from S'g — S'h, but we rather consider it as a map from g to b,
i.e., we consider g and h with their original grading, as differential graded Lie algebras; with this
convention @; induces maps in cohomology with the following labeling: ®F : Hlk)g (g) = Hlk)h (H).
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[@1(x), Py ()] — D1 ([x,¥]4)

. (13.55)
= @3 (xDy(y)) + (—1)* ) (@2(Dg (x)y) = Dy (@2 (xy))) -

Let @ : S*G — b be a graded linear map of degree 0. The [FV-linear extension of
b to (S:g)v will also be denoted by @, and similarly for @. To @, one can associate
amap Qg : vg¥ — vhY, defined for x € vg" by:

Qop(x) =Y — (). (13.56)

The infinite sum makes sense because, for every k € N*, at most the first k& terms
contribute to the coefficient of v¥ in Qg (x). Notice that if x € vgy, then all elements
x* are formal power series whose coefficients are elements of degree 0 in §*g, since
1k is of degree O when x € gy (or x € g¥). It follows that @ (x*) € vhY for all k € N*,
hence Q¢ (x) € vhY.

Sections 13.4.1 to 13.4.3 below are devoted to the proof of the following theorem.
Theorem 13.39. Ler (g, [-,-]g,29) and (b,[-,-]y,zy) be two pointed differential gra-
ded Lie algebras. If @ : S°g — b is an L..-morphism, then

0 - MC(g)/ ~ — MC()/ ~
cdx) el (Qa(x))

is a well-defined map, which is a bijection if @ is an Le-quasi-isomorphism.

Theorem 13.39 is true more generally for L..-morphism of arbitrary (not necessarily
pointed) differential graded Lie algebras, but we will not use it in that generality.

13.4.1 Qg is Well-Defined
We start with a proposition which will be useful for showing that 24 is well-defined.

Proposition 13.40. Ler (g,[-,-]g,Dg) and (b,[-,-]y,Dy) be two differential graded
Lie algebras. Let @ : §*§ — b be a graded linear map of degree 0 and let Qg be the
associated map, defined as in (13.56).
(1) Ifxevgy, then

D () = o) (13.57)

(2) Ifxevg!and w € vg¥, then

- 1
D(we*) = ( 3 m@(m“)) eo) (13.58)

keN*
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Proof. Letx € vgy. It follows from the definition of Qg, that

,1+Zf Z %

— @, (x1) . Dy (x) (13.59)
(eN* 'i ceoipeNx HL L

l

For every k € N* and for every permutation ¢ € Sy, one has sgn(c;x*) = 1, because
X €e vg}’. Hence, by definition of @, we have:

o)=Y kl' ()
keN
=1+ 2 2 z % 2 @il(xi')...d)ii(xi[)

keN* éeN* itig=k 7 OESi| i,

i15mnip21
1 .
=1+ Z 7 ey X @n (). @, ()
(ENX ' i1,...,ig€N¥ (ll +- +l/) O'ESI___.J'[ :
which is the same as the right-hand side of (13.59), since #S;, . ;, = M This

ll‘r“"ll./ ll'.l[’
proves (1).
In order to prove (2), we introduce a formal parameter ¢ and we compute the
coefficient in ¢ of both sides of the equality

D(H10) = ¢200HO)  (mod £?) . (13.60)

The proof that this equality holds is the same as the proof of (13.57) since everything
is computed modulo #2, so that all products of elements of odd degree in b, which
are precisely the ones which do not commute, are discarded. For the same reason,
the coefficient of 7 in @(*®) is given by ®(we*), which is the left-hand side
of (13.58), and the coefficient of 7 in S0 (x+10) i given by the coefficient of ¢ of
ePo )21t where Z; () is the linear term in 7 of Qg (x +®), which is given by

k—1
Z( 2 : 2 D (to) = Y ﬁcpk(ka*l)f’

keN* =0 keN*

so that the coefficient of ¢ in e (+®) jg given by the right-hand side of (13.58),
which establishes (2). O

Proposition 13.41. Let (g,[-,"]g,24) and (b,[,"]y,25) be two pointed differential
graded Lie algebras. Let @ : §°g — § be an Le.-morphism and let Qg : vg¥ — vhY
be the associated map, defined as in (13.56).

(1) Ifx € vgy is a solution of the Maurer—Cartan equation associated to g, then
Qg (x) is a solution of the Maurer—Cartan equation associated to );

(2) Ifx,yevg] are gauge equivalent solutions of the Maurer—Cartan equation
associated to g, then Qg (x) and Q¢ (y) are gauge equivalent;
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(3) Ifxe vg| and & €~vkg(‘)’ for some k € N, then there exists s € vkhg, such that
Qo (E Ox) =5® Qg (x). Moreover, s = @ (E) (mod vF1).

Proof. We denote by Ay and Ay the total differential of g, respectively of §. Accord-
ing to Proposition 13.26, if x € vgY, then x € MC(g) if and only if A4(e*) =0, and
Q¢ (x) € MC(b) if and only if Ay (e**(X)) = 0. The fact that @ is an L..-morphism
and (13.57) imply that

Ay (eQ“’(x)) =Apod(e) = DoAg(e"), (13.61)

and (1) follows.

Let x,y € vg{ be two gauge equivalent solutions of the Maurer-Cartan equation.
As we saw in Proposition 13.31, x and y are also path equivalent, which means, by
definition, that there exist a polynomial path () in vg} and a polynomial path 7 (¢)
in vgy, such that y(0) = x,y(1) =y and

d
v — 7(1)
il Aq (n(r)e ) .

Applying @ to both sides of this equation, and using the definition of an L..-
morphism, we obtain

%cf) (ey<’)) =Apo @ (n(t)eym) ,

which gives, in view of both items of Proposition 13.40,

d ~ ~
Ee%(m)) = Ay (x(t)eﬂrb()’(l))) 7 (13.62)
where {
1))=Y, m@z(n@)%‘lm). (13.63)
eN* :

Now Qg (y(1)) is a polynomial path in vhy and x(¢) is a polynomial path in vhg.
Equation (13.62) says that Qg (x) = Q¢ (y(0)) and Qap(y) = Q¢ (y(1)) are path
equivalent, hence gauge equivalent (by Proposition 13.31), which is the content
of (2).

According to Remark 13.32, if x € vg| and & € vkg(‘)’, then the polynomial
path 711(¢) which is used in establishing the path equivalence between x and £ ®x
can be chosen in vgY, namely we can choose 7(¢) := —&. Then the polynomial
path y(t), given by (13.63), belongs to v€hy so that, again by Remark 13.32, the
gauge equivalence between Qg (€ © x) and Qg (x) can be realized by an element
s € vkny. Since () = @1(n(t)) (mod v€™1), we have s = @y (&)  (mod vA+1),
which proves (3). O
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13.4.2 Surjectivity of Q¢

We show in this section that if @ is an L..-quasi-isomorphism, then Q¢ is surjective,
which is part of the statement of Theorem 13.39. We will use the following propo-
sition, which describes how the operators Obs, behave under an L..-morphism (see
Section 13.3.3 for the definition of Obs, and for its relation to the Maurer—Cartan
equation).

Proposition 13.42. Suppose that @ is an L..-morphism between two differential
graded Lie algebras (g,[-,]g,Dg) and (b,[-,-]y,Dy). Let x € vg{ and let { € N*. If
x € MCy(g), then Qg (x) € MCy(h). Moreover, the following equality holds:

@, (Obsgy1(x)) = Obsyy1 (Qap(x)) - (13.64)

Proof. As before, we denote by Ay and Ay the total differentials on S°g and S°h
respectively. For x € vgY, we have according to (13.61) that

Ay (e‘?@(x)) = D (Ag(e")) . (13.65)

Both sides of this equation can be computed from (13.35), namely
A (g‘%()‘)) — (Do (Do) + L [Go(x), Bo(x)], |2, (13.66)
b - DACEL 2 ) D\X); 54D ) , .
B X D 1 X
D(Ag(e")) =@ (<Dg(x) + 3 [x,x]g> e ) . (13.67)

Let ¢ € N* and suppose that x € MCy(g). Then Dg(x) + 1 [x,x]; =0 (mod v,

hence the right-hand side of equation (13.67) is zero, modulo V™', In view

of (13.65), the right-hand side of (13.66) is also zero, modulo vitl 5o that

Dy (B (x)) + 1 [R0 (1), Bo(x)], =0 (mod v'*1)

This shows that Qg (x) € MC/(h), which proves the first part of the proposition.
For x € MCy(g), the first part of the proof and (13.66) imply that

(A,, (qA)(eX))) —(Ah(ef)cb(x))) — Obsy1 (Do (x)) . (13.68)

+1 041

Moreover, letting @ := Dg(x) + 5 [x,x]; € v/*'g} we obtain, using (13.67) and
Proposition 13.40,

Ay (cf)(eX)) = ®(we') = ( D ﬁ@(wﬁ‘)) ol (13.69)

keN*

Therefore,
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(45 (®(e))), ., = (@1(@))11 = Pi(@51.1) = P1(Obsss1 (1)

which leads, combined with (13.68), to Eq. (13.64). O

We now prove that if @ is an L.-quasi-isomorphism between two pointed differen-
tial graded Lie algebras (g, [-,-]4,24) and (b, [-,-]5,25), then Qg is surjective, which
is part of the statement of Theorem 13.39.

Proof. First, let us point out a fact which will be used several times in this proof. Let
(g,[-,-],D) be a differential graded Lie algebra, let £ € N* and let x = Y- 2, VE
and X' = Yy X VE If x =% (mod v*), then

Obsy(x) — Obsi (x') = D(x; — ) , (13.70)

in particular Obs(x) — Obsi(x’) is a coboundary. This fact follows immediately
from the definition (13.33) of the operator Obs;.

Suppose that y € MC(h) (in particular, all non-zero coefficients y; of y belong to
h1). We show that there exist formal power series x € vg) and & € vhy, such that
y=E& ®Qqp(x). These series will be constructed term by term. Thus, we assume that
we have constructed the first k terms xj,...,x; of x and the first k terms &, ..., &
of £, such that

(ap) X :=x1v+--- +kak € MCx(g);

(bp) Ex = E v+ -+ EVF and X satisfy the following equation:

y= EkQQcD()_Ck) (mod Vk+1) .

We show how to construct an extra term x;. 1 for x and & for &, such that (a;4 )
and (by ) are satisfied. Notice that (ag) and (bg) are trivially satisfied, since by
construction Xo = 0 and & = 0, while the constant term of y is zero.

First we construct x;_,, € g1 such that Xj_, := % —|—x§€+lvk+1 € MCyy1(g). In
view of Proposition 13.42, (by) and (13.70), there exists u# € b such that

1 (Obses1 (7)) = Obsi 1 (R (%)) = Obsi1 ((~&x) @) +D(w) = D)

where we used in the last step that y, and hence (—&;) ©y, belongs to MC(}). Since
Xx € MCy(g), Proposition 13.24 implies that Obs;(Xy) is a cocycle, so it defines
a cohomology class in HLZ),E (g); by the above computation, the image under @; of

this cohomology class is trivial. Now @? : fog (9) > H, lz)’h (h) is injective, since @

is an Le.-quasi-isomorphism, hence the cohomology class of Obs; (%) is trivial,
i.e., there exists x}, | € g1 satisfying Obsy1 (%) = [x}, |, 2q] o Letting X =X+
X VT, we have that

Obs; (X}, ;) = Obs;(X) =0, forall 1 <i<k,

while (13.70) implies that
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Obsi 11 (X, 1) = Obspy1 (%) + Dz (¥ 1) = Obsyy (%) + [Zg»x§<+1]g =0,

so that X; | € MCyy1(g), i.e., X | satisfies property (a41).

We now prove that there exist a cocycle x;/, |
tha.t Xyl = )_C;CJFI +XZ+1 vkl = X+ (x;chl -I—)CZ.JFI)Vk—F.l and ék—&-l = ék + §k+1v"+
satisfy property (biy1); property (ax41) remains satisfied when we replace X |

- P
by X1 because x;_ | is a cocycle.

€ gp and an element &, | € by, such
z 1

Property (by) and the fact that X, =% (mod v¥*!) imply that
y=E0Qa(%F) (modv:t).

Writing Ek ® Qe (Xey1) = Zkene X;vk, with X;, € b for all k, we have according
to (13.70) that

Obsy41(y) — Obsg1 (Ek®Q®(X;¢+1)) = Dy (Vi1 — Xit1) - (13.71)

As X, | € MCy,1(g), Proposition 13.42 implies that Qg (%), ;) € MCy.1(h), hence
Er© Q¢ (X)) € MCpy1(h), so that Obsy| (&k ® Qe (’_CZH)) = 0. Moreover, since
y € MC(h), we also have Obs; 1 (y) =0, so that (13.71) gives Dy (Vet1 —Xi11)=0.
Since @ : Hll):g (g) — Hll)z(, (h) is surjective, there exists a cocycle x;/, ; € gi and an

element &, | € ho, such that

Yiert = Xir1 = @1 (1) = Dz (Gert) = @1 (6 y) + [Gerro 20 ]

in other words, we obtain
= (5k®£~2¢(x;(+1)) - (él(x;c’ﬁ) - [ékH,Zh]b) VEEL (mod vA2) L (13.72)
With the help of (13.56) and (13.72), we compute modulo vA*2:

Ekr1 © Qo (Fei1) = (Ex+ &1 V) @ Qo (¥, |+ Vi)

§k®Q<D(7_C;c+1) + (‘Dl (x;!+1) + [§k+172h]h) v =y,

Thus, X4 and E k+1 satisfy (azy1) and (bgy1). O

Remark 13.43. Notice that the fact that @} is an isomorphism is not fully used in
the proof. In fact, we only used that @7 : ngg (g) — HLZ)Zh (h) is injective and that

D] Hézg (g) — Hélb (h) is surjective.
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13.4.3 Injectivity of Q¢

In this section we prove that Qg is injective, which is also part of the statement of
Theorem 13.39. To do this, we use the following lemma. Recall that, for a formal
power series x (in v), we denote by x; its coefficient of V.

Lemma 13.44. Let (g, [-,|,z) be a pointed differential graded Lie algebra. Suppose
that x € vg} and that & € v¥g}.

(1) (EOx—x)x=—D(&):

(2) Ifs € gois acocycle, then (£ +svF) ©x=E®x (mod vE1);

(3) IféEox=x (mod vktl), then & is a cocycle;

(4) If & is a coboundary and x is solution of the Maurer—Cartan equation, then
there exists &' € vKTlg¥, such that E ©x = &' ©x.

Proof. Ttems (1)—(3) follow from the fact that, since & € vkgg , the term in V! in

Eoxisxy when 1 < £ < kandis xg+ [&,z] = xx — D, (&) when £ = k.

For item (4), assume that &, is a coboundary, &, = D,(n) for some 1 € g_1, and
that x € MC(g), so that [z+x,z+x] = 0. For w € vg",, the graded Jacobi identity

implies that adj,, , (2 +x) = —3 [z +x,2+x],w] = 0, so that
W, z4+x]Ox=x+ Z adsz+x](z+x) =x
In particular, if w € vg¥,, then
§Ox=¢0(wmz+x©x)=CH(E, [wz+x])Ox, (13.73)

and it follows from (13.39) that (CH(&, [w,z+x]))r = & + [wk.z] = D.(n — wy).
Therefore, taking w := nv*, we have that £’ := CH(E, [w,z+x]) € viT1gy, while
&' ©®x =& ®x, according to (13.73). This proves (4). O

We can now prove that if @ is an L..-quasi-isomorphism between two pointed dif-
ferential graded Lie algebras (g,[-,-|q,2) and (b,[-,-]p,2p), then Qg is injective,
which is part of the statement of Theorem 13.39.

Proof. Suppose that x,y € MC(g) have the same image under Q¢, which means
that Q¢ (x) and Qg (y) are gauge equivalent. We need to show that x and y are
gauge equivalent. To do this, we construct three sequences: a sequence (x<k)) keN
in vgy with x = x, a sequence (§());cn in go and a sequence (u®))ien in b
with u®) € vk+1pY for all k. These sequences will be constructed such that their
elements satisfy, for all k € N*, the following four properties:

(A x) = <é<">v’<> ox*;

(By) x (mod vA+1);

(Cr) uk —|— @, (£W) is a coboundary;
Dp) Qo (xV) = u® © Qo (»).
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We first show that the existence of these sequences satisfying the properties (Ay)
and (By) proves that x and y are gauge equivalent; properties (Cy) and (Dy) will
turn out to be useful for constructing the sequences satisfying the former properties.
Consider the formal power series = := lim;H =®), where the polynomials =) are
recursively defined by Z®) := CH(EWVK 5, _)) for k € N* and = := 0. Notice that
the limit is well-defined, because E*) = Zk*-1) (mod v ) for k € N*, and that it
belongs to vgy. In view of (Ay),...,(Ax), (By), and (13.40),

EWox=x® =y (mod v,
for all k € N, so that = O x = y.

We proceed to the construction of the three sequences. First, we set 5(0) :=0and
we choose for u(?) an element in vhy for which u(¥) © Q¢ (y) = Qo (x), which can
be done because, by assumption, Q¢ (x) and Q¢ (y) are gauge equivalent. In order

to satisfy (Ayp), (Bo), (Co) and (D), we define =D = x(0) = x and u((f]) :=0. Let
us assume that x(0 ... x® and 4@ ... u® and €O .. E® are constructed, and
satisfy the above conditions (Ay), (By), (Cy) and (Dy), for £ =0, ... k.

We first construct x5t and & *+1) satisfying (Ag 1) and (Bg ). In view of (By),
x®) and y agree modulo v¥*!. As a first consequence, since both are solutions of the
Maurer—Cartan equation, (13.70) implies that D(x](clfg1 — Vi) =0, ie., (X —y)g
is a cocycle. As a second consequence, @ (y") = @y ((x*¥))*)  (mod vF*2) for £ > 2,
so that

(20(:9) - D00)) =1 (5 =) - (13.74)
The left-hand side of (13.74) is a coboundary, in view of (D;) and item (/) of
Lemma 13.44. Since @] :H})zg (g) — H})Zh(h) is injective, (x*) —y);y is also

a coboundary, i.e., there exists &(**1) ¢ g such that D, (EW+D)) = x,(clle — Vk+1-
Now ((EEDVE) o x®)Y, | :xl({li)lJr [§<k+1) zg},so that (E®FHD YA @ x(K) =

(mod v¥*?2). Defining x(k+1) := (E*K+Dyk+1y @ x() it follows that x(K+1) and & *+1)
satisfy (Ag41) and (Bgy1).

The constructed element & *+1) does not satisfy (C, ), namely u,@l + @ (EK*FD)

need not be a coboundary, but it is a cocycle. In fact, in view of (Ag41) and (Bg1),
((t;(k-‘rl) k+1)®x( ) =y (mod vk+2)

so that, in view of (Dy), we have the following equalities, modulo yk+2

u® o G (<§<k+'>v’<+') @x<k>) = u® & Qg (y) = Do (x1) . (13.75)

Since @ is an L..-morphism, item (3) of Proposition 13.41 implies that

Qq)(é(k-i—l)vk—H @x(k)) _ (Dl(é(k+l)vk+l) @sz(x(k)) (mod vk+2) ,
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so that, still modulo Vk+2 the left-hand side of (13.75) is CH(u®), @, (€ K+ Dyk+1)) o
Qo (x%). According to (13.39),

(CH(u(k)7(D1 (é(k+l)vk+l)))k+l — MI(QI + @ (é(kJrl)) 7

so that we can apply item in (3) of Lemma 13.44 to (13.75), to conclude that u;ﬁl +
@, (D) is a cocycle.

We now show how 5( can be modified, so that (Cy ) is satisfied, i.e., so that
u,((k) + @ (E*+1)) is a coboundary. We will do this without much altering x**1).

+1
Since u,(ﬁl + @ (E*D) is a cocycle it defines a cohomology class in ngb (h);

k+1)

since @) : Hgyg (g) — Hgyh () is surjective, this cohomology class is the image of

a cocycle k € go. Upon replacing &+ by E(K+1) i the new x**1), defined by
(Ag41), still satisfies (Bg1), in view of item (2) of Lemma 13.44, i.e., removing a

cocycle from &*+1) does not alter x**1) modulo v¥*!. However, the cohomology

(k)
k+1

The last step of the construction is the construction of u;. |, such that (Dy. ) is
satisfied. Item (3) in Proposition 13.41 yields the existence of s € v¥*! by such that
Qo (EWHDVEL 6 x(K) = 5 © Qg (x*)); by the same proposition, s = @y (£ *+1)
(mod vk*2). Using (Ax ) and (Dy), it follows that

class of u, |, + & (é("*l)) is now trivial, i.e., the latter element is a coboundary.

Qo (x) =50 Qe (x¥) = 5o (u(k) ® Q(I)()’)) = CH(s,u™) ® Qo (y) .

In view of (13.39), (CH(s,u®)); = @ (E*HD) + u,((]jzl, which is a coboundary,

according to (Cyy). Item (4) in Lemma 13.44 implies that there exists uk 1) ip
vE+2p¥ such that

W) © Qg (y) = CH(s,u™) © Qo (y) = Qo (1) |
which is (D). O

Remark 13.45. The fact that @7 is an isomorphism is not fully used in the proof of

the injectivity of Qg. Indeed, we only used that @] : H,:I,,g (g) — H,%,b (h) is injec-

tive and that @Y : H) (g) — H}) . () is surjective (see Remark 13.43 for a similar
2g z

remark concerning the proof of the surjectivity of Qg).

13.5 Kontsevich’s Formality Theorem and Its Consequences

The present section is devoted to a fundamental result by Kontsevich, whose state-
ment and implications are accessible for the readers who have become sufficiently
familiar with the concepts developed in the previous sections of this chapter. In-
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stead of giving a full proof of Kontsevich’s theorem, which is beyond the scope of
this book, we present some of the main ingredients, and we concentrate on a few of
its consequences, which have deep implications to both Poisson geometry and Lie
theory. The most popular consequence can be stated in a few words: the algebra of
smooth functions on a real Poisson manifold admits a formal deformation quantiza-
tion. This result will be proved in Theorem 13.51, as a consequence of Kontsevich’s
formality theorem (Theorem 13.46).

13.5.1 Kontsevich’s Formality Theorem

Let M be a real manifold and denote by u the usual product on C*(M). Recall that
there are two pointed differential graded Lie algebras, which are naturally associated
to M:

e (X*(M),[,]s,0) is the graded vector space of multivector fields on M, with
shifted degree, equipped with the Schouten bracket and with the zero differen-
tial (see Example 13.18);

o (HC4x(M),[-,-]g, i) is the graded vector space of differential Hochschild
cochains of C (M), with shifted degree, equipped with the Gerstenhaber bracket
and with the Hochschild differential associated to u (see Example 13.20).

First, we show how these differential graded Lie algebras are related. Let P be a
p-vector field on M, where p > 1. A p-linear map ¢(P) : (C*(M))’ — C=(M) is
naturally associated to P by setting, for all Fi,...,F, € C*(M),

1
O(P)(F,...,F,) = EP[Fl,...,Fp]. (13.76)

It leads for every p to a graded linear map of degree 0,
¢ : XP(M) — HCh (M), (13.77)

which is injective, because P can be recovered from ¢(P). We have, according to
(13.7), for all Fy, ..., F, € C*(M),

8{(p'o(P))(Fo,...,Fp) = RoPIFy,....F,)+ (1) P[R,... ,F,_1]F,
p .
+ > (=1)'P[Fy,...,Fi_iF;,...,Fp]
i=1
pr— O7

where we used in the last equality that P is a derivation in each of its arguments.
It follows that the map ¢ takes values in the Hochschild cocycles of (C*(M), u).
In particular, ¢ induces a linear map H®¢ between the cohomologies of the pointed
differential graded Lie algebras (X*(M),[-,-]s,0) and (HC.((M),[-,-G,1t). Ac-
cording to the Hochschild—Kostant—Rosenberg theorem (see [131]), H*¢ is an iso-
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morphism of differential graded Lie algebras. The map ¢ itself is however not a
morphism of (differential) graded Lie algebras, since [P, Q| # [P, Q]; for general
multivector fields P, Q as one easily checks from the definitions.

The following result, due to Kontsevich, states that, even if ¢ is not a mor-
phism of differential graded Lie algebras, it extends to an L..-morphism @ between
(X*(M),[-,"]s,0) and (HC3;(M), -, ]G, 1t); since the induced map in cohomology
H*®, is H*@, which is according to the Hochschild—Kostant—Rosenberg theorem
an isomorphism, @ is an L.-quasi-isomorphism (see Definition 13.37).

Theorem 13.46 (Kontsevich’s formality theorem). Let M be a real manifold and
denote by | the usual product on C*(M). There exists an Le.-quasi-isomorphism @
from (X*(M),[-,"]5,0) to (HCS:(M),[-,"]G, 1), such that the map @y : X*(M) —
HC}¢(M) is the natural inclusion map ¢, defined in (13.77).

For a proof of this theorem, which is quite involved and is beyond the scope of
this book, we refer to [38, 39, 107, 189] and [14]. We will give in the following
section some more details about the construction of the L..-quasi-isomorphism in
the case of M = R?. But first, we say a few words about the origin of the name
of the theorem. Recall from Example 13.21 that the cohomology of a differen-
tial graded Lie algebra is itself also a (pointed) differential graded Lie algebra. In
the case of (X*(M),][-,]s,0), the differential is trivial hence the latter differential
graded Lie algebra and its cohomology are isomorphic differential graded Lie al-
gebras. According to the Hochschild—Kostant—Rosenberg theorem, cited above, this
cohomology and the cohomology of (HC§;+(M), [-, ]G, it) are isomorphic differen-
tial graded Lie algebras. Thus, Kontsevich’s theorem says that there exists an Le.-
quasi-isomorphism between (HC$;(M), |-, ]G, 1) and its cohomology. A differen-
tial graded Lie algebra which admits an L..-quasi-isomorphism to its cohomology
is called formal, a terminology which is borrowed from topology. Thus, Kontse-
vich’s theorem says that (HC§,(M), [-,-]g, i) is formal, which explains the name
“formality theorem”.

13.5.2 Kontsevich’s Formality Theorem for R?

Without going into technical details, we present in this section Kontsevich’s ex-
plicit construction of the L..-quasi-isomorphism @ between (X*(M),[-,-]s,0) and
(HC¢(M),[,"]G, 1) in the particular case where M = R?. In order to do this, we
first need to explain how multi-differential operators are naturally coded by graphs,
how weights are associated to these graphs and how they all sum up to yield a for-
mula for the L..-quasi-isomorphism @.
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13.5.2.1 A - Kontsevich’s Graphs

We describe in this subsection the graphs which are used in Kontsevich’s construc-
tion. Recall that an oriented graph is a pair (V,A), where A is a subset of V x V.
The elements of V are called vertices and the elements of A arrows. For an arrow
a= (x,y) €A, we call y its head, denoted h(a) and x its zail, denoted t(a). We will
assume that I" contains no loops, which means that if (x,y) € A, then x # y. For given
integers k,¢ € N, the vertex set of the graphs which are considered is the set V; g,
defined by
Vie:={1,....k}U{L,...,0}.

For reasons which will be clear later, it is demanded that these integers satisfy 2k +
£—2 >0, that is the cases (k,£) = (0,0) and (k,¢) = (1,0) are excluded. The k
vertices 1,...,k of Vi o are called vertices of the first type, while the £ vertices 1,....0
of Vi are called vertices of the second type. Another piece of data added to the
graphs which are considered here is an ordering of each of the sets of arrows with a
common tail, i.e., of each of the sets

Star(s) :={a € A | t(a) = s} ,

for s € {1,...,k}. Denoting the number of elements in Star(s) by ps, such an order-
ing amounts to a numbering oy of the elements of Star(s) by the integers 1,..., ps;
using this numbering we write Star(s) as Star(s) = {c},...,6*}.

Definition 13.47. Let k,/ € N, such that 2k + /¢ —2 > 0. A triplet I' = (V;¢,A, 0) is
said to be a Kontsevich graph if

(1) The pair (Vi,A) is an oriented graph without loops, called the underlying
graph of T';

(2) For every arrow a € A, its tail #(a) is a vertex of the first type;

(3) Foreverys € {1,...,k}, oy is an ordering of Star(s).

The set of Kontsevich graphs I' = (Vi ¢,A, o) is denoted by Gy . The underlying
graph of some element G3 4 is depicted in Fig. 13.1.

13.5.2.2 B — The Weight of a Kontsevich Graph

Let k,¢ € N, such that 2k 4 ¢ —2 > 0. To a Kontsevich graph I" € Gy, we associate
a number @, called its weight. The definition involves angles in the Poincaré half-
plane and integration over a configuration space. We recall first that the Poincaré
half-plane is the open subset

ji”::{(x,y)ERz\y>0},

equipped with the metric
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3

1 2 3 4

Fig. 13.1 The elements in Gy ¢ are triplets (V,A, o), where the set of vertices consists of k vertices
of the first type, denoted 1, ...,k and ¢ vertices of the second type, denoted 1,...,£. All arrows start
from vertices of the first type and are ordered by ©. Depicted here is the graph (V,A) that underlies
some element of G3 4. For reasons that will become clear later, the graph is drawn in the upper
half-plane, with the vertices of the second type on its boundary.

y=20

Fig. 13.2 For p and ¢, points in the Poincaré half-plane .7, 6(p,q) denotes the angle 6 between
the vertical geodesic through p and the geodesic through p and g.

2 (dx)®+(dy)?

(dS) y2 ’

whose geodesics are the vertical half-lines, starting from the horizontal axis (the
line y = 0) and half-circles, with center on the horizontal axis. For p,q € € =
2 U{y =0}, with p # ¢, we denote by 8(p,q) the angle (at p) between the verti-
cal geodesic through p and the geodesic through p and g (see Fig. 13.2). The angle
function 0 leads, for each arrow a of I', to an analytic function 6, on a configu-
ration space of points, whose construction we briefly recall (see the appendix by
A. Bruguieres in [39] for details). With k, £ as above, consider Confy s, the space
of (k-+ ¢)-tuples of distinct points, the first k points belonging to ¢ and the /¢ re-
maining points belonging to the boundary of .7#°. We write a point of Confy; as a
(k+¢)-tuple (z1,...,2,27,---,2;), since we think of such a point as corresponding
to the vertices of a graph of Gy ¢, drawn in . The group G of affine transforma-
tions of C of the form z — Az+ u, with A € R% and u € R, acts in a natural way
on Confy ¢. This action is free and the quotient manifold
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1 2 3 ‘

Fig. 13.3 The graph I; belongs to G; . It has one vertex of the first type and ¢ vertices of the
second type. Its weight is 1/(£!)2.

Cy¢ = Confy ;s /G

has dimension 2k + £ — 2; the class of a point (z1,...,2,27,..-,2;) € Confy s in Gy ¢
is denoted by [(z1,...,2,27,---,2;)]. The manifold Cy, admits a natural compact-
ification as a manifold with corners; the connected component which contains the
points [(z1,...,2k, g, - -,2p)] for which z; < z; < -+ < z; is denoted by Cy 4. To an
arrow a = (t(a),h(a)) of I', we can associate an analytic function on Cy ¢, by defin-
ing 0,([(z1,-- -, 2,275+ -+ 27)]) = 0(Z(a)> 2n(a))- When I has p arrows, we obtain in
this way p functions, and hence a p-form on the configuration space, which leads
upon integrating to the weight associated to I' = (V;.¢,A, ), namely

or :—

#Star

‘We do not discuss here the technical issues, related to the fact that C‘k’ ¢ has corners
and concerning the choice of ordering in the above wedge product. We simply point
out that, for dimensional reasons, @ = 0 whenever the number of arrows in I is
different from the dimension 2k +¢ — 2 of C k.0

Example 13.48. Up to the ordering of its arrows, there is a single graph I; in Gy ¢
which has ¢ arrows. It is depicted in Fig. 13.3. The Kontsevich weight of I} is given
by

14
1 1
/\de(l,i) = W / doyA---AdBy = (f')
Cie 0<0,<<6,<27
(13.78)
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Q3

Q1 Q2

F Fy F3 Fy

Fig. 13.4 To each vertex of a graph one associates a multivector field on R? (a O-vector field, i.e.,
a function, when the vertex is of the second type). Depicted is the graph of Fig. 13.1, with the extra
data.

13.5.2.3 C - The Differential Operator Associated to a Kontsevich Graph

LetI" = (Vi ¢,A, 0) € Gy be a Kontsevich graph, with 2k+¢—2 > 0, as before. We
show how there is naturally associated to I" (equipped with some extra data) a multi-
differential operator on R?; the natural coordinates on R are denoted by x1,...,%4.
We add the following data to the graph:

(1) To each vertex s of the first type, a ps-vector field Q; on RY;
(2) To each vertex 7 of the second type, a smooth function F; on RY.

See Fig. 13.4, which is Fig. 13.1 with the extra data. Let y: A — {1,...,d} be any
map. Using the above data and y, we can associate to each vertex 7 of the second
type a function D (F), namely

d

— | F.
Ixy(q)

Dl}Zi(E) =
acA
h(a)=t

Similarly, we associate a function D? +(Qy) to each vertex s of the first type, by
setting

J
r .
Dys(@)=| II = (Qs [xﬂc;)v-wxy(cf-wD )
acA Y(a)
h(a)=s
where we recall that {O'SI,...,GSP'T} = Star(s) is the set of arrows whose tail is s,

ordered by o;. When the above products are taken over the empty set, i.e., if 7,
respectively s, is not the head of an arrow in A, then the derivatives reduce to a
zero-th order derivative, i.e., no derivatives are taken. Taking the product of the thus
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Fy Fy F3 Fy

Fig. 13.5 The graph I} with some extra data.

constructed k + ¢ functions and summing over all maps y: A — {1,...,d}, leads to
the function

Br(Qla-"va)(Fla"'aFk):: z HD Q‘ HD

The right-hand side of this equation is clearly a multi-differential operator in the
functions Fi, ..., Fp. In summary, we have associated to each Kontsevich graph I" =
(Vi,e,A) and to each choice of multivector fields (of the right degree) an ¢-differential
operator Br(Qj,...,0), whose action on functions is defined as above. If at least
one of the multivector fields Oy is not of the right degree (i.e., its degree is different
from py, the number of arrows of I" whose tail is s), we define Br(Q1,...,Qx) to be
equal to the zero ¢-differential operator. Extending these definitions by linearity, we
get for each Kontsevich graph I" = (Vi ¢,A) € Gy ¢ a linear map Br- : S¥g — b, where
we recall that g and § are respectively the pointed differential graded Lie algebras
(X*(RY), |-, ]5,0) and (HCap(RY), [-, ] 1)-

Example 13.49. We write down By, where I; is the graph in G which we intro-
duced in Example 13.48. Let Q be an /-vector field on R? and let Fi,...,F; be
functions on R?. See Fig. 13.5, where these data have been added to the graph. We
label the arrows of the graph from 1 to £, so that the arrow labeled i connects 1 to i ,
foralli=1,....¢. Foramap y: A= {1,....0} — {1,...,d} we write y(i) as ¥;
then, summing over all such maps 7y simply amounts to summing over all y,...,7,
ranging from 1 to d. With these notations,

oF 0F JoF,

Br(Q)(F,....F) = Y Olxy,... x”]ax ¥ Tl v
@

so that Br; (Q) = Q.
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Example 13.50. Similarly, we write down B, where I is the graph of Fig. 13.4.
The arrows of the graph are labeled 1,...,7, starting with the arrows whose tail is
Q1 € X%(R), then those whose tail is Q> € X3(R¢), finally the ones whose tail is
Q3 € ¥*(R?). It leads to the following formula:

20,5 5 OF B P OR
dxy, 2 38xyl Oxy, 0xy, 0Xy,0xy, Oxys

BF(Q17Q27Q3)(F1V"7F4): Z

1<y, <d

where 5 y y
01 := O1[xy,xp], Q2 1= Qafxy, Xy, Xy ], O3 1= Q3[xy, Xy

13.5.2.4 D - Kontsevich’s Formula for the L..-Quasi-Isomorphism

We have introduced in the previous subsections all the ingredients which are
used in Kontsevich’s explicit construction of the L..-quasi-isomorphism @ between
(X*(RY),[,]5,0) and (HCgi(R9),[-, ], 1). As above, we denote these pointed
differential graded Lie algebras by g and b respectively, and we denote the natu-
ral coordinates on R by x1,...,x4. Recall that @ : S°g — b is completely deter-
mined by the family of maps (@ )icn, Where for each k € N, @y is the restric-
tion of @ to S*g. They are defined as follows: for all py,...,pr € N and for all
010>...0k € gp,—1--@p,—1, the (-differential operator @ (Q1Q0>...0k) € b1,
where £ := YX | p; — 2k +2, is defined by:

D(0102...0k) == Y, OrBr(01,...,0) - (13.79)

F€Gk,g

In this definition, the sum is taken over all Kontsevich graphs I' = (Vi s,A) € Gy
and for each such graph I', @1 and B are the weight and the ¢-differential operator
associated to I', as defined in Subsections 13.5.2.2 and 13.5.2.3.

A few comments about this definition are in order:

(1) As we have seen, @ = 0 when I" is a graph in Gy ¢ whose number of arrows
is different from 2k 4 ¢ — 2. This explain why the sum in (13.79) is only taken
over Gy ¢, where £ := Zﬁ-‘:l pi —2k+ 2. Recall also that By is zero when I has
a vertex i for which the number of arrows which start from i is not equal to p;.

(2) With respect to the grading which we introduced on S°g, the monomial
0107 ...0¢ in (13.79) is of degree Z{»‘:l pi — 2k, while Br(Q105...0y) is of
weight ¢ — 2, with £ as above. It follows that @ is a graded map (of degree 0).

(3) Each @ is well-defined: the order of Qy,...,0 in the right-hand side of
(13.79) is irrelevant, since both @ and Br are independent of the ordering
of the vertices of the first type.

(4) The above formula for @y, is particularly simple for k = 1. In fact, there are ¢!
graphs Iy = (V) ¢,A, 0) in G| ¢ with ¢ arrows, differing only by their ordering
(as given by ). As we have seen in Example 13.48, the weight of these graphs
is 1/(¢!)%; according to Example 13.49, Br;(Q) = Q. It follows that
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®(0)= Y orBr(Q)=-0.

|
FGGL[ e

In view of (13.76), it follows that @; = ¢, as stated in Kontsevich’s formality
theorem (Theorem 13.46).

The main result is that @ is an L..-quasi-isomorphism between g and h. As a con-
sequence, Kontsevich’s formality theorem (Theorem 13.46) holds for R? and the
L..-quasi-isomorphism which proves this theorem can be constructed quite explic-
itly. For a proof that @ is an L..-quasi-isomorphism we refer to [39, 107].

13.5.3 A Few Consequences of Kontsevich’s Formality Theorem

The following theorem is a first important corollary of Kontsevich’s formality theo-
rem.

Theorem 13.51. Let M be a real manifold and denote by | the usual product
on C=(M).

(1) Every Poisson structure © on M admits a star product, i.e., there exists a star
product [, = L+ Y;en WiV on C= (M), with iy = 5;

(2) There is a one-to-one correspondence between the set of equivalence classes
of formal deformations of the trivial Poisson structure on M and the set of
equivalence classes of star products on C*(M);

(3) The correspondence in (2) is natural in the following sense: if the equivalence
class of a formal deformation T, = ¥ ;e V' of the zero Poisson structure
on M and the equivalence class of a star product |1, = [l + ¥cn- WiV on M
correspond under (2), then m| is the skew-symmetric part of 2|1;.

Proof. Let m be a Poisson structure on M. It is an element of degree one of
(X*(M),[-,-]5,0) and since it satisfies the Jacobi identity, vz is a solution of
the Maurer—Cartan equation associated to (X*(M),[-,]s,0). According to Theo-
rem 13.46, there exists an L.,-quasi-isomorphism @ between the differential graded
Lie algebras (X*(M), [, ]s,0) and (HC3,(M),[,"]G, 1), with @; = ¢. According
to the first item of Proposition 13.41, Qg (V) is a solution of the Maurer—Cartan
equation associated to (HCS(M), [, "], 1), so that 1L + sz(vn) is a star product
on C*(M) (Proposition 13.33). Moreover, by definition of Q4 (see (13.56)), we can
write

k
Qo(vr) =3 klcbk((vn)k) -y %d)k(nk) , (13.80)

k=17 k>1

so that the coefficient in v of the star product it + Qg (vr) is @ (%) = ¢(n) = &,
according to Theorem 13.46. This shows (7).
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Theorems 13.46 and 13.39, combined, show that there is a one-to-one corre-
spondence between the set of gauge equivalence classes of solutions of the Maurer—
Cartan equation associated to the differential graded Lie algebra (X*(M),]-,]s,0)
and the set of gauge equivalence classes of solutions of the Maurer—Cartan equa-
tion associated to (HC§;(M),[+,-]g,it). According to Proposition 13.33, the first
set is the set of equivalence classes of deformations of the trivial Poisson structure,
while the second set, after a translation by L, is the set of equivalence classes of star
products on C*(M). This yields the one-to-one correspondence in (2).

Let 7, = Yen+ M VF be a formal deformation of the trivial Poisson structure on
M and consider u, := u + Qg (m,), which is a star product on C*(M). Recall that
the equivalence class of 7, and the equivalence class of u, are related by the one-to-
one correspondence in (2). We have, as in (13.80), that y, = tt + %v (mod vz).
Let t, = L+ Ypens [J,ivk be an arbitrary star product on C*(M) which is equivalent
to Uy, which means that y, — yt and (, — ( are gauge equivalent. Then there exists
& = Yiens & VK in VHCY,(M)" such that p] = ¢ (u,.), so that

Ty
M= p+ (7 +[&i ,u]G) v (modv?).
The bilinear map [£), t]; € HCL(M) is symmetric, because

[517“]G(F7G) = él(”(F7G)) _“(él(F)ﬂG) —[.L(F,él(G)) )

for all F,G € C*(M). This shows that 7; is the skew-symmetric part of 2], which
is the content of (3). O

If (M, m) is a real Poisson manifold, one can also consider the formal deformations
of 7 rather than of the trivial Poisson structure on M. We show in the following
theorem how these deformations are related to star products on C*(M)M.

Theorem 13.52. Let (M, 1) be a real Poisson manifold and let [ denote the usual
product on C*(M). There is a one-to-one correspondence between the set of equiva-
lence classes of formal deformations of the Poisson structure Tt and the set of equiv-
alence classes of star products [, = [+ Y ren+ VK on C (M), for which Tt is the
skew-symmetric part of 211.

Proof. Let us denote by % the set of equivalence classes of formal deformations
of the trivial Poisson structure on M and by Z; the set of equivalence classes of
formal deformations of the Poisson structure 7 on M. Let us also denote by .7, the
set of equivalence classes of star products on C*(M) and finally by .}, » the set of
equivalence classes of star products i1, = i + Yyen- txvF on C(M), such that the
skew-symmetric part of 2u; is 7. Of course, one has ./, » C ¥}, and according to
item (2) of Theorem 13.51, there exists a bijection y : Zy — 7).

An element 7, = T + Yoy mVE € X1(M)Y is a formal deformation of 7 if
and only if [m,, m,]¢ = 0, which is also equivalent to [, Vv, 7, v]g = 0, meaning that
TV = v + Yen- VAT is a formal deformation of the trivial Poisson structure.
Moreover, saying that two formal deformations 7, and 7, of 7 are equivalent means
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that 7, — & and 7, — 7 are two gauge equivalent solutions of the Maurer—Cartan
equation associated to the pointed differential graded Lie algebra (X*(M),[-, s, 7),
i.e., that there exists £ € vX(M)V satisfying

=" (m,).

Since this equation is equivalent to 7/v = ve™% (1,) = "% (1, v), two formal de-
formations 7, and 7, of 7 are equivalent if and only if 7, v and 7, v are equivalent
as formal deformations of the trivial Poisson structure. This fact permits us to iden-
tify v, with a subset of 2. Now, according to item (3) of Theorem 13.51, we
have Y (V%z) C %y z. Moreover, if [, = t + Yo+ (V¥ is an element of .7} 7.
one has 2y, = 7 and, once more according to item (3) of Theorem 13.51, there
exists a formal deformation 7, = ¥+ 7 V¥ of the trivial Poisson structure, whose
equivalence class is sent by y to i, and such that 7 = 2, = ;. This implies in
particular that %75* is a formal deformation of the Poisson structure 7 and that pi,
lies in y (v%y). This shows that y (V%) = .7, z, so that y induces a bijection
between V%, and . r, hence between %, and ., . O

Example 13.53. In the case of RY, the explicit construction of the L..-quasi-iso-
morphism which we have given in Subsection 13.5.2.4 leads to an explicit formula
for the star product on C=(R?), equipped with an arbitrary Poisson structure 7.
Specializing (13.80) to (13.79), gives the following formula for the star product
on C=(RY), for F,G € C*(RY),

k
W.(F,G) = u(F,G)+ kzl () (F.C)
k

\%
:.LL(F7G)+2_' Z wFBr(n7-~~an)(Fvc) .
k=1 7" T'eGyp

In the above sum, only those graphs for which every vertex of the first type is the
tail of exactly two arrows contribute, since Br (T, ..., ) is equal to zero for all other
graphs.

13.6 Notes

Deformation quantization was proposed by Bayen, Flato, Fronsdal, Lichnerowicz
and Sternheimer in [19] as an approach to reverse the standard operation of tak-
ing the classical limit of a quantum system, which is loosely speaking done by
letting Planck’s constant 7 tend to zero. They raise the question whether a defor-
mation quantization of every Poisson manifold exists. For symplectic manifolds,
an affirmative answer to this question was given by De Wilde-Lecomte [57], who
use the Moyal-Weyl product, which answers the question locally (for symplec-
tic manifolds). A geometric proof of the latter result was given by Fedosov [73].
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The fact that every Poisson manifold admits a deformation quantization has been
shown by Kontsevich [107]. An alternative proof of Kontsevich’s result was given
by Tamarkin [189].

In a purely algebraic context, the problem of (formally) deforming commuta-
tive associative algebras was considered by Gerstenhaber in [82], who establishes
the link with Hochschild cohomology. Deformations of Poisson structures were in-
troduced in [126]. Deformations of Poisson manifolds, in which both the associa-
tive product and the Poisson bracket are deformed, are considered in Ginzburg—
Kaledin [85].



Appendix A
Multilinear Algebra

In this appendix, we recall some basic definitions and properties related to multi-
linear algebra, including (graded) algebra and coalgebra structures, derivations and
coderivations. We need them in two particular cases, namely for vector spaces over
a field I, and for «7-modules, where .7 is a commutative associative algebra over a
field IF. Notice that the latter modules can also be thought of as vector spaces over F,
a fact which we often use, since many operations which we consider are FF-linear,
rather than 7-linear. In order to cover both cases, we consider in this appendix
the structures which we need on modules over an arbitrary commutative ring R with
unit; the reader may find it useful to keep in mind the example of the C**(M)-module
of vector fields or differential forms over a manifold M.

Throughout the appendix, F denotes a field of characteristic zero and R denotes
an arbitrary commutative ring with unit, denoted by 1.

A.1 Tensor Algebra

For R-modules V and W, the set of linear! maps V — W is denoted by Homg(V, W),
or by Hom(V,W) when it is clear that V and W are considered as R-modules.
Hom(V,W) is itself an R-module in a natural way. When V is a free R-module (for
example when R =T, so that V is an [F-vector space) and Z is a basis of V, every
map & — W extends to a unique element of Hom(V, W) by linearity; when both V
and W are finite-dimensional F-vector spaces, and bases for V and W have been
fixed, we often think of elements of Hom(V, W) as matrices (with dimW rows and
dimV columns).

The dual of an R-module V is the R-module V* := Hom(V,R). For a finite-
dimensional F-vector space V, the dual V* is an [F-vector space, isomorphic to V;
the isomorphism is however not canonical, since it depends on the choice of a basis

! We rarely use the word R-linear, to avoid confusion with the terminology for multilinear maps,
i.e., k-linear maps, with k € N*,

C. Laurent-Gengoux et al., Poisson Structures, 411
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4, © Springer-Verlag Berlin Heidelberg 2013
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for V. The natural pairing (evaluation map)

(-,):V*XV >R
(5,\’) = <€,V> ::5(‘})7

leads for fixed v € V to a linear map (-,v) : V¥ — R, i.e., to an element of (V*)* =
Hom(V*,R). The R-module (V*)* is called the bidual of V. The resulting linear map
V — (V*)* is, in general, neither injective nor surjective, but there are two important
particular cases in which it is an isomorphism:

(A.1)

When V is a finite-dimensional vector space over R = I,

When R = C”(M), the algebra of smooth functions on a smooth manifold M,
with V the space of smooth differential k-forms on M; in this case, V* can be
identified with the R-module of smooth vector fields on M.

We will often deal with bilinear maps, sometimes with more general multilinear
maps between R-modules, where multilinear means (R-)linear in each of its argu-
ments, keeping the other arguments fixed. The language of tensor products, which
we introduce now, is very useful for this. Let Vi, V,,V and W be R-modules and
let p: V| x V, — V be a bilinear map. If we compose p with a linear map V — W,
then we obtain a bilinear map V| x V, — W; one may wonder if, given V| and V5,
there exists an R-module V, such that, for every R-module W, every bilinear map
Vi x Vo — W can be obtained in this way from a linear map on V — W. In fact,
there is a unique (up to isomorphism) such R-module, called the tensor product of
Vi and V5, denoted by V| ®g V5, or V; ® V5, and it comes with a natural bilinear map
p: Vi xV, — Vi ®V,. Formally, the stated property means that every bilinear map
¢ : Vi xV, — W factors uniquely via p, meaning that there exists a unique linear
map ¢, such that ¢ o p = ¢. This property is displayed in the following diagram:

Vi x Vs P VoV

In practice we do not make a distinction between the bilinear map ¢ and the linear
map ¢, so we simply write ¢ € Hom(V; ® V5, W). A natural construction of the
tensor product V| ® V; is as the quotient of the free R-module which is generated by
all formal expressions v| ® vo, with v € V| and v, € V,, divided by the equivalence
relation defined by

(Vi +V)) @2 =vi@va+ V| @,

Vi@ (V) =vi@va+v @V,

a(vi®@wy) = (av)) @ vy = v ® (avy),
where vi,v] € Vi and v,V € V5 and a € R. One says that v; @ vy is the ten-
sor product of vi and v,. The maps p and ¢ are in this notation simply given by
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p(vi,v2) =vi ®@v; and ¢(vi ®v3) = ¢ (v,v2). In view of the above three properties,
p is a bilinear map.

As an application, consider the bilinear map V| x Vo, — V, ® V|, which is given by
(v1,v2) = va ®vy. It factors via p to yield an R-module isomorphism S : V; ® V, —
V2 @V, given by S(vi ® v2) = v, ® vy, and called the twist map.

One easily shows that for arbitrary R-modules V|, V> and V3, one has a natural
isomorphism (V; @ V2) ® V3 ~ V| ® (V, ® V3). The latter is also denoted as V| ®
V, ® V3 as it can also be described, like in the case of bilinear maps, as a universal
object for trilinear maps, defined on V| x V, x V3. Under the natural isomorphisms,
V1@V) Vs~V ®(Va®@V3) ~ V] ®V,® V3, one has that

(V@) RV3 < V@ (1) < V@S, (A2)

so that, in the sequel, we will not make a notational distinction between the elements
in (A.2). The extension to several R-modules is clear. For a given R-module V, we
obtain a natural sequence of R-modules 7%V := V®* where k =0,1,2,..., which is
defined, as the notation suggests, by Vek.—V®...QV (k factors), when k > 1 and
V®0 .= R. Equipped with the product (X,Y) — X ®Y, where X € V®* and Y € V¥,

the R-module = =
TV :=PTrv=Pve*
k=0 k=0

becomes a graded R-algebra, called the tensor algebra of V. See Section A.3 below
for the basic definitions on graded algebras.

Fixing one R-module Z, it is useful to think of taking the tensor product with Z
as a functor, which means on the one hand that a linear map ¢ € Hom(V, W) yields,
in a natural way, a linear map

¢ cHom(VRZWRZ), (A.3)

simply by putting ¢ (v®z) := ¢(v) ®z, for v € V and z € Z, which is well-defined;
the map ¢ is usually denoted by ¢ ® 1, where 1 stands for the identity map on Z.
On the other hand, it means that taking the tensor product with Z has the usual
functorial properties, which make it into a covariant functor. In formulas, this is
written as follows:

1y @1z = lvez, (poy)@1z=(p®1z)o(y®1z),

where ¢ € Hom(V,W) and y € Hom(U, V). Above, we tensored with Z on the right,
but we could also have tensored with Z on the left.

For R-modules V; and W;, with i = 1,2, there is also a natural injective morphism
(which is not surjective, in general)

Hom(V;,W;) @ Hom(V2,W>) — Hom(V; @ Vo, W @ Wa) ,



414 A Multilinear Algebra

where ¢; ® ¢, € Hom(V;,W;) ® Hom(V,,W,) is, as a linear map from V; ® V; to
Wi ® Wa, given by

(01® ¢2)(vi@v2) =1 (1) ® 2 (12) ,

for all vi € V; and v, € V;. This justifies the notation ¢ ® 1z introduced above.

For R-modules Vi, V, and W, bilinear maps V| x V, — W are also in natural
correspondence with linear maps V; — Hom(V,, W), or with linear maps Vo —
Hom(V;,W). We use this usually in the form of the two natural isomorphisms

Hom(V; ® Vo,W) ~ Hom(V;,Hom(V2,W)) ~ Hom(V>,Hom(V;,W)) ,

which allows one to use a single bilinear map V; x V, — W to associate to each
element of V| (respectively V;) a linear map V, — W (respectively a linear map
Vi — W). For example, for arbitrary R-modules V and W,

(VeW)* ~Hom(V,W*) ~ Hom(W,V*) . (A4)

For given R-modules V and W, there is also a natural linear map ¥ : V* @ W —
Hom(V,W), which associates to an element £ ® w, with & € V* and w € W, the
linear map

Y(EQwW):V oW
v EW)w = (E)w.
The map ¥ is always injective, but is in general not surjective. When R = [, then
¥ is an isomorphism if and only if V or W is finite-dimensional. Combining the
injection V* @ W* — Hom(V,W*) with the first isomorphism in (A.4), we obtain a
natural inclusion
VW= (Vew)",

which is an isomorphism when R = and V or W is finite-dimensional.

When ¢; € Hom(V;,.2/) and ¢ € Hom(V,,.o/), where <7 is an R-algebra, then
@1 ® ¢, is often implicitly combined with the multiplication map &/ ® &/ — o7,
yielding ¢; ® ¢, € Hom(V; ® V,, 7)), given for v; € V} and v, € V5, by

(01 ® ¢2)(vi®@Vv2) 1= ¢1(vi)$2(v2) (A.5)

where the latter product is the multiplication in 7. When this multiplication has
extra properties, they yield similar properties for the product of maps: for example,
if .o/ is commutative, then

$1® ¢ =($2® ¢1)oS,
as elements of Hom(V; ® V2, &7 ). Associativity of ./ implies that

(912 ¢)® 3 =01 @ (2® ¢3)

as elements of Hom((V, @ V2) ® V3,47 ) ~ Hom(V; ® (V2 @ V3), &7).



A.2 Exterior and Symmetric Algebra 415

A.2 Exterior and Symmetric Algebra

Our multilinear maps are usually skew-symmetric k-linear maps V¥ — V, where V is
an R-module, so we recall here the corresponding tensorial notions. In 7*V, consider
the submodule N which is generated by all /-tensors (£ € N*) of the form v;; ® - ®
vi,,» where v;, = v;, for some 1 <s <t </, and let Ny := NN TV for k € N* and
Np := {0}. Then we may consider

AV :=TV/N=PTV/N=Pnrtv,
k=0 k=0

where AFV := T¥V /Ny, for k € N. Notice that AXV = {0} as soon as k is bigger
than the (minimal) number of generators of V. We denote the quotient maps by
p:T*V — A*V and py : TV — AKV. Since N is a two-sided ideal of T*V, we have
that the associative product @ on 7°*V induces an associative product on A*V, which
is denoted by A. Thus p(vi ® ---@vi) = p(v1) A--- A p(vr), which we also write as
vi A--- Avg, because pp (i.e., the restriction of p to V) is injective. One easily verifies
that, if X € AV and Y € AJV, then X AY € A"V and

XAY =(=1)VY AX . (A.6)

In the language of the next section, this property is called graded commutativity.
The associative, graded commutative R-algebra (A*V, A) is called the exterior alge-
bra of V and elements of A*V are called multivectors. One similarly constructs the
symmetric algebra (S*V,-) which is the associative commutative graded R-algebra
obtained as T°V /N’, where N’ is the two-sided ideal of T*V, generated by all
VW —w®v, where vw € V.

It is clear that every skew-symmetric k-linear map ¢ € Hom(V® W) vanishes
on Nj. Therefore, for R-modules V and W, we have that every skew-symmetric
k-linear map ¢ € Hom(V®* W) corresponds in a canonical way to a linear map
¢ : AKV — W, as in the following commutative diagram:

Pk

y @k Ay

In formulas, @ (vi A--- Avy) = ¢(v1,...,v). From now on, we do not distinguish
notationally between the maps ¢ and ¢: we write ¢ € Hom(A*V, W) and we simply
say that ¢ is a skew-symmetric k-linear map.

One usually thinks of elements of AXV as skew-symmetric tensors: the permuta-

tion group Sy defines a natural linear action on V¥ which is defined for o € S; and
VI® - @ €V by
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O(VI® @) = V(1)@ ®Vg(i) -

An element X € VK is called a symmetric tensor when ¢(X) = X for all ¢ € Sy,
while it is called a skew-symmetric tensor when ¢ (X) = sgn(o)X for all ¢ € S,
where sgn(o) denotes the signature of ¢. In order to identify the skew-symmetric
k-tensors with A¥V | one defines a linear map p,, the skew-symmetrization map, by

pr: ANV TR
1
VIA AV = Hg% $gN(0)vg(1) @+ Vg (k) - (A7)
k

Itis easy to see that this map is well-defined and injective, and that its image consists
precisely of all skew-symmetric k-tensors. One similarly identifies the symmetric k-
tensors with S¥V by using the symmetrization map

pi StV - ThY

whose definition is formally the same as the above definition (A.7) of the skew-
symmetrization map, except that one leaves out the factor sgn(o).

There are two types of internal products related to the exterior algebra. Let V
and W be arbitrary R-modules. For X € AV, the internal product 1x yields, for
every i € N, a linear map

1x : Hom(A'V, W) — Hom(A™/V, W) ,

which is given by
1x9(2) :=9(XAZ)

where ¢ : A'V — W and Z € A""/V, assuming i > j; otherwise, i.e., when i < j, then
1x® := 0. It is easily verified that

IXny =1y Olx

for X € AV and Y € AKV. For ¢ € Hom(A'V,R) the internal product 14, is the
family of linear maps, indexed by j € N,

lg NV = ATy ,
defined forall vi A---Av; € AV by

l¢(V1 /\-~~/\Vj) = 2 sgn(c)gb(va(l),...,va(,»)) Vo(it1) N AVg(j)

O'ESI'./',,'

when i < j, and 14 is the zero map otherwise. In this formula, S;; denotes the set
of all (i,k)-shuffles, i.e., all permutations ¢ € S, for which 6(1) < --- < o(i) and
o(i+1)<---<o(i+k); sgn(o) is the signature of ¢ as a permutation.
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To finish this section, we define a product on skew-symmetric multilinear maps
which take values in a commutative associative R-algebra 7. We write F'G for the
product of elements F and G in /. As above, V denotes an arbitrary R-module;
often, in the body of the book, this product will be considered for V = o7, viewed
as an F-vector space (R = FF). For ¢ € Hom(A'V, &) and y € Hom(A/V, &), where
i,j >0, we define ¢ Ay € Hom(AT/V, o7) by

(A5 ovigj) == Y, sg0(6) O(Vo(1)s--- 2 Vo(i)) W(Vo(it1)s - Vo(it))) »

GGS,'.J*

for all vy,...,viyj € V. We also write

<¢/\Wavl/\"'/\vi+j> = (¢/\W)(V1a---7"i+j) ’

thereby extending the notation of (A.1).
Notice that, if &7 = R, so that ¢ € (A'V)* and y € (A/V)*, then we can alterna-

tively define ¢ Ay € (A™H/V)* as being the linear map o 14. In this particular case,
the definition implies the following relation between 7 and A:
lopay =1y ©lg ,
for ¢,y € Dren(AFV)*. Indeed, let ¢ € Hom(A'V, o) and v € Hom(AV, o),
where i, j > 0, and let v,..., vy € V, with k > i+ j. Then,
tony(Vis-- k)

= Y sa(0) (@AY Vo) Vo)) Volici+) N AVer)

OESiyjk—i—j
= > (D) O(Ve(ryse e Ve(i) WVa(ip1)s - Va(ies))
TESi.j.k,,;j (Ag)

Ve(ij+1) N AVg(k)
=1y ( S sgn(P)O(Vp()s-- - Vp() Vp(i+1) /\"'/\Vp(k)>
e

= (lWOlQ))(Vl"")Vk) )

where we have used the notation S; ; x;_ ; for the set of all permutations of {1,...,k}
that are increasing on the intervals 1,...,iand i+ 1,...,i4+jand i+ j+1,... k.

We return to the general case for which & is not necessarily R, but an arbitrary
commutative associative R-algebra. We point out that, if ¢ € Hom(A'V, ), v €
Hom(A/V,.o7) and y € Hom(AXV, .o7), where i, j,k > 0, then

(OAVAX=0N(WAY),

i.e., A is an associative product on @y Hom(A?,.o7). This is obtained by exactly
the same computation as in (A.8), with k = £ —i — j and with y acting on the last
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part (i.e., on the last v, that appear out of the arguments of ¢ and y). Moreover, for
¢ € Hom(A'V,.«7) and y € Hom(A'V, <7), we have

dAy=(—1)"yA¢.

In the language of the next section, the product A makes ©rey Hom(AXV, o7) into a
graded R-algebra which is associative and graded commutative. Notice that, in the
notation which we use, if ¢1,...,¢, € Hom(V, &) and vy,...,v € V, then

<¢] /\"'/\(pkavl /\/\Vk> = det(<¢iavj>)1<i7j<k . (A9)

A.3 Algebras and Graded Algebras

In this section we recall the basic definitions of algebras and graded algebras. These
definitions will be dualized in the next section, to obtain the notions of a coalgebra
and of a graded coalgebra.

Let V be an R-module. An algebra structure on V is a bilinearmap pt: V xV =V,
called a product. We also view U as an element of Hom(V ® V, V), and we say that
(V, 1) is an R-algebra. Usually, u is assumed to have additional properties; the typ-
ical extra properties that (t may be supposed to have are summarized in Table A.1.

Table A.1 A product u on an R-module, which makes it into an R-algebra, is usually assumed to
have one or two additional properties, taken from the list which appears in this table. We write the
properties in their usual form (with u,v,w € V) and in their functional form; the latter is useful for
obtaining the “co”-version (see Section A.4). S is the twist map u ® v +— v ®u and . is the cycle
mapuUuRvVRw —veweu.

Property Usual / functional form
commutative w(vou) = p(u,v)
HoS =p
skew-symmetric u(v,u) = —p(u,v)
HoS=—u

plu, u(v,w)) = p(u(u,v),w)

assoclative | (Iy@pn) = uo(u®ly)

u(u, p(v,w))+ O (u,v,w) =0

Jacobi identity 257()# o(ly®p)os =0

The usual combinations of adjectives are the following: (1) If u is skew-symmetric
and satisfies the Jacobi identity, then (V, ) is called a Lie algebra, and u is called
a Lie bracket on V. We employ the standard custom of using brackets, such as [-, -]
and {-, -}, for the product. (2) An equally important combination of properties that
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may have are commutativity and associativity; some authors call (V, i) in this case
simply an algebra (or R-algebra), but we will not use this convention here since
our modules will usually have two algebra structures, one of which is a Lie algebra
structure, and the other one is associative and commutative.

Example A.1. A simple example of a Lie algebra structure is given by the vector
space Hom(W, W), where W is an arbitrary vector space, equipped with the commu-
tator

[61,¢2] ;== 1002 — 0@,

where ¢, ¢, € Hom(W,W). The Jacobi identity for |-, -] is a direct consequence of
the associativity of the composition of (linear) maps.

A linear map ¢ : V — W between R-algebras (V,u) and (W,u’) is called an
algebra homomorphism if ¢ (1L (vi,v2)) = ' (¢(v1),¢(v2)), for all v, vo € V, which
is written in functional form as ¢ ot = ' o (¢ ® ¢), and which corresponds to the
commutativity of the following diagram.

vev — sy

o9 ¢ (A.10)

Wew —s w
In the case of Lie algebras (V,[-,-]) and (W,[-,]'), such a linear map ¢ is called
a Lie algebra homomorphism. The homomorphism property then takes the form
o ([vi,v2]) = [ (v1),¢(v2)] for all v, v, € V.
We now turn to the graded version of these definitions. For this, it is assumed
that V is a graded R-module,
V=0, (A.11)
i€Z
where each of the subspaces V; is invariant under the action of R. The notation V,
(or V*, when the subspaces are indexed by superscripts) is also used for V. In many
cases, one has V = @;cnV;, or even V = @ffzo\/i, the other V; being undefined, but
one easily arrives at the form (A.11) by defining V; := {0}, for those values of i
where V; was undefined. An element of V; is called a homogeneous element of V of
degree i. A linear map ¢ : V — W between graded R-modules is said to be graded
of degree rif ¢(V;) C Wiy, forevery i € Z. When V and W are written as V, and W,
the suggestive notation ¢ : Vo — W, is also used. We denote the R-module of all
graded linear maps from V to W of degree r by Hom, (V,W). A graded product on V
is a product i on V such that

u(V;@V;) CViy;, foralli,j€Z.

Then V, equipped with u, becomes a graded R-algebra and we have induced maps
Wi j:Vi®V;— Vi jforalli,j. A graded linear map of degree zero ¢ : V — W which
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is a (Lie) algebra homomorphism is called a graded (Lie) algebra homomorphism.
The graded analog of Table A.1 is given by Table A.2.

Table A.2 The graded analog of Table A.1 is displayed. The only difference between the graded
and ungraded notions lies in the signs; in fact, as there are no signs in the case of graded associa-
tivity, the notion of associativity and graded associativity coincide. For the graded Jacobi identity,
it is understood that when one sums over the three cyclic permutations of (i, j, k), the exponent ¢
takes the consecutive values 0,1 and 2. The elements u,v and w are assumed to be homogeneous
of respective degrees i, j and k.

Property Usual / functional form

raded commutative wv,u) = (*l)l:j:.“(”a")
£ HjioS = (=) ;

raded skew-symmetric H(vu) = 7(71)7/1(”"})
£ Y jioS = —(=1)"mi;

iati M, i (vow)) = p(p(u,v),w)
(graded) associative Wi jrko (L, ® Hjx) = Wivjxo (Ui ®@1Ly,)

(=D)%u(u, u(v,w))+ O (u,v,w) =0

graded Jacobi identity (_l)ikm”k ° (]1\/[ ® Hj,k) 0.4 5 (i,j,k) =0

As in the ungraded case, the combination of graded skew-symmetric and the
graded Jacobi identity leads to the notion of a graded Lie bracket and of a graded
Lie algebra. The combination of graded commutativity and associativity leads to
the notion of an associative, graded commutative algebra.

Example A.2. To give a simple example of a graded Lie algebra, we define for
graded linear maps ¢; € Hom,,(V,V), where i = 1,2, their graded commutator
[91, 2] as the graded linear map of degree r| + r,, given by

(01,02 :=10¢r — (—1)""2¢r0 ¢y . (A.12)

The graded R-module @,z Hom,(V,V), equipped with this bracket, is a graded
Lie algebra. For graded linear maps @1, ¢», ¢3 of degree ry,r2,r3, the graded Jacobi
identity takes the following form

(=D (91, (92, 9s]] + (=1)"" [@2, [@3, 1]l + (= 1) [¢3,[91,62]] = 0, (A.13)

which can also be written, in view of the graded skew-symmetry of [-, -], as

(01,102, 03] = [[91, d2] , 3] + (= 1)1 [, [91, 5] -

In the language of Section A.5, this means that [¢, -], which is a graded linear map
of degree r, is a graded derivation of [-,-].
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We have in this appendix already met the following three examples of graded
algebras, associated to an R-module V.

(T*V,®) is a graded R-algebra, which is associative;
(A®V, A) is a graded R-algebra, which is associative and graded commutative;
(S°V,-) is a graded R-algebra, which is associative and commutative.

The grading on T°*V comes from the natural decomposition T°V = @;cnV®;
for A®V and S*V, the induced grading is used. The commutativity of the graded
algebra (S°V,-) should not be confused with the graded commutativity of the
graded algebra (A®V,A): in the former the arguments commute, but in the latter
they only commute up to a sign, see (A.6). We think of 7° as a functor: given
a linear map ¢ € Hom(V,W), we obtain a homomorphism of graded algebras
T*¢ : T*V — T*W, whose restriction to TXV is the linear map TV — T*W, de-
finedby T¥¢ :== 0 @9 ®---®@ ¢, i.e.,

T (@@ @v) = 9(n) @ P(12) @ @ P (vi) -
T* is a covariant functor: for ¢ € Hom(V,W) and y € Hom(W,Z) one obtains

T*(y) =1rey,  T*(yod)=T"(y)oT*(9).

Similarly, A® and S* are covariant functors.

Associated to a graded vector space V = @, V; there is a graded exterior al-
gebra which takes into account the grading on V. This algebra, denoted by A*V
is the associative, graded commutative algebra, obtained by dividing the tensor al-
gebra T°V = @en T*V of V by the ideal generated by the elements of the form
x®y+(—1)Yy®x, withx € V; and y € V;. Denoting by A the product in A®V, one
then has

xAy=—(=1)YyAx,
for all x € V; and y € V;. For integers ii,...,i and for 6 € .} an arbitrary permu-
tation of {1,...,k}, let sgn(o;iy,...,i) € {1,—1} denote the sign, defined by the
equality
XA Axg =sgn(05iy, ..., ik) Xo() N NXe(k) 5
where x; is an arbitrary homogeneous element of V of degree iy, for { = 1,... k. As
in the ungraded case, if ¢ : VK — W is a linear map, satisfying

O(x1 @ @xt) = sgn(03i1, -, ix) (X(1) @ DXg(r))

for all homogeneous elements xp,...,xg, with iy denoting the degree of x, for ¢ =
1,...,k, then ¢ descends to a linear map A*V — W, which we also denote by ¢.
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A.4 Coalgebras and Graded Coalgebras

We now consider the “co”-versions of the concepts which were introduced in the
previous section. This is done in the customary way, namely we obtain the “co”-
versions by dualizing the definitions of the previous section, written in their func-
tional forms (see Tables A.1 and A.2), which is done by reversing all arrows and
switching the order of their composition. Let us first dualize the definition of an al-
gebra: a coalgebra structure on an R-module V is an element A of Hom(V,V V),
called a coproduct. The most important additional properties which A may have, are
summarized in Table A.3.

Table A.3 Dualizing the usual properties of the product of an algebra, written in functional form,
as in Table A.1, we obtain the usual properties which the coproduct A, defining a coalgebra struc-
ture on an R-module, can have. As before, S is the twist map and . is the cycle map.

Property Functional form
cocommutative SoA=A
co-skew-symmetric SoA=-A

coassociative (Iy®@A)oA =(ARQ1y)oA
co-Jacobi identity | Y2_o.#‘o(ly® A)oA =0

In order to define a homomorphism of coalgebras, we just reverse the arrows
in (A.10): for given coalgebras (V,A) and (W,A’) we call a linear map ¢ : W — V
a homomorphism if the following diagram is commutative.

Veov «2 vy
Y o

W®WTW

We now consider the graded versions of the above “co”-concepts. Let V be a graded
R-module, V = ®;c7V;. A graded coproduct is a coproduct A on V such that for
every k € Z,
AV C P viwv;,
i+j=k

is finitely supported, i.e., A(V}) has a non-trivial intersection with only a finite
number of V; ® V;. Notice that A(Vy) is automatically finitely supported when
V; = {0} for all i < 0. A graded R-module V, equipped with a graded coprod-
uct A, is called a graded R-coalgebra. For fixed i, j € 7, we will need the linear map
A;j: Viyj — Vi®V;, which is obtained by composing A, restricted to Vi, ;, with the
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natural projection V ®V — V; ® V;. The usual properties of a graded coproduct are
displayed in Table A .4.

Table A.4 This last table deals with the case of graded coalgebras. We recall that S is the twist
map and . is the cycle map (see Table A.2).

Property Functional form
graded cocommutative Sodj;=(—1)Va;;
graded co-skew-symmetric Sod;;=—(—1)VA;;
graded coassociative (1y, ® Aj,k) 0A; jik = (Aij®1y,)o At jk
graded co-Jacobi identity | (—1)*.7 o (1y, ® Ajx) 0 A okt O (i, j, k) =0

We have seen in the previous section that the graded R-modules T°V, A*V
and S*V have a natural (graded) algebra structure. We now show that they also have
a graded coalgebra structure; the latter structure is important at a few places in this
book. The coalgebra structure A on T°V is called de-concatenation and is defined,
for k € N and for v,...,vy €V, by

k
AV ®--@v) =DM @)@ (Vi1 ®---®W) (A.14)
i=0
which means that the linear maps A; ; are given by
Y o(i+)) N V- &)
VI® @i (M@ @) ® (Vis1 @+ @ Vig ) -

Aij: (A.15)

Graded coassociativity of A is an immediate consequence of the associativity of ®:

((Aij @ Ly, ;) 0 Aigj—i-j) (V1 @ @ W)
=((M® - @v)QVit1®-®V))® (Vi1 Q- @)
=@ V) ((Vip1®-- V) @ (Vjr1®--- @)
= ((1y, ®Aj—i—j) 0 Aik—i) (VI ®--- @) .

We now turn to the natural coalgebra structure of the exterior algebra A*V. Let us
denote by 0 the diagonal map V. — V XV : v — (v,v). By functoriality of A°®, it
induces a linear map

NG AV =5 A (VxV),

which we view as a linear map

A:=poA®G: AV 3 A VAV,
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where p : A*(V x V) — A®*V @ A®V is the natural isomorphism, given by

P (V1,00 A=A (Vi 0) A0, v 1) A== A (0,0)) =
WIAAV)RWig1t A+ Awg)
where vy,...,v € V. We denote the natural product on A*V ® A*V which makes p
into a homomorphism of graded algebras by A (not to be confused with A). It
follows easily from the graded commutativity of A that, if v; € A"V fori=1,...,4,

then
(Vl ®V2)A(V3 ®V4) = (_1)"2’3 (V1 /\V3) & (V2 /\V4) . (A.16)

The commutative diagram

V%VXV

VXV —— VxVxV
1\/><5

leads to a commutative diagram
) o
AV —————— A (VXV)
N A®(8x1y)
AN (VXV) ——— A (VXVXV)
/\.(lv XS)

which, in terms of A, becomes the coassociativity property of the coproduct A.

A
AV ———————— A VRA'Y
A ARL ey

AVRAYV —— AVRAVRAY
1oy @A

The graded algebra structure on A*V @ A*V ® A®*V is defined as in (A.16). An ex-
plicit formula for A is given by

A Ava A Avg) = pIAS(n A+ Ave)) = p(S(M) A+ A S(v)
= p((v1,0) + (0,v1)) A+ A((v6,0) + (0, %))
= <V1®1—|—1®V1)A---A(Vk®ﬂv+ﬂv®vk)
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= Y > san(0) (o) A Ave() @ (Vo(irn) A AVe) -
i+j=k GES,’7_,‘

In particular, A, ; is given by

A j(i A Avigg) = Y, sgn(0) (Vo) A+ Ava(i) @ (Va(irt) A AVe(iry) »
O'GS,‘V]‘

(A.17)
when i, j € Nand A; ; = 0 when i < 0 or j < 0. The above formula is similar to the
de-concatenation formula (A.14) which we have introduced in the case of the tensor
algebra.

A.5 Graded Derivations and Coderivations

Let (V, 1) be a (not necessarily associative) graded algebra, where V = @7V, is a
graded R-module. A graded linear map ¢ € Hom,(V,V) of degree r is said to be a
graded derivation of degree r if

¢(vw) = ¢(v)w+ (=1)"vo(w),

forall v € V, and w € V,, where vw is a shorthand for p(v,w). In functional notation
this means that for every p,q € Z,

dolpg=HUpirg© (p® leq) + (_l)rp.up.,r+q © (JlV,; ®9), (A.18)

as linear maps V, ® V; — V), 1,14. We denote the R-module of all graded deriva-
tions of degree r of V by Der, (V). It is easily verified by direct computation that
the graded commutator of two graded derivations of degrees r; and r, is a graded
derivation of degree ry + r,. This implies that &,z Der,(V) is a graded Lie algebra,
with the graded commutator as Lie bracket. It is a Lie subalgebra of the graded Lie
algebra &,z Hom,(V,V), equipped with the graded commutator, which we consid-
ered in Section A.3. Clearly, a derivation is completely determined by its values on
an arbitrary set of elements of V, which generates V as a (graded) algebra.

Example A.3. Let V be an R-module and consider the graded algebra A®*V . Equipped
with the graded commutator, the R-module &,<z Der,(A®V) is a graded Lie algebra.
Particular elements of Der,(A®V) can be constructed from linear maps V — A1V
every linear map

o:V = ATy

extends to a derivation of degree r of the graded algebra (A®V, A) by putting
d: AV ATV

k
VA AV (=D (0) Avi A ATIA - Avg
i=1
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Indeed, for X € APV and Y € A1V,
FXAY)=d(X)AY +(=1)P"XA§(Y),

which is an easy consequence of the fact that ¢ will either be applied to a factor
which appears in X, leaving Y untouched, or vice versa.

We now formulate the notion of a derivation for the case of a graded coalgebra.
As before, (V,A) is a graded coalgebra, where V = ®;czV; is a graded R-module.
Dualizing (A.18), a linear map ¢ : V — V of degree —r is called a graded coderiva-
tion of degree r if for every p,q € Z,

Apq09 =(9@1y,)0Apirg+(=1)"(1y, @ @) oA g,

as maps from V.4, to V,, ®V,,. We denote the R-module of all graded coderivations
of degree r of V by CoDer,(V). Again, it follows by direct computation that the
graded commutator of two graded coderivations of degrees r; and r, is a graded
coderivation of degree r| + rp. This implies that @<z CoDer,(V) is also a graded
Lie algebra, with the graded commutator as Lie bracket. Like ®,czDer,(V), it is
a Lie subalgebra of the graded Lie algebra @,z Hom,(V,V), equipped with the
graded commutator. The following example is the “co”-version of Example A.3.

Example A.4. Let V be an R-module and consider the graded coalgebra A°®V.
Equipped with the graded commutator, the R-module @,z CoDer,(A*V) is a graded
Lie algebra. Particular elements of CoDer,(A®*V) can be constructed from linear
maps A"V — V: every linear map

o: NV v
extends to a coderivation of degree r of the graded R-coalgebra (A®V, A) by putting

d: AV ATV

VIA- - AVvg = 2 Sgn(’f)¢(vr(1),...,Vr(r+1))/\vr(r+2)/\---/\Vr(k).
TES 41 k—1-r

It is understood that the above definition means that (]5 =0on AFV for k < r. It
follows that, for p,q € N we have that

AI’J{ O(ﬁ = ((ﬁ X ]J-/\’IV) OAP+7711+ (71)”’(1/\/4/ ® (ﬁ) OAp,r+q . (A.19)

All coderivations of A®V are obtained in this way: if @ : A°V — A®*~"V is a coderiva-
tion of degree r of (A®V,A), then @ = ¢, where ¢ : A"*!1V — V is the restriction of
@ to A"V . Indeed, since @ and (73 agree on AV fork<r+1 (they are both zero
when k < r, for degree reasons), they also agree, in view of (A.19), on A2y (take
p =g =11n (A.19)), and similarly for the higher exterior powers of V.



Appendix B
Real and Complex Differential Geometry

In this appendix we recall the basic notions of differential geometry: the definition
of a real manifold, of a complex manifold and of a vector field on such a manifold.
We also recall briefly the main properties of vector fields on manifolds: the existence
of integral curves of a vector field, the flow of a vector field, the bracket of vector
fields and the straightening theorem, which says that a vector field takes, in well-
chosen coordinates, a simple form. Our definition of vector fields on a manifold is
based on the concept of a pointwise derivation. This approach easily generalizes to
the introduction of the concept of a bivector field on a manifold, a crucial element
in the (geometrical!) definition of the notion of a Poisson structure on a (real or
complex) manifold (see Section 1.3).

B.1 Real and Complex Manifolds

We adopt the following geometric point of view: a differentiable manifold is a (sec-
ond countable, Hausdorff) topological space which is covered by a family of co-
ordinate charts (U,x), where U is an open subset of M, called the domain of the
chart, and x = (x1,...,x;) is a homeomorphism from U to an open subset of R?.
The functions xy,...,x, are called local coordinates; they are said to be centered at
m if x(m) = o, where o stands for the origin of R. The coordinate charts are de-
manded to be compatible in the sense that, if (U,x) and (V,y) are coordinate charts,
with U NV # 0, then the homeomorphism

yox x(UNV)=yUNV)

x(UNV)
is a smooth map, see Fig. B.1. This homeomorphism is called a transition map. A
collection of compatible coordinate charts of M, whose domains cover M, is called
an atlas of M. For connected differentiable manifolds, the integer d is independent
of the coordinate chart; it is called the dimension of M, a terminology which we also
use in the non-connected case, when d is independent of the coordinate chart; it is
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M

_—
yox~!

Fig. B.1 A manifold comes equipped with an atlas, a collection of coordinate charts (U, x), where
the transition maps yox~! between coordinate charts (U,x) and (V,y) (with UNV # 0) are de-
manded to be smooth.

denoted by dimM. When the integer d is even, we may interpret the homeomor-
phisms x as taking values in C%/2; in this case, if all transition maps are complex
analytic (holomorphic), then M is called a complex manifold and d /2 is called the
(complex) dimension of M. It is a trivial, but important, fact that every non-empty
open subset of a real or complex manifold is itself, in a natural way, a real or com-
plex manifold. In particular, every open subset of a (real or complex) vector space
is a (real or complex) manifold.

The main virtue of manifolds is that we can do calculus on them, hence also
analytic geometry. Roughly speaking, the coordinate charts allow us to identify ob-
jects on the manifold, locally, with standard objects on open subsets of F¢ (F =R
or = C) and the transition maps allow us to compare these standard objects. The
first object one thinks of is that of a smooth function: a function F : M — F on a
real (respectively complex) manifold M is called a smooth function (respectively a
holomorphic function) if for every coordinate chart (U,x) of M the function

F=Fox ':x(U)—TF

is smooth (respectively holomorphic). The function F is called the coordinate ex-
pression of F in the coordinate chart (U,x). See Fig. B.2. The (commutative asso-
ciative) algebra of all such functions F on M will be denoted by .% (M). For an open
subset U, viewing U itself as a manifold, we have an algebra of functions .% (U) and
there are obvious restriction maps .% (M) — .% (U ), which are in general neither in-
jective nor surjective; the restriction of F € . (M) to U will be denoted by F,,.
Notice that % (M) may consist only of the constant functions, for example when M
is a compact complex manifold.
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j@\

Fig. B.2 Smooth functions on a manifold M are functions on M which are smooth in terms of local
coordinates.

M

One similarly defines the notion of a smooth map between real manifolds and a
holomorphic map between complex manifolds. It leads to two categories: the cat-
egory of real manifolds, whose objects are real manifolds with smooth maps as
morphisms, and the category of complex manifolds, whose objects are complex
manifolds and whose morphisms are holomorphic maps. Since complex manifolds
are in a natural way also real manifolds, and since holomorphic maps are smooth,
there is a natural forgetful functor from the latter category to the former.

B.2 The Tangent Space

Let M be a manifold and let m € M be an arbitrary point. We define the tangent space
T,,M of M at m. To do this, we consider the set .%,,(M) of all pairs (F,U ), where U is
an open subset of M which contains m, and F is an element of .% (U). Two elements
(F,U) and (G,V) of #,,(M) are defined to be equivalent, denoted (F,U) ~ (G, V), if
there exists a pair (H,W) € .%#,,(M), such that W C UNV and H = F|,, = G|,. For
(F,U) € F,(M), we denote its equivalence class by F, and we call it the germ of F
(or of (F,U)) at m. It is clear that the quotient set .%,,(M)/ ~ of all function germs
at m inherits from .% (M) the structure of an associative F-algebra. For example,
in the complex case, the algebra .%,,(M)/ ~ is isomorphic to the algebra of power
series in d variables, whose radius of convergence is positive. Notice that a function
germ F, has a well-defined value at m, which is simply F (m).

Definition B.1. Let M be a manifold and let m € M. A pointwise derivation 6, of
F (M) at m is a linear function
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Fm(M)

~

Om : —TF,

satisfying, for all functions F' and G, defined on a neighborhood of m in M,
On(FnGm) = F(m) 863G + G(m) OFy . (B.1)

The vector space of all pointwise derivations of .% (M) at m is denoted by T,,M, and
is called the tangent space of M at m, while the dual space T,;M of linear forms
T.M — T is called the cotangent space of M at m. The canonical pairing between
the dual vector spaces 7,,M and T,; M, which amounts to evaluating elements of 7,; M
on elements of 7,,M, is denoted by (-, -).

One easily deduces from (B.1) that if §,, is a pointwise derivation at m, and F is
constant in a neighborhood of m, then §,,F,, = 0. For a given function F, defined on
a neighborhood of m in M, consider the function d,,F on T,,M, defined by

d,F : T,M — F

(B.2)
On > Ok

Clearly, d,,F is a linear function, hence it is an element of the cotangent space 7,;M.
It is called the differential of F at m. The differential of a function admits a natural
generalization to the case of maps between manifolds. Let M and N be two mani-
folds and let ¥ be a map, defined on a neighborhood of a point m € M, with values
in N. The linear map 7,,'¥' : TuM — Ty, N, called the tangent map of ¥ at m, asso-
ciates to a pointwise derivation &, of % (M) at m, the pointwise derivation 7,,%¥ (&)
of Z(N) at ¥(m), defined for every germ Gy, at ¥'(m) by

(Tn'¥') (6m) G (my = Om(G oW )m

see Fig. B.3. This is well-defined, because the germ (G o ¥),, is independent of the

function G which represents the germ Gy ,,). When F is a function, defined on a
neighborhood of m, the tangent map at m is a linear map T,,F : TyM — Tg(,)F,
and we can recover the differential d,,,F', upon composing 7;,F with the canonical
isomorphism 7, F ~ IF, which will be explained below.

The tangent map obeys the usual rules of calculus: for example, if M,N and P
are manifolds, ¥ : M — N and = : N — P are maps and m € M, then

Tn(Eo¥) = (TymE) o Tn¥ .

In particular, if ¥ is a diffeomorphism (at least in the neighborhood of m), then 7;,'¥
is invertible and
(TmlP)il = Tnp(,m'f'il .

Consider the vector space 9, viewed as a d-dimensional manifold, and let m be a
point of ¢, There is a natural isomorphism between the vector spaces T;,F¢ and .
Namely to a vector v € F? we can associate a pointwise derivation v,, at m by setting,
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GoVU

N j F

Fig. B.3 A map ¥ between two manifolds M and N leads for every point m € M to a tangent map
T,,¥, which is a linear map between the tangent space T,,M and T ,,)N.

N

for every germ F,, at m,

F(m-+tv) = lim 0 ) = F(m)

Vb i = —
T dt =0 =0 t

It is clear that v — v,, defines an injective linear map from F¢ to 7;,F¢. The surjec-
tivity of this map follows from the Hadamard lemma.

Lemma B.2 (Hadamard’s lemma). Let F € .%(U), where U is an open subset
of F¢ and let m € U. On a small neighborhood V .C U of m in F¢,

d
F=F(m)+ Y (x;—xi(m)) F¥ (B.3)
i=1
where each of the functions F\) belongs to .7 (V). In particular,
FO (m) = (ei)mFum »
where (e1,...,eq) denotes the natural basis of F¢.

For a proof of this lemma, which is essentially a first-order form of Taylor’s theorem,
see [155, p. 17].

Let F € .7 (U) and consider (B.3), germified at m € U,
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d .
Fp = F(m)+ X (()m — xi(m))E. (B.4)
i=1

Let 6,, be a pointwise derivation at m. Applying J,, to (B.4) we find, using (B.1), that

d d
OnFin = z 6m(xi)mF(i) (m) = z Om (Xi)m (€i)mFm
i=1

i=1

for all germs F;, at m, so that

d
8n =2 On(xi)m (€i)m - (B.5)

i=1

This shows that 7;,F¢ is spanned by the pointwise derivations (e;),, so that the map,
defined by v — v,,, is an isomorphism between F¢ and 7,,F.

If (U,x) is a coordinate chart of a manifold M, centered at m, then each of

the d vectors of the natural basis (ey,...,e;) of [F? leads to a pointwise derivation
of # (M) at m, defined by

(%)m = (Tx ") (ei)o -

For a function F, defined on an open neighborhood of m in M, this means that
) Fu=aF (x(m)
- =oir{xim)),
axi m "

where F : x(U) — T is the coordinate expression of a representative F € .Z (U) of
the germ F,,, (see Fig. B.2), and 1 <i < d; also, 0;F denotes the derivative of F with
respect to its i-th variable (real or complex). Since T, F¢ is spanned by the point-
wise derivations (e1),,. .., (eq)o and since T,x~! is an isomorphism, the pointwise

derivations (H_Jq)m""’ (8—)611);" span T,,M.

Remark B.3. When the tangent space of M at m is viewed as an equivalence class
of curves, passing through m, as is done in a more analytic approach to elementary
differential geometry, then the differential d,,F* of a function F : M — [F at m, is

d

de(T’m) = 5|t:0

F(y(1))

where y: I — M is a curve, defined on a neighborhood 7 of 0 in IF, with y(0) = m,
whose equivalence class has been denoted by %,. As we have seen, in our approach
to defining the tangent space, the definition of the differential takes the more alge-

braic form
<de7 5m> = 5mFm y
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for all §,, € T,,M. Thus, in our setup, we view tangent vectors as objects which act
on equivalence classes of functions, rather than viewing functions as objects which
define linear forms on equivalence classes of curves, although both points of view
are equivalent (see [198, Ch. 1]).

B.3 Vector Fields

Let us consider a manifold M and a map ¥, which assigns to every m € M an
element ¥;, of T,,M. To each function F € .% (U), where U is an open subset of M,
we can associate a function ¥'[F| on U by defining, for all m € U,

V[F)(m) := VpFp € F. (B.6)

We also write ¥;,[F] for ¥;,,F,, so that ¥;,[F] = ¥ [F](m). We say that ¥ is a smooth
vector field (respectively holomorphic vector field) on M if for every open subset
U C M and for every function F € .%(U), the function ¥'[F], defined by (B.6),
belongs to % (U) (i.e., it is a smooth, respectively holomorphic function on U).
When the type of manifold which is considered is irrelevant or is clear from the
context, we simply say vector field for smooth or holomorphic vector field. Notice
that we use square brackets to denote the action of a vector field on a function.

With respect to pointwise multiplication, the vector fields on M form an .7 (M)-
module, which is denoted by X!(M). Viewed as a vector space, X!(M) is a Lie
algebra, where the Lie bracket is the commutator of vector fields, defined as follows.
Let ¥ and % be vector fields on M, and let m € M. For every function F, defined
in a neighborhood of m, letting

[V ) () = P W [F]) = W (V[F])

m m

leads to a well-defined linear map [¥,#],, : Fm(M)/ ~ — F, which is eas-
ily shown to be a pointwise derivation at m. For given vector fields ¥ and #
on M, the map which assigns to every m € M the element [¥,%],, of the tan-
gent space T,,M is a (smooth or holomorphic) vector field, hence we have a map
[,]: XM (M) x X' (M) — X' (M). Clearly, [-,] is a skew-symmetric bilinear map,
which satisfies the Jacobi identity, hence it defines a Lie algebra structure on X! (M);
it is called the Lie bracket on vector fields.

We have seen that amap ¥ : M — N leads for every m € M to a linear map 7,,'¥ :
TnM — Tip(,,)N. However, since ¥ is in general neither injective nor surjective, this
collection of linear maps cannot be used to associate to a vector field ¥ on M, a
vector field on N. Nevertheless, when Y is bijective, so that ¥ is a diffeomorphism
(or biholomorphism), we get a vector field ¥, # on N by setting

(lP*,V)‘P(m) = (Tm.{l),y/m ’

for all m € M. The vector field W, ¥ is called the pushforward of ¥ by P.
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It is clear that vector fields can be restricted to open subsets; we usually do not
make a notational distinction between a vector field on M and its restriction to some
open subset of M. It is also clear from (B.6) that ¥ defines, for every open subset U
of M, a derivation of .% (U), i.e., we have

VIFGl=FYI[G|+GY[F],
forall F,G € & (U). In particular, a vector field on M defines a derivation of % (M).

Remark B.4. It is shown in standard books on differential geometry that for a real
manifold M, the above natural correspondence between (smooth) vector fields on M
and derivations of .% (M) is bijective. For complex manifolds however, this is not
true in general: think of a compact complex torus C?/Z?¢, which has non-trivial
holomorphic vector fields, but whose algebra of holomorphic functions consists of
constant functions only, so that all its derivations are trivial. The same phenomenon
occurs for skew-symmetric biderivations and bivector fields (e.g., Poisson struc-
tures), introduced in Chapter 1.

Remark B.5. The set of all tangent vectors at m, for m ranging through M, has a
natural vector bundle structure over M, denoted TM — M. The fiber over m is the
vector space T,,M and the vector fields on M can be defined as the (smooth, holo-
morphic) sections of TM — M. In abstract geometrical constructions, it is the latter
point of view on vector fields which is often the most appropriate.

On a coordinate chart (U,x) of M, there are d distinguished vector fields d/dx;, i =
1,...,d, which are defined by m — (ai) , for all m € U, which amounts to defining

Xi

d

o [Fm) 1= GF (x(m) (B.7)

for all F € .% (M), where F : x(U) — F is the coordinate expression of F, as in
Fig. B.2. By a slight abuse of notation, we usually write g—fl(m) instead of either
expression in (B.7). If 7" is a map which assigns to every m € U an element %, €
T,,M, then ¥ can be written in a unique way as ¥ = Y%, 7 9/dx;, since the

pointwise derivations (aix) form a basis of 7,,M, for every m € U. Then ¥ is
t/m

a (smooth) vector field on U if and only if the coefﬁqients () in this ¢xpression
belong to .% (U). It is clear that these coefficients # () are given by ¥ () = ¥#[x].
By a slight abuse of language, we often refer to the expression

d
d

as a coordinate expression of ¥ in the coordinate chart (U,x). It is very useful for
explicit computations, as it allows us to compute with vector fields on a manifold,
locally, in the same way as on F¢.
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t/
{ d }

I (T)tl M

Fig. B.4 For a given vector field on a manifold, there passes through every point of the manifold a
unique integral curve.

B.4 The Flow of a Vector Field

Let 7 be a vector field on a manifold M and let m € M. The fundamental theo-
rem on the existence and uniqueness of solutions of first order ordinary differential
equations with initial conditions, tells us that there exists a connected open neigh-
borhood I of 0 in IF, and there exists a map ¢ : I — M, such that ¢(0) = m and such
that q

(Tv9) (d_> =%%w) (B.9)

t)

for all ¢ € I; the map is unique in the sense that if ¢; : [; — M and ¢, : I, — M are
two such maps, then they coincide on (I; N 1), the connected component of their
common intersection, which contains 0,

¢1‘(11”12>0 B ¢2‘(’1“’2)0 .
The map ¢ or the pair (I, ) is called an integral curve of ¥, passing through m, see
Fig. B.4. By a slight abuse of notation, the left-hand side in (B.9) is often denoted
by % (¢'); using this notation (B.9) takes the more familiar form

do

a (I/) = %(,/) .

The integral curves of a vector field depend smoothly on the initial data; this is stated
in a precise way in the following theorem (see [187, Ch. 5] for a proof).

Theorem B.6. Let ¥ be a vector field on a manifold M and let m € M. There exists
a neighborhood U of (0,m) in F x M and there exists a map @ : U — M such that,
for every (0,m’) € U, the restriction

@, iy =M, (B.10)

is an integral curve of V¥, passing through m'; the subset I, in (B.10) is the
connected component of U N (F x {m'}) which contains (0,m’). Moreover, ® has
the following property: for every (f',m) in the connected component of (0,m) in
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U N (F x {m}), there exists a neighborhood Uy of (t',m) in U, such that the restric-
tion
CDlUt/ Uy — M,

is a diffeomorphism (biholomorphism) between Uy and its image @ (Uy).

We refer to such a map @ as being the (local) flow of the vector field ¥ in a neigh-
borhood of m. The diffeomorphism @| Uy is called the local flow at ¢’ and is usually
denoted by @, (omitting its domain of definition, which is all of M in good cases,
for example when M is a compact real manifold).

An important and useful consequence of the (local) existence of the flow of a
vector field, is the straightening theorem, which says that the coordinate expression
of a vector field on a manifold takes a particularly simple form, at points where the
vector field does not vanish.

Theorem B.7 (Straightening theorem). Let M be a manifold and let ¥ be a vector
field on M. If m € M is such that ¥ (m) # 0, then there exist local coordinates
X1y...,Xq on a neighborhood U of m, such that ¥ = d/dx; on U.

B.5 The Frobenius Theorem

Instead of having a vector at every point of a manifold M, as is the case of a vector
field on M, one may have a one-dimensional subspace of the tangent space to M,
at every point of M. This is what is called a 1-dimensional distribution on M; a
k-dimensional distribution & on M is then the datum of a k-dimensional subspace
2(m) of T,,M for every m € M. One says that 2 is smooth (or holomorphic) if
there exist for every m € M smooth (or holomorphic) vector fields #1,...,%, on a
neighborhood U of m, such that

Z(m) = span{(#1),,, -, (Vi) } 5

for every m € U. When it is clear from the context, we often simply say distribution
for smooth (or holomorphic) distribution. A vector field ¥/, defined on an open
subset U of M, is said to be adapted to 2 on U if ¥;, € Z(m) for everym € U. A
distribution & on M is said to be involutive if for every open subset U of M, and for
every pair of vector fields on U, which are adapted to & on U, their Lie bracket is
also adapted to Z on U. Involutivity of a distribution is a very strong condition, as
is plain from Frobenius’ theorem.

Theorem B.8 (Frobenius’ theorem). Let M be a d-dimensional manifold and sup-
pose that D is a k-dimensional distribution on M. If 9 is involutive, then every point
m € M admits a coordinate chart (U,x), with m € U, such that

n_ J J /
_@(m)Span{<8—m)m,,...,<a—xk>ml}, foreverym' € U .
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For a short and elementary proof, which is immediately adapted to the holomorphic
case, we refer to [41] or [138]. It is clear that Frobenius’ theorem can be seen as a
generalization of the straightening theorem (Theorem B.7).



References

14.

15.

16.

. R. Abraham and J. Marsden. Foundations of mechanics. Benjamin/Cummings Publishing

Co. Inc. Advanced Book Program, Reading, MA, 1978. Second edition, revised and enlarged,
With the assistance of T. Ratiu and R. Cushman.

M. Adler. On a trace functional for formal pseudo differential operators and the symplectic
structure of the Korteweg-de Vries type equations. Invent. Math., 50(3):219-248, 1978/79.
M. Adler, P. van Moerbeke, and P. Vanhaecke. Algebraic integrability, Painlevé geometry and
Lie algebras, volume 47 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A
Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd
Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2004.

A. Alekseev. A new proof of the convexity theorem for the Poisson-Lie moment map. In
Geometry and physics (Aarhus, 1995), volume 184 of Lecture Notes in Pure and Appl. Math.,
pages 231-236. Dekker, New York, 1997.

A. Alekseev. On Poisson actions of compact Lie groups on symplectic manifolds. J. Differ-
ential Geom., 45(2):241-256, 1997.

A. Alekseev and Y. Kosmann-Schwarzbach. Manin pairs and moment maps. J. Differential
Geom., 56(1):133-165, 2000.

A. Alekseev, Y. Kosmann-Schwarzbach, and E. Meinrenken. Quasi-Poisson manifolds.
Canad. J. Math., 54(1):3-29, 2002.

A. Alekseev and A. Malkin. Symplectic structure of the moduli space of flat connection[s]
on a Riemann surface. Comm. Math. Phys., 169(1):99-119, 1995.

. A. Alekseev, A. Malkin, and E. Meinrenken. Lie group valued moment maps. J. Differential

Geom., 48(3):445-495, 1998.

. A. Alekseev and E. Meinrenken. Clifford algebras and the classical dynamical Yang-Baxter

equation. Math. Res. Lett., 10(2-3):253-268, 2003.

. A. Alekseev and E. Meinrenken. On the Kashiwara-Vergne conjecture. Invent. Math.,

164(3):615-634, 2006.

. A. Alekseev, E. Meinrenken, and C. Woodward. Linearization of Poisson actions and singular

values of matrix products. Ann. Inst. Fourier (Grenoble), 51(6):1691-1717, 2001.

. J. Andersen, J. Mattes, and N. Reshetikhin. The Poisson structure on the moduli space of flat

connections and chord diagrams. Topology, 35(4):1069-1083, 1996.

D. Arnal, D. Manchon, and M. Masmoudi. Choix des signes pour la formalité¢ de M. Kontse-
vich. Pacific J. Math., 203(1):23-66, 2002.

V. Arnol’d. Mathematical methods of classical mechanics. Springer-Verlag, New York,
1978. Translated from the Russian by K. Vogtmann and A. Weinstein, Graduate Texts in
Mathematics, 60.

V. Arnol’d. Remarks on Poisson structures on a plane and on other powers of volume ele-
ments. J. Soviet Math., 47(3):2509-2516, 1989.

C. Laurent-Gengoux et al., Poisson Structures, 439
Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4, © Springer-Verlag Berlin Heidelberg 2013


http://dx.doi.org/10.1007/978-3-642-31090-4

440

19.

20.

21.
22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

References

. V.I. Amol’d, S. M. Gusein-Zade, and A. N. Varchenko. Singularities of differentiable maps.
Vol. I, volume 82 of Monographs in Mathematics. Birkhauser Boston Inc., Boston, MA,
1985. The classification of critical points, caustics and wave fronts, Translated from the Rus-
sian by Ian Porteous and Mark Reynolds.

. M. Audin. Torus actions on symplectic manifolds, volume 93 of Progress in Mathematics.

Birkhauser Verlag, Basel, revised edition, 2004.

F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer. Deformation theory

and quantization. I. Deformations of symplectic structures. Ann. Physics, 111(1):61-110,

1978.

F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer. Deformation theory

and quantization. II. Physical applications. Ann. Physics, 111(1):111-151, 1978.

F. A. Berezin. Quantization. Izv. Akad. Nauk SSSR Ser. Mat., 38:1116-1175, 1974.

R. Bezrukavnikov and V. Ginzburg. On deformations of associative algebras. Ann. of Math.

(2), 166(2):533-548, 2007.

K. H. Bhaskara and K. Viswanath. Poisson algebras and Poisson manifolds, volume 174 of

Pitman Research Notes in Mathematics Series. Longman Scientific & Technical, Harlow,

1988.

F. Bottacin. Poisson structures on moduli spaces of sheaves over Poisson surfaces. Invent.

Math., 121(2):421-436, 1995.

F. Bottacin. Poisson structures on Hilbert schemes of points of a surface and integrable sys-

tems. Manuscripta Math., 97(4):517-527, 1998.

F. Bottacin. Poisson structures on moduli spaces of parabolic bundles on surfaces.

Manuscripta Math., 103(1):31-46, 2000.

N. Bourbaki. Lie groups and Lie algebras. Chapters 1-3. Elements of Mathematics (Berlin).

Springer-Verlag, Berlin, 1998. Translated from the French, Reprint of the 1989 English trans-

lation.

J.-L. Brylinski. A differential complex for Poisson manifolds. J. Differential Geom.,

28(1):93-114, 1988.

D. Bump. Lie groups, volume 225 of Graduate Texts in Mathematics. Springer-Verlag, New

York, 2004.

F. Butin. Poisson homology in degree O for some rings of symplectic invariants. J. Algebra,

322(10):3580-3613, 2009.

M. Cahen, S. Gutt, and J. Rawnsley. Nonlinearizability of the Iwasawa Poisson Lie structure.

Lett. Math. Phys., 24(1):79-83, 1992.

M. Cahen, S. Gutt, and J. Rawnsley. Some remarks on the classification of Poisson Lie

groups. In Symplectic geometry and quantization (Sanda and Yokohama, 1993 ), volume 179

of Contemp. Math., pages 1-16. Amer. Math. Soc., Providence, RI, 1994.

A. Cannas da Silva. Lectures on symplectic geometry, volume 1764 of Lecture Notes in Math-

ematics. Springer-Verlag, Berlin, 2001.

A. Cannas da Silva and A. Weinstein. Geometric models for noncommutative algebras, vol-

ume 10 of Berkeley Mathematics Lecture Notes. American Mathematical Society, Provi-

dence, RI, 1999.

A. Cattaneo. On the integration of Poisson manifolds, Lie algebroids, and coisotropic sub-

manifolds. Lett. Math. Phys., 67(1):33-48, 2004.

A. Cattaneo. Deformation quantization from functional integrals. In Déformation, quantifi-

cation, théorie de Lie, volume 20 of Panoramas et Synthéses [Panoramas and Syntheses],

pages 123—-164. Société Mathématique de France, Paris, 2005.

A. Cattaneo and G. Felder. A path integral approach to the Kontsevich quantization formula.

Comm. Math. Phys., 212(3):591-611, 2000.

A. Cattaneo, G. Felder, and L. Tomassini. From local to global deformation quantization of

Poisson manifolds. Duke Math. J., 115(2):329-352, 2002.

A. Cattaneo, B. Keller, Ch. Torossian, and A. Bruguieres. Déformation, quantification,

théorie de Lie, volume 20 of Panoramas et Synthéses [Panoramas and Syntheses]. Société

Mathématique de France, Paris, 2005.



References 441

40

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

. V. Chari and A. Pressley. A guide to quantum groups. Cambridge University Press, Cam-
bridge, 1995. Corrected reprint of the 1994 original.

S. Chern and J. Wolfson. A simple proof of Frobenius theorem. In Manifolds and Lie groups
(Notre Dame, IN, 1980), volume 14 of Progr. Math., pages 67—69. Birkhauser, Boston,
MA, 1981.

C. Chevalley. Invariants of finite groups generated by reflections. Amer. J. Math., 77:778-
782, 1955.

N. Chriss and V. Ginzburg. Representation theory and complex geometry. Birkhauser Boston
Inc., Boston, MA, 1997.

D. Collingwood and W. McGovern. Nilpotent orbits in semisimple Lie algebras. Van Nos-
trand Reinhold Mathematics Series. Van Nostrand Reinhold Co., New York, 1993.

J. Conn. Normal forms for analytic Poisson structures. Ann. of Math. (2), 119(3):577-601,
1984.

J. Conn. Normal forms for smooth Poisson structures. Ann. of Math. (2), 121(3):565-593,
1985.

A. Coste, P. Dazord, and A. Weinstein. Groupoides symplectiques. In Publications du
Département de Mathématiques. Nouvelle Série. A, Vol. 2, volume 87 of Publ. Dép. Math.
Nouvelle Sér. A, pages i—ii, 1-62. Univ. Claude-Bernard, Lyon, 1987.

Th. Courant. Dirac manifolds. Trans. Amer. Math. Soc., 319(2):631-661, 1990.

M. Crainic and R. Fernandes. Integrability of Lie brackets. Ann. of Math. (2), 157(2):575—
620, 2003.

M. Crainic and R. Fernandes. Integrability of Poisson brackets. J. Differential Geom.,
66(1):71-137, 2004.

M. Crainic and R. Fernandes. Stability of symplectic leaves. Invent. Math., 180(3):481-533,
2010.

M. Crainic and R. Fernandes. A geometric approach to Conn’s linearization theorem. Ann.
of Math. (2), 173(2):1121-1139, 2011.

M. Crainic and R. Fernandes. Lectures on integrability of Lie brackets. In Lectures on
Poisson geometry, volume 17 of Geom. Topol. Monogr., pages 1-107. Geom. Topol. Publ.,
Coventry, 2011.

P. Damianou and R. Fernandes. From the Toda lattice to the Volterra lattice and back. Rep.
Math. Phys., 50(3):361-378, 2002.

P. Damianou and R. Fernandes. Integrable hierarchies and the modular class. Ann. Inst.
Fourier (Grenoble), 58(1):107-137, 2008.

P. Damianou, H. Sabourin, and P. Vanhaecke. Transverse Poisson structures to adjoint orbits
in semisimple Lie algebras. Pacific J. Math., 232(1):111-138, 2007.

M. De Wilde and P. Lecomte. Existence of star-products and of formal deformations
of the Poisson Lie algebra of arbitrary symplectic manifolds. Lett. Math. Phys., 7(6):487—
496, 1983.

V. Drinfel’d. Hamiltonian structures on Lie groups, Lie bialgebras and the geometric meaning
of classical Yang-Baxter equations. Dokl. Akad. Nauk SSSR, 268(2):285-287, 1983.

V. Drinfel’d. Quantum groups. In Proceedings of the International Congress of Mathemati-
cians, Vol. 1, 2 (Berkeley, CA, 1986), pages 798-820, Providence, RI, 1987. Amer. Math.
Soc.

J.-P. Dufour and A. Haraki. Rotationnels et structures de Poisson quadratiques. C. R. Acad.
Sci. Paris Sér. I Math., 312(1):137-140, 1991.

J.-P. Dufour and M. Zhitomirskii. Classification of nonresonant Poisson structures. J. London
Math. Soc. (2), 60(3):935-950, 1999.

J.-P. Dufour and M. Zhitomirskii. Singularities and bifurcations of 3-dimensional Poisson
structures. Israel J. Math., 121:199-220, 2001.

J.-P. Dufour and N. T. Zung. Poisson structures and their normal forms, volume 242 of
Progress in Mathematics. Birkhauser Verlag, Basel, 2005.

J.-P. Dufour and N.T. Zung. Linearization of Nambu structures. Compositio Math.,
117(1):77-98, 1999.



442

65

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

71.

78.

79.

80.

81.

82.

83.

84.
85.

86.

87.

88.

89.
90.

References

. J. Duistermaat. On global action-angle coordinates. Comm. Pure Appl. Math., 33(6):687—
706, 1980.

J. Duistermaat and J. Kolk. Lie groups. Universitext. Springer-Verlag, Berlin, 2000.

Ch. Ehresmann. Les connexions infinitésimales dans un espace fibré différentiable. In
Colloque de topologie (espaces fibrés), Bruxelles, 1950, pages 29-55. Georges Thone,
Liege, 1951.

P. Etingof and V. Ginzburg. Noncommutative del Pezzo surfaces and Calabi-Yau algebras.
J. Eur. Math. Soc. (JEMS), 12(6):1371-1416, 2010.

P. Etingof and A. Varchenko. Geometry and classification of solutions of the classical dy-
namical Yang-Baxter equation. Comm. Math. Phys., 192(1):77-120, 1998.

P. Etingof and A. Varchenko. Solutions of the quantum dynamical Yang-Baxter equation and
dynamical quantum groups. Comm. Math. Phys., 196(3):591-640, 1998.

S. Evens, J.-H. Lu, and A. Weinstein. Transverse measures, the modular class and a coho-
mology pairing for Lie algebroids. Quart. J. Math. Oxford Ser. (2), 50(200):417-436, 1999.
L. Faddeev and L. Takhtajan. Hamiltonian methods in the theory of solitons. Classics in
Mathematics. Springer, Berlin, English edition, 2007. Translated from the 1986 Russian orig-
inal by A. Reyman.

B. Fedosov. A simple geometrical construction of deformation quantization. J. Differential
Geom., 40(2):213-238, 1994.

R. Fernandes. Connections in Poisson geometry. I. Holonomy and invariants. J. Differential
Geom., 54(2):303-365, 2000.

R. Fernandes. Lie algebroids, holonomy and characteristic classes. Adv. Math., 170(1):119-
179, 2002.

R. Fernandes and Ph. Monnier. Linearization of Poisson brackets. Lett. Math. Phys., 69:89—
114, 2004.

V. V. Fock and A. A. Rosly. Poisson structure on moduli of flat connections on Riemann
surfaces and the r-matrix. In Moscow Seminar in Mathematical Physics, volume 191 of Amer.
Math. Soc. Transl. Ser. 2, pages 67-86. Amer. Math. Soc., Providence, RI, 1999.

A. Fomenko. Integrability and nonintegrability in geometry and mechanics, volume 31 of
Mathematics and its Applications (Soviet Series). Kluwer Academic Publishers Group, Dor-
drecht, 1988. Translated from the Russian by M. V. Tsaplina.

J.-P. Frangoise, G. L. Naber, and T. S. Tsun, editors. Encyclopedia of mathematical physics.
Vol. 1, 2, 3, 4, 5. Academic Press/Elsevier Science, Oxford, 2006.

W. Fulton and J. Harris. Representation theory, volume 129 of Graduate Texts in Mathemat-
ics. Springer-Verlag, New York, 1991. A first course, Readings in Mathematics.

I. Gel’fand and I. Dorfman. Hamiltonian operators and the classical Yang-Baxter equation.
Funktsional. Anal. i Prilozhen., 16(4):1-9, 96, 1982.

M. Gerstenhaber. On the deformation of rings and algebras. Ann. of Math. (2), 79:59-103,
1964.

V. Ginzburg. Momentum mappings and Poisson cohomology. Internat. J. Math., 7(3):329—
358, 1996.

V. Ginzburg. Coisotropic intersections. Duke Math. J., 140(1):111-163, 2007.

V. Ginzburg and D. Kaledin. Poisson deformations of symplectic quotient singularities. Adv.
Math., 186(1):1-57, 2004.

V. Ginzburg and A. Weinstein. Lie-Poisson structure on some Poisson Lie groups. J. Amer.
Math. Soc., 5(2):445-453, 1992.

J. Grabowski, G. Marmo, and P. W. Michor. Construction of completely integrable systems
by Poisson mappings. Modern Phys. Lett. A, 14(30):2109-2118, 1999.

J. Grabowski, G. Marmo, and A. M. Perelomov. Poisson structures: towards a classification.
Modern Phys. Lett. A, 8(18):1719-1733, 1993.

M. Gualtieri. Generalized complex geometry. PhD. Thesis, Oxford, 2004.

L. Guieu and C. Roger. L’algébre et le groupe de Virasoro. Les Publications CRM, Montreal,
QC, 2007. Aspects géométriques et algébriques, généralisations. [Geometric and algebraic
aspects, generalizations], With an appendix by V. Sergiescu.



References 443

91

92

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.
107.

108.

109.

110.

111.

112.

113.

114.

115.

. V. Guillemin. Moment maps and combinatorial invariants of Hamiltonian T"-spaces, vol-
ume 122 of Progress in Mathematics. Birkhauser Boston Inc., Boston, MA, 1994.

. V. Guillemin and S. Sternberg. Symplectic techniques in physics. Cambridge University

Press, Cambridge, second edition, 1990.

R. Hartshorne. Algebraic geometry. Springer-Verlag, New York, 1977. Graduate Texts in

Mathematics, No. 52.

N. Hitchin. Instantons, Poisson structures and generalized Kahler geometry. Comm. Math.

Phys., 265(1):131-164, 2006.

G. Hochschild and J.-P. Serre. Cohomology of Lie algebras. Ann. of Math. (2), 57:591-603,

1953.

J. Huebschmann. Poisson cohomology and quantization. J. Reine Angew. Math., 408:57-113,

1990.

J. Huebschmann. Poisson structures on certain moduli spaces for bundles on a surface. Ann.

Inst. Fourier (Grenoble), 45(1):65-91, 1995.

J. Huebschmann. Symplectic and Poisson structures of certain moduli spaces. I. Duke Math.

J., 80(3):737-756, 1995.

J. Humphreys. Introduction to Lie algebras and representation theory, volume 9 of Graduate

Texts in Mathematics. Springer-Verlag, New York, 1978. Second printing, revised.

C. Jacobi. Sur le mouvement d’un point et sur un cas particulier du probleme des trois corps.

Compt. Rend., 3:59-61, 1836.

C. Jacobi. Note von der geodatischen linie auf einem ellipsoid und den verschiedenen an-

wendungen einer merkwiirdigen analytischen substitution. J. Reine Angew. Math., 19:309—

313, 1839.

N. Jacobson. Lie algebras. Dover Publications Inc., New York, 1979. Republication of the

1962 original.

Ch. Kassel. Quantum groups, volume 155 of Graduate Texts in Mathematics. Springer-

Verlag, New York, 1995.

S. Khoroshkin, A. Radul, and V. Rubtsov. A family of Poisson structures on Hermitian sym-

metric spaces. Comm. Math. Phys., 152(2):299-315, 1993.

A. A. Kirillov. Unitary representations of nilpotent Lie groups. Uspehi Mat. Nauk,

17(4(106)):57-110, 1962.

A. A. Kirillov. Local Lie algebras. Uspehi Mat. Nauk, 31(4(190)):57-76, 1976.

M. Kontsevich. Deformation quantization of Poisson manifolds. Lett. Math. Phys.,

66(3):157-216, 2003 (q-alg/9709040, 1997).

Y. Kosmann-Schwarzbach. Quantum and classical Yang-Baxter equations. Modern Phys.

Lett. A, 5(13):981-990, 1990.

Y. Kosmann-Schwarzbach. From Poisson algebras to Gerstenhaber algebras. Ann. Inst.

Fourier (Grenoble), 46(5):1243—-1274, 1996.

Y. Kosmann-Schwarzbach. Lie bialgebras, Poisson Lie groups and dressing transformations.

In Integrability of nonlinear systems (Pondicherry, 1996), volume 495 of Lecture Notes in

Phys., pages 104-170. Springer, Berlin, 1997.

Y. Kosmann-Schwarzbach. Odd and even Poisson brackets. In Quantum theory and symme-

tries (Goslar, 1999), pages 565-571. World Sci. Publ., River Edge, NJ, 2000.

Y. Kosmann-Schwarzbach. Quasi, twisted, and all that...in Poisson geometry and Lie al-

gebroid theory. In The breadth of symplectic and Poisson geometry, volume 232 of Progr.

Math., pages 363-389. Birkhauser Boston, Boston, MA, 2005.

Y. Kosmann-Schwarzbach. Poisson manifolds, Lie algebroids, modular classes: a survey.

SIGMA Symmetry Integrability Geom. Methods Appl., 4:Paper 005, 30, 2008.

Y. Kosmann-Schwarzbach. The Noether theorems. Sources and Studies in the History of

Mathematics and Physical Sciences. Springer, New York, 2011. Invariance and conserva-

tion laws in the twentieth century, Translated, revised and augmented from the 2006 French

edition by Bertram E. Schwarzbach.

Y. Kosmann-Schwarzbach and F. Magri. Poisson-Nijenhuis structures. Ann. Inst. H. Poincaré

Phys. Théor., 53(1):35-81, 1990.


http://arxiv.org/abs/q-alg/9709040

444

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.
127.
128.
129.
130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

References

Y. Kosmann-Schwarzbach and A. Weinstein. Relative modular classes of Lie algebroids.
C. R. Math. Acad. Sci. Paris, 341(8):509-514, 2005.

B. Kostant. Orbits, symplectic structures and representation theory. In Proc. U.S.-Japan Sem-
inar in Differential Geometry (Kyoto, 1965), page 71. Nippon Hyoronsha, Tokyo, 1966.
J.-L. Koszul. Crochet de Schouten-Nijenhuis et cohomologie. Astérisque, (Numero Hors
Serie):257-271, 1985. The mathematical heritage of Elie Cartan (Lyon, 1984).

A. Kotov, P. Schaller, and Th. Strobl. Dirac sigma models. Comm. Math. Phys., 260(2):455—
480, 2005.

C. Laurent-Gengoux, E. Miranda, and P. Vanhaecke. Action-angle coordinates for integrable
systems on Poisson manifolds. Int. Math. Res. Not. IMRN, (8):1839-1869, 2011.

C. Laurent-Gengoux, M. Stiénon, and P. Xu. Holomorphic Poisson manifolds and holomor-
phic Lie algebroids. Int. Math. Res. Not. IMRN, pages Art. ID rnn 130, 30, 2008.

A. Le Blanc. Quasi-Poisson structures and integrable systems related to the moduli space of
flat connections on a punctured Riemann sphere. J. Geom. Phys., 57(8):1631-1652, 2007.

P. Lecomte and C. Roger. Modules et cohomologies des bigebres de Lie. C. R. Acad. Sci.
Paris Sér. I Math., 310(6):405-410, 1990.

L.-C. Li and S. Parmentier. On dynamical Poisson groupoids. I. Mem. Amer. Math. Soc.,
174(824):vi+72, 2005.

P. Libermann and C.-M. Marle. Symplectic geometry and analytical mechanics, volume 35
of Mathematics and its Applications. D. Reidel Publishing Co., Dordrecht, 1987. Translated
from the French by B. E. Schwarzbach.

A. Lichnerowicz. Les variétés de Poisson et leurs algebres de Lie associées. J. Differential
Geometry, 12(2):253-300, 1977.

A. Lichnerowicz. Variétés de Poisson et feuilletages. Ann. Fac. Sci. Toulouse Math. (5), 4(3—
4):195-262 (1983), 1982.

S. Lie and F. Engel. Theorie der transformationsgruppen. Teubner Verlag, Leipzig, 2, 1890.
Z.-J. Liu and P. Xu. On quadratic Poisson structures. Lett. Math. Phys., 26(1):33—42, 1992.
Z.-J. Liu and P. Xu. Dirac structures and dynamical r-matrices. Ann. Inst. Fourier (Grenoble),
51(3):835-859, 2001.

J.-L. Loday. Cyclic homology, volume 301 of Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
1992. Appendix E by M. O. Ronco.

J.-H. Lu. Multiplicative and Affine Poisson structures on Lie groups. PhD. Thesis, University
of California at Berkeley, 1990.

J.-H. Lu. Momentum mappings and reduction of Poisson actions. In Symplectic geometry,
groupoids, and integrable systems (Berkeley, CA, 1989), volume 20 of Math. Sci. Res. Inst.
Publ., pages 209-226. Springer, New York, 1991.

J.-H. Lu. Coordinates on Schubert cells, Kostant’s harmonic forms, and the Bruhat Poisson
structure on G/B. Transform. Groups, 4(4):355-374, 1999.

J.-H. Lu. Classical dynamical r-matrices and homogeneous Poisson structures on G/H and
K/T. Comm. Math. Phys., 212(2):337-370, 2000.

J.-H. Lu and A. Weinstein. Poisson Lie groups, dressing transformations, and Bruhat decom-
positions. J. Differential Geom., 31(2):501-526, 1990.

J.-H. Lu and M. Yakimov. Group orbits and regular partitions of Poisson manifolds. Comm.
Math. Phys., 283(3):729-748, 2008.

A. Lundell. A short proof of the Frobenius theorem. Proc. Amer. Math. Soc., 116(4):1131—
1133, 1992.

K. Mackenzie. General theory of Lie groupoids and Lie algebroids, volume 213 of London
Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 2005.
K. Mackenzie and P. Xu. Lie bialgebroids and Poisson groupoids. Duke Math. J., 73(2):415-
452, 1994.

F. Magri. A simple model of the integrable Hamiltonian equation. J. Math. Phys.,
19(5):1156-1162, 1978.



References 445

142.

143.

144.

145.

146.

147.

148.

149.

150.

151.

152.
153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

S. Majid. Foundations of quantum group theory. Cambridge University Press, Cambridge,
1995.

Ch.-M. Marle. The Schouten-Nijenhuis bracket and interior products. J. Geom. Phys., 23(3—
4):350-359, 1997.

J. Marsden and T. Ratiu. Reduction of Poisson manifolds. Lett. Math. Phys., 11(2):161-169,
1986.

J. Marsden and T. Ratiu. Introduction to mechanics and symmetry, volume 17 of Texts in
Applied Mathematics. Springer-Verlag, New York, second edition, 1999. A basic exposition
of classical mechanical systems.

J. Marsden and A. Weinstein. Reduction of symplectic manifolds with symmetry. Rep. Math-
ematical Phys., 5(1):121-130, 1974.

J. McKay. Graphs, singularities, and finite groups. In The Santa Cruz Conference on Finite
Groups (Univ. California, Santa Cruz, CA, 1979), volume 37 of Proc. Sympos. Pure Math.,
pages 183—186. Amer. Math. Soc., Providence, RI, 1980.

Kenneth R. Meyer. Symmetries and integrals in mechanics. In Dynamical systems (Proc.
Sympos., Univ. Bahia, Salvador, 1971), pages 259-272. Academic Press, New York, 1973.
E. Miranda and N.T. Zung. A note on equivariant normal forms of Poisson structures. Math.
Res. Lett., 13(5-6):1001-1012, 2006.

Ph. Monnier. Une cohomologie associée a une fonction. Applications aux cohomologies de
Poisson et de Nambu-poisson. PhD. Thesis, Université de Montpellier, 2001.

Ph. Monnier. Formal Poisson cohomology of quadratic Poisson structures. Lett. Math. Phys.,
59(3):253-267, 2002.

Ph. Monnier. Poisson cohomology in dimension two. Israel J. Math., 129:189-207, 2002.
Ph. Monnier and N. T. Zung. Levi decomposition for smooth Poisson structures. J. Differen-
tial Geom., 68(2):347-395, 2004.

D. Mumford, J. Fogarty, and F. Kirwan. Geometric invariant theory, volume 34 of Ergebnisse
der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)].
Springer-Verlag, Berlin, third edition, 1994.

J. Nestruev. Smooth manifolds and observables, volume 220 of Graduate Texts in Mathe-
matics. Springer-Verlag, New York, 2003. Joint work of A. M. Astashov, A. B. Bocharov,
S. V. Duzhin, A. B. Sossinsky, A. M. Vinogradov and M. M. Vinogradov, Translated from
the 2000 Russian edition by Sossinsky, I. S. Krasil’schik and Duzhin.

A. Nijenhuis and R. Richardson. Deformations of Lie algebra structures. J. Math. Mech.,
17:89-105, 1967.

A. Odesskil and V. Rubtsov. Polynomial Poisson algebras with a regular structure of sym-
plectic leaves. Teoret. Mat. Fiz., 133(1):1321-1337, 2002.

P. Olver. Applications of Lie groups to differential equations, volume 107 of Graduate Texts
in Mathematics. Springer-Verlag, New York, second edition, 1993.

J.-P. Ortega and T. Ratiu. The optimal momentum map. In Geometry, mechanics, and dy-
namics, pages 329-362. Springer, New York, 2002.

J.-P. Ortega and T. Ratiu. Momentum maps and Hamiltonian reduction, volume 222 of
Progress in Mathematics. Birkhauser Boston Inc., Boston, MA, 2004.

V. Ovsienko and K. Rozhe. Deformations of Poisson brackets and extensions of Lie algebras
of contact vector fields. Russian Math. Surveys, 47(6):135-191, 1992.

J.-S. Park. Topological open p-branes. In Symplectic geometry and mirror symmetry (Seoul,
2000), pages 311-384. World Sci. Publ., River Edge, NJ, 2001.

S. Pelap. Poisson (co)homology of polynomial Poisson algebras in dimension four:
Sklyanin’s case. J. Algebra, 322(4):1151-1169, 2009.

A. M. Perelomov. Integrable systems of classical mechanics and Lie algebras. Vol. I.
Birkhduser Verlag, Basel, 1990. Translated from the Russian by A. G. Reyman.

D. Perrin. Algebraic geometry. Universitext. Springer-Verlag London Ltd., London, 2008.
An introduction, Translated from the 1995 French original by C. Maclean.

A. Pichereau. Poisson (co)homology and isolated singularities. J. Algebra, 299(2):747-777,
2006.



446

167.

168.

169.

170.

171.

172.

173.

174.

175.

176.

177.

178.

179.

180.

181.

182.

183.

184.

185.
186.

187.

188.

189.

190.

191.

References

A. Pichereau. Formal deformations of Poisson structures in low dimensions. Pacific J. Math.,
239(1):105-133, 2009.

A. Pichereau and G. Van de Weyer. Double Poisson cohomology of path algebras of quivers.
J. Algebra, 319(5):2166-2208, 2008.

S. Poisson. Mémoire sur la variation des constantes arbitraires dans les questions de
mécanique. J. Ecole Polytec., 8:266-344, 1809.

A. Polishchuk. Algebraic geometry of Poisson brackets. J. Math. Sci. (New York),
84(5):1413-1444, 1997. Algebraic geometry, 7.

J. Pradines. Théorie de Lie pour les groupoides différentiables. Calcul différentiel dans
la catégorie des groupoides infinitésimaux. C. R. Acad. Sci. Paris Sér. A-B, 264:A245—
A248, 1967.

B. Przybylski. Complex Poisson manifolds. In Differential geometry and its applications
(Opava, 1992), volume 1 of Math. Publ., pages 227-241. Silesian Univ. Opava, Opava, 1993.
0. Radko. A classification of topologically stable Poisson structures on a compact oriented
surface. J. Symplectic Geom., 1(3):523-542, 2002.

C. Roger and P. Vanhaecke. Poisson cohomology of the affine plane. J. Algebra, 251(1):448—
460, 2002.

V. Roubtsov and T. Skrypnyk. Compatible Poisson brackets, quadratic Poisson algebras
and classical r-matrices. In Differential equations: geometry, symmetries and integrability,
volume 5 of Abel Symp., pages 311-333. Springer, Berlin, 2009.

P. Saksida. Lattices of Neumann oscillators and Maxwell-Bloch equations. Nonlinearity,
19(3):747-768, 2006.

J. A. Schouten. Ueber Differentialkomitanten zweier kontravarianter Grossen. Nederl. Akad.
Wetensch., Proc., 43:449-452, 1940.

J. A. Schouten. On the differential operators of first order in tensor calculus. Rapport ZA
1953-012. Math. Centrum Amsterdam, 1953.

M. Semenov-Tian-Shansky. What a classical r-matrix is. Functional Anal. Appl., 17(4):259-
272, 1983.

M. Semenov-Tian-Shansky. Dressing transformations and Poisson group actions. Publ. Res.
Inst. Math. Sci., 21(6):1237-1260, 1985.

J.-P. Serre. Local fields, volume 67 of Graduate Texts in Mathematics. Springer-Verlag, New
York, 1979. Translated from the French by M. J. Greenberg.

I. Shafarevich. Basic algebraic geometry. 1. Springer-Verlag, Berlin, second edition, 1994.
Varieties in projective space, Translated from the 1988 Russian edition and with notes by
M. Reid.

P. Slodowy. Simple singularities and simple algebraic groups, volume 815 of Lecture Notes
in Mathematics. Springer, Berlin, 1980.

J. Sniatycki and W. M. Tulczyjew. Generating forms of Lagrangian submanifolds. Indiana
Univ. Math. J., 22:267-275, 1972/73.

J.-M. Souriau. Quantification géométrique. Comm. Math. Phys., 1:374-398, 1966.

M. Spivak. Calculus on manifolds. A modern approach to classical theorems of advanced
calculus. W. A. Benjamin, Inc., New York-Amsterdam, 1965.

M. Spivak. A comprehensive introduction to differential geometry. Vol. I. Publish or Perish
Inc., Wilmington, DE, second edition, 1979.

T. A. Springer. Invariant theory. Lecture Notes in Mathematics, Vol. 585. Springer-Verlag,
Berlin, 1977.

D. E. Tamarkin. Operadic proof of M. Kontsevich’s formality theorem. ProQuest LLC, Ann
Arbor, MI, 1999. Thesis (Ph.D.)-The Pennsylvania State University.

P. Tauvel and R. Yu. Lie algebras and algebraic groups. Springer Monographs in Mathemat-
ics. Springer-Verlag, Berlin, 2005.

A. Thimm. Integrable geodesic flows on homogeneous spaces. Ergodic Theory Dynamical
Systems, 1(4):495-517 (1982), 1981.



References 447

192.

193.

194.

195.

196.

197.

198.

199.

200.
201.

202.
203.

204.

205.

206.

207.

208.

209.

W. M. Tulczyjew. Geometric formulations of physical theories, volume 11 of Monographs
and Textbooks in Physical Science. Lecture Notes. Bibliopolis, Naples, 1989. Statics and
dynamics of mechanical systems.

I. Vaisman. Remarks on the Lichnerowicz-Poisson cohomology. Ann. Inst. Fourier (Greno-
ble), 40(4):951-963 (1991), 1990.

1. Vaisman. Lectures on the geometry of Poisson manifolds, volume 118 of Progress in Math-
ematics. Birkhauser Verlag, Basel, 1994.

I. Vaisman. Lectures on symplectic and Poisson geometry. Textos de Matematica.
Série B [Texts in Mathematics. Series B], 23. Universidade de Coimbra Departamento de
Matematica, Coimbra, 2000. Notes edited by Fani Petalidou.

P. Vanhaecke. Integrable systems in the realm of algebraic geometry, volume 1638 of Lecture
Notes in Mathematics. Springer-Verlag, Berlin, second edition, 2001.

A. M. Vinogradov. The union of the Schouten and Nijenhuis brackets, cohomology, and
superdifferential operators. Mat. Zametki, 47(6):138—140, 1990.

F. Warner. Foundations of differentiable manifolds and Lie groups, volume 94 of Gradu-
ate Texts in Mathematics. Springer-Verlag, New York, 1983. Corrected reprint of the 1971
edition.

A. Weinstein. The local structure of Poisson manifolds. J. Differential Geom., 18(3):523—
557, 1983.

A. Weinstein. Affine Poisson structures. Internat. J. Math., 1(3):343-360, 1990.

A. Weinstein. The modular automorphism group of a Poisson manifold. J. Geom. Phys.,
23(3-4):379-394, 1997.

A. Weinstein. Poisson geometry. Differential Geom. Appl., 9(1-2):213-238, 1998.

R. Wells. Differential analysis on complex manifolds, volume 65 of Graduate Texts in Math-
ematics. Springer, New York, third edition, 2008. With a new appendix by O. Garcia-Prada.
E. Whittaker. A treatise on the analytical dynamics of particles and rigid bodies. Cambridge
Mathematical Library. Cambridge University Press, Cambridge, 1988. With an introduction
to the problem of three bodies, Reprint of the 1937 edition, With a foreword by W. McCrea.
P. Xu. Poisson cohomology of regular Poisson manifolds. Ann. Inst. Fourier (Grenoble),
42(4):967-988, 1992.

P. Xu. Gerstenhaber algebras and BV-algebras in Poisson geometry. Comm. Math. Phys.,
200(3):545-560, 1999.

P. Xu. Dirac submanifolds and Poisson involutions. Ann. Sci. Ecole Norm. Sup. (4),
36(3):403-430, 2003.

P. Xu. Momentum maps and Morita equivalence. J. Differential Geom., 67(2):289-333,
2004.

M. Yakimov. Symplectic leaves of complex reductive Poisson-Lie groups. Duke Math. J.,
112(3):453-509, 2002.



Index

action
adjoint, 120
coadjoint, 120
coordinates, 347
dressing, 321
Hamiltonian, 153
locally free, 119
Poisson, 148
proper, 119
action-angle theorem, 347
adapted vector field, 436
Ad-invariant
bilinear form, 121
function, 122
multivector, 121
Ad*-invariant function, 122
ad-invariant
bilinear form, 122
tensor, 276
adjoint
representation, 120
adjoint action, 120
Adler-Kostant—Symes theorem, 337
affine
coordinate ring, 8
Poisson variety, 8
subvariety, 47
variety, 8
algebra, 418
exterior, 415
Gerstenhaber, 84
graded, 419, 420
graded Lie, 420
homomorphism, 419
graded, 420
Lie, 114, 115,418
Nambu—Poisson, 222

C. Laurent-Gengoux et al., Poisson Structures,

Poisson, 4, 368
symmetric, 371, 415
tensor, 413
algebraic group, 116
reductive, 116
angle coordinates, 347
anti-Poisson map, 295
Arnold’s theorem, 241
arrow, 400
associative product, 418
atlas, 427

basic function, 345
bi-Hamiltonian
hierarchy, 334
manifold, 333
vector field, 333
bialgebra
Lie, 305
biderivation, 5
pointwise, 17
skew-symmetric, 5
bidual, 412
bilinear form
Ad-invariant, 121
ad-invariant, 122
invariant, 121
non-degenerate, 122, 182
bivector, 163
field, 16, 17
boundary operator
Lie, 98
Poisson, 99
bracket
associated, 276
Gerstenhaber, 357
graded Lie, 420

Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4, © Springer-Verlag Berlin Heidelberg 2013

449


http://dx.doi.org/10.1007/978-3-642-31090-4

450 Index

Lie, 418, 433 constants
linearized, 314 structure, 182
notation, 19 coordinate
Poisson, 4 affine
Schouten, 79 ring, 8
bundle chart, 427
tangent, 19 adapted, 49
expression, 428, 434
Campbell-Hausdorff formula, 379 coordinates
canonical coordinates, 166 action, 347
Cartan’s formula, 80 angle, 347
Casimir, 7 canonical, 166
centered coordinates, 427 Darboux, 26
centralizer, 227 local, 427
closed form, 72 log-canonical, 220
coadjoint splitting, 24
representation, 120 transverse, 347
coadjoint action, 120 coproduct, 422
coalgebra, 422 graded, 422
graded, 422 cotangent
homomorphism, 422 bundle, 175
coboundary space, 14, 16, 430
Hochschild, 358 cubic polynomial, 258
Lie, 92 curve
Lie bialgebra, 276 integral, 435
Poisson, 95
cocycle Darboux
group, 294 coordinates, 26
Hochschild, 358 theorem, 26
Lie, 92 de Rham
Poisson, 95 cohomology, 73, 75
coderivation differential, 72, 75
graded, 426 de-concatenation, 423
cohomology deformation
Chevalley-Eilenberg, 93 equivalent, 354, 368
de Rham, 73, 75 order k, 356
group, 294 formal, 354, 367
Hochschild, 358 order k, 356, 368
Lie algebra, 92 quantization, 362
Poisson, 95 degree, 206
coisotropic submanifold, 129 of homogeneous element, 419
commutator, 419 of linear map, 419
graded, 420 shifted, 79
compatible, 80 density
complete triple, 321 invariant, 105
complex manifold, 428 derivation, 4, 88
complex of de Rham, 72, 75 p-derivation, 64
conjugation, 117 exterior, 94
Conn’s theorem, 201 graded, 425
connection Hamiltonian, 6
symplectic, 366 inner, 94, 359
constant of motion, 330 pointwise, 429

constant Poisson structure, 165 Poisson, 23



Index

diagonal Poisson structure, 214
diagonalizable
Poisson structure, 220
vector field, 220
differential, 16, 372, 430
de Rham, 72, 75
form, 74
graded Lie algebra, 372
morphism, 375
pointed, 373
Kahler, 69
total, 375
dimension, 14, 16, 427, 428
distribution, 436
holomorphic, 436
integrable, 29
involutive, 436
singular, 29
smooth, 436
divergence
of Poisson structure, 108
operator, 107
domain, 427
double
Lie algebra, 270
of Lie bialgebra, 305
dressing
action, 321
group, 322
Du Val singularity, 265
dual
module, 411
of Lie bialgebra, 307
of Poisson-Lie group, 320
Poisson—Lie groups, 320
w.r.t. dressing, 322

eigenvalue, 220
eigenvector, 220
embedded submanifold, 27, 49
equation
Lax, 184
Maurer—Cartan, 361, 371, 376
equivalent
deformation, 354, 368
order k, 356
gauge, 378
path, 380
star product, 362
Euler
formula, 208
vector field, 208
weighted, 212
exact form, 72

exponential map, 116, 377
extension

field, 56

local, 137
exterior algebra, 415

field
bivector, 16, 17
extension, 56
multivector, 67
vector, 433
flow
formal, 244
of vector field, 436
foliation
open book, 189
symplectic, 26, 29
form
associated, 177
differential, 74
exact, 72
Kabhler, 70
Liouville, 176
modular, 192
volume, 103
formal
coordinate transformation, 237
deformation, 354, 367
flow, 244
isomorphism, 238
Poisson structure, 237
power series
equivalent, 237
formality theorem, 399
formula
Campbell-Hausdorft, 379
Frobenius’ theorem, 436
function
basic, 345
Hamiltonian, 21
holomorphic, 428
invariant, 121
polynomial, 8
regular, 8
smooth, 428
structure, 10
functions
in involution, 26, 330
independent, 330
involutive, 330
fundamental
identity, 222
vector field, 117

451



452

gauge
equivalence, 380
equivalent, 378
generalized Lie derivative, 85
germ, 429
germification, 59
Gerstenhaber
algebra, 84
bracket, 357
graded
algebra, 419, 420
coalgebra, 422
coderivation, 426
commutator, 420
coproduct, 422
derivation, 425
Lie algebra, 82, 420
Lie bracket, 420
linear map, 419
module, 419
product, 419
gradient, 183
graph
Kontsevich, 400
underlying, 400
weight, 400
group
algebraic, 116
cocycle, 294
cohomology, 294
dressing, 322
Lie, 114
Poisson-Lie, 292
representation, 116

Hadamard lemma, 431
Hamiltonian, 6
action, 153
derivation, 6
function, 21
local, 21
path, 27
piecewise, 27
vector, 22
field, 6, 21, 223
head, 400
Hermitian metric, 177
hierarchy
bi-Hamiltonian, 334
Hochschild
coboundary, 358
cocycle, 358
cohomology, 358
complex, 358

Index

holomorphic
distribution, 436
function, 428
map, 429
vector field, 433
homogeneous
element, 419
function, 207
monomial, 372
Poisson structure, 207
homology
Lie algebra, 98
Poisson, 99
homomorphism
algebra, 419
coalgebra, 422
Lie algebra, 419
Lie bialgebra, 305
Poisson-Lie group, 292

ideal, 6

Lie, 6

Poisson, 6

Poisson—Dirac, 134
identity

fundamental, 222

Jacobi, 4
immersed submanifold, 49
immersion, 49
independent functions, 330
inner derivation, 94, 359
integrable distribution, 29
integrable system

Liouville, 341
integral curve, 435
internal product, 76, 416
intertwining, 271
invariant

bilinear form, 121

density, 105

element, 93

function, 121

left, 115

manifold, 341

right, 115

submanifold, 149

subset, 149

subvariety, 149
involution, 34

functions in, 26, 330
involutive

distribution, 436

functions, 330



Index

isomorphism

formal, 238

Poisson algebra, 5
isotropic subspace, 281

Jacobi identity, 4
Jacobiator, 34
Jacobson—Morozov theorem, 227

Kahler

differential, 69

form, 70

closed, 72

manifold, 177

metric, 177
Kleinian singularity, 265
Kontsevich

formality theorem, 399

graph, 400

Lax
equation, 184, 336
form, 336
left
invariant, 115
translation, 117
lemma
Hadamard, 431
Whitehead, 93
Lie
algebra, 114, 115,418
cohomology, 92
differential graded, 372

differential graded pointed, 373

double, 270
graded, 82, 420
homology, 98
homomorphism, 419
quadratic, 122
splitting, 272, 338
trivial cohomology, 93
bialgebra, 305
coboundary, 276
double of, 305
dual of, 307
homomorphism, 305
bracket, 418, 433
graded, 420
coboundary, 92
cocycle, 92
derivative, 66, 68, 86
generalized, 85
group, 114
dual, 320

morphism, 114

ideal, 6

module, 92

sub-bialgebra, 306

subalgebra, 6

subgroup, 114

theorem, 115
Lie—Poisson structure

modified, 194

on g, 183

on g*, 181
linear map

graded, 419
linearizable Poisson structure, 198

order ¢, 199
linearized

bracket, 314

Poisson structure, 197
Lo.-morphism, 387
L..-quasi-isomorphism, 388
Liouville

form, 176

integrable system, 341

standard

torus, 343

theorem, 342

volume, 170
local

coordinates, 427

extension, 137

Hamiltonian, 21
localization, 57
locally free action, 119
locus

singular, 14, 22
log-canonical coordinates, 220

manifold
bi-Hamiltonian, 333
complex, 428
invariant, 341
Kahler, 177
Nambu—Poisson, 222
Poisson, 15, 19
real, 434
symplectic, 168

Manin triple, 310

map
co-momentum, 153
exponential, 377
holomorphic, 429
momentum, 153
Poisson, 9, 20
smooth, 429

453



454

symplectic, 171
tangent, 16, 430
twist, 413
matrix
Poisson, 10, 13, 19, 33
Maurer—Cartan
equation, 361, 371, 376
metric
Hermitian, 177
Kahler, 177
modular
class, 105
form, 192
vector field, 104
module
Lie, 92
momentum map, 153, 341
monomial
homogeneous, 372
morphism
differential graded Lie algebra, 375
Lie group, 114
Poisson, 9
Poisson algebra, 5
Moyal product, 364
Moyal-Weyl product, 364
multi-derivation, 64
pointwise, 67
multiplicative, 292
Poisson structure, 215
system, 57
multivector, 415
Ad-invariant, 121
field, 67
homogeneous, 207
polynomial, 206
weight homogeneous, 212

Nambu—Poisson
algebra, 222
manifold, 222
structure, 222

nilpotent, 227
orbit, 229

Noether’s theorem, 333

normalizer, 124, 273

operator
bi-differential, 362
multi-differential, 362
orbit
nilpotent, 229
order of power series, 240
orthogonal, 183

Index

path
equivalent, 380
polynomial, 380
pencil
Poisson, 334
point
regular, 14, 22
singular, 14, 22
smooth, 14, 55
pointed differential graded Lie
algebra, 373
pointwise
biderivation, 17
derivation, 429
multi-derivation, 67
Poisson
action, 148
algebra, 4, 368
isomorphism, 5
morphism, 5
boundary operator, 99
bracket, 4
reduced, 124
coboundary, 95
cocycle, 95
cohomology, 95
derivation, 23
homology, 99
ideal, 6, 47
manifold, 15, 19
regular, 22, 165
unimodular, 102, 105
map, 9, 20
matrix, 10, 13, 19, 33
morphism, 9
pencil, 334
product
bracket, 39
manifold, 44
structure, 41, 44
variety, 41
rank, 14, 19, 22
reducible, 124, 125, 127
reduction, 123
algebraic, 123
structure, 3, 8, 19
affine, 193
canonical on g*, 181
constant, 162, 165
degree of, 206
diagonal, 214
diagonalizable, 220
divergence of, 108
formal, 237



Index

germ of, 60
homogeneous, 207, 209
linear, 181

linearizable, 198
linearizable order ¢, 199
linearization, 196
linearized, 197
modified canonical, 194
multiplicative, 215
polynomial, 32, 206
quadratic, 213

quotient, 174

reduced, 123, 126, 128, 135

regular, 165
stable, 267
transverse, 147
unimodular, 102

weight homogeneous, 213

subalgebra, 6
submanifold, 49
subvariety, 10, 48
tensor product, 39
theorem, 34, 332
variety, 7, 8
affine, 8
quotient, 174
vector field, 23
vector space, 165
Poisson—Dirac
ideal, 134
reduction, 134
algebraic, 134
submanifold, 137
subvariety, 135
Poisson—Lie
group, 292
dual, 320
dual w.r.t. dressing, 322
homomorphism, 292
subgroup, 296
polynomial
cubic, 258
function, 8
path, 380
Poisson structure, 32, 206
power series
order of, 240
product, 418
graded, 419
internal, 76, 416
Moyal-Weyl, 364
star, 362
tensor, 412
wedge, 65, 74

proper action, 119
pushforward, 18, 433

quadratic
Lie algebra, 122
Poisson structure, 213
quantization
deformation, 362
quotient
Poisson structure, 174
Poisson variety, 174

rank
locally constant, 22
maximal, 22
Poisson, 14, 19, 22
R-bracket, 273
real manifold, 434
reduced

Poisson structure, 123, 126, 128, 135

Poisson bracket, 124
reducible
Poisson, 124, 125, 127
reduction
Poisson, 123
algebraic, 123
Poisson—Dirac, 134
algebraic, 134

reductive algebraic group, 116

regular
function, 8
point, 14, 22
Poisson manifold, 22, 165
Poisson structure, 165
representation, 92
adjoint, 120
coadjoint, 120
group, 116
space, 92
right
invariant, 115
translation, 117
R-matrix, 270
r-matrix, 276
Russian formula
first, 279
second, 287

S-triple, 227
Schouten bracket, 79
algebraic, 85
shifted degree, 79
shuffle, 65, 416

455



456

singular

distribution, 29

locus, 14, 22

point, 14, 22
singularity

Du Val, 265

Klein, 265

simple, 241, 243
skew-symmetric

biderivation, 5

tensor, 416
skew-symmetrization, 416
smooth

distribution, 436

function, 428

map, 429

point, 14, 55

vector field, 433
space

cotangent, 14, 16, 430

representation, 92

tangent, 14, 16, 49, 430
splitting

coordinates, 24

Lie algebra, 272, 338

theorem, 23
star product, 362

equivalent, 362
straightening theorem, 436
structure

constants, 182

function, 10

Nambu—Poisson, 222

Poisson, 8, 19

symplectic, 167, 168
subalgebra, 6

Lie, 6

Poisson, 6
subgroup

Lie, 114

Poisson-Lie, 296
submanifold, 49

coisotropic, 129

embedded, 27, 49

immersed, 27, 49

Poisson, 49

Poisson—-Dirac, 137
submersion, 127
subspace

isotropic, 281
subvariety

affine, 47

Poisson, 10, 48

Poisson—Dirac, 135

symmetric
algebra, 371, 415
tensor, 416
symmetrization, 416
symplectic
connection, 366
foliation, 26, 27, 29
leaf, 29
manifold, 168
almost, 168
exact, 177
map, 171
structure, 167, 168
almost, 168
vector space, 167
symplectic connection, 366

tail, 400
tangent, 48, 49
bundle, 19
map, 16, 430
space, 14, 16, 49, 430
tensor
algebra, 413
product, 39, 412
skew-symmetric, 416
symmetric, 416
theorem
action-angle, 347
Adler—Kostant—Symes, 337
Arnold, 241
Conn’s linearization, 201
Darboux, 26
Frobenius, 436
Jacobson—-Morozov, 227
Kontsevich’s formality, 399
Lie, 115
Liouville, 342
Noether, 333
Poisson, 34, 332
splitting, 23
straightening, 436
Weinstein, 23
Thimm’s method, 335
total differential, 375
transition map, 427
translation
left, 117
right, 117
transverse
coordinates, 347
Poisson structure, 147
submanifolds, 143
triple

Index



Index

complete, 321
twist map, 413
type, 264

unimodular
Lie algebra, 192
Poisson manifold, 102, 105
Poisson structure, 102

variety
affine, 8
Poisson, 7, 8
vector
field, 433
adapted, 436
bi-Hamiltonian, 333
diagonalizable, 220
Euler, 208
Euler weighted, 212
flow of, 436
fundamental, 117
Hamiltonian, 6, 21, 223
holomorphic, 433
locally Hamiltonian, 21
modular, 104
Poisson, 23
polynomial, 206

smooth, 433
Hamiltonian, 22
space

Poisson, 165

symplectic, 167

vertex, 400
volume
form, 103
Liouville, 170

wedge product, 65, 74
weight, 208, 212
graph, 400
of function, 211
vector, 211
weight homogeneous
function, 211
multivector field, 212
Poisson structure, 213
weighted
Euler formula, 212
Euler vector field, 212
Weinstein’s theorem, 23
Whitehead’s lemma, 93

Yang—Baxter equation, 271
modified, 271

457



List of Notations

F,3 Py|F,G], 17
{,-},4 ™, 19
{F.G}. 4 RK,, 70, 22
O, 4 Rk, 22

xl (ﬂ{), 5 $Vs 23

v, 7,5 0,25
P[F,G],5 1,,26
VIF],5 In(M), 27
X2(), 5 F(V),32
X, 6 x'(m), 32
Ham(<,{-,-}), 6 X2(M), 32
Ham(<7), 6 F.34
Cas(,{-,}),7 A ® o, 39
Cas(«),7 N®™, 55
F(M), 8 [-,], 56

Y*, 9 [F,G], 56
dr, 10 P[Fy,...,F), 64
Mat, (<), 10 XP (), 64
Rk, {-,-}, 14 X (), 64
Rk{-,-}, 14 Spg> 65
T.M, 14 sgn, 65

T M, 14 PAQ, 65
Tns 14 1728 66

M(S), 15 Ly, 66
dim, 16 PIFi,...,F), 67
F (M), 16 QY(e), 69
..M, 16 dF, 69

E,, 16 Qr (), 70
T:M, 16 Q° (), 70
(-,), 16 oAn, 71
(€,v), 16 HCIJ’R(%),B
T,¥, 16 HY (), 73
d,F, 16 (@], 73
x'(m), 16 Qr(M), 74
Yy 16 Q*(M), 74
VI|F], 16 d, 74
IlF), 17 HA (M), 75
C. Laurent-Gengoux et al., Poisson Structures, 459

Grundlehren der mathematischen Wissenschaften 347,
DOI 10.1007/978-3-642-31090-4, © Springer-Verlag Berlin Heidelberg 2013


http://dx.doi.org/10.1007/978-3-642-31090-4

460

H (M), 75
lp, 76

[' ) '}Sa 79
[P,0ls. 79
XP(), 79
7,79
[-.].85
2, 85

8F, 91

8k, 91

dF, 91

aF, 91
HF(g;V), 91
HE (o), 91
HkL(g;V), 91
HF (), 91
8, 92
Hf(g;V), 92
H;(g;V),92

H[ (), 100
HZ (<), 100
@, 104
Div, 107
*P, 107

1y, 114
F(M)C, 119
g%, 122

T, 130
T;*N, 130
5, 144
SP(V), 174
o(F),211
@(P), 212
2,302
G*,322

T*, 322

F, 330

U, 330

FY, 354
oV, 354

mod v, 354
FY, 355
), 355
Kk 355
HCK(V), 357
HC*(V), 357
HCK(V), 357
HC*(V), 357
[-,-]g, 357

8k, 358

8k, 358

HH}, (), 358
HH}, (), 358
sgn(o;ii,. .., i), 372
d(x), 372

g, 372

D,, 373
HCG(M), 373
Hp(g), 374
Hp(g), 374

Ap, 374

AL, 374

A, 374

MC(g), 376
Obsy(x), 376
MCy(g), 376

e, 377
x~y,378

&%, 378

Eox, 378
CH(u,v), 379
cl(x), 380

d(X), 387
Sivipr 387

Qo (x), 389

Qe (cl(x)), 389
h(a), 400

1(a), 400

Giy» 400
Homg(V,W), 411
Hom(V,W), 411
V*, 411

VorW, 412
Vow,412
vRw, 412

S, 413

vek 413
T*V,413

o @1y, 413
PRy, 414

A%V, 415

XAY, 415

S*V, 415

List of Notations



List of Notations

Sy, 415
sgn(o), 416

1y, 416

L, 416

S; ;- 416

Ay, 417

Sijks 417
7,418

Ve, 419

Ve, 419

Ve = Wair, 419
Hom,(V,W), 419
/.lljj, 419

[,], 420

T*9, 421

A, 422

A j, 422

5,423

A, 424
Der,(V), 425
CoDer,(V), 426
F (M), 428
Fy, 429
T,,M, 430
T:M, 430
(-,-), 430
(€,v), 430
dnF, 430
Tn'V, 430
¥[F), 433
VnlF], 433
x' (M), 433
Y.V, 433

461



	Cover
	Poisson Structures
	Preface
	Contents
	Introduction

	Part I Theoretical Background
	1 Poisson Structures: Basic Definitions
	1.1 Poisson Algebras and Their Morphisms
	1.1.1 Poisson Algebras
	1.1.2 Morphisms of Poisson Algebras
	1.1.3 Hamiltonian Derivations

	1.2 Poisson Varieties
	1.2.1 Affine Poisson Varieties and Their Morphisms
	1.2.2 The Poisson Matrix
	1.2.3 The Rank of a Poisson Structure

	1.3 Poisson Manifolds
	1.3.1 Bivector Fields on Manifolds
	1.3.2 Poisson Manifolds and Poisson Maps
	1.3.3 Local Structure: Weinstein's Splitting Theorem
	1.3.4 Global Structure: The Symplectic Foliation

	1.4 Poisson Structures on a Vector Space
	1.5 Exercises
	1.6 Notes

	2 Poisson Structures: Basic Constructions
	2.1 The Tensor Product of Poisson Algebras and the Product of Poisson Manifolds
	2.1.1 The Tensor Product of Poisson Algebras
	2.1.2 The Product of Poisson Manifolds

	2.2 Poisson Ideals and Poisson Submanifolds
	2.2.1 Poisson Ideals and Poisson Subvarieties
	2.2.2 Poisson Submanifolds

	2.3 Real and Holomorphic Poisson Structures
	2.3.1 Real Poisson Structures Associated to Holomorphic Poisson Structures
	2.3.2 Holomorphic Poisson Structures on Smooth Affine Poisson Varieties

	2.4 Other Constructions
	2.4.1 Field Extension
	2.4.2 Localization
	2.4.3 Germification

	2.5 Exercises
	2.6 Notes

	3 Multi-Derivations and Kähler Forms
	3.1 Multi-Derivations and Multivector Fields
	3.1.1 Multi-Derivations
	3.1.2 Basic Operations on Multi-Derivations
	3.1.3 Multivector Fields

	3.2 Kähler Forms and Differential Forms
	3.2.1 Kähler Differentials
	3.2.2 Kähler Forms
	3.2.3 Algebra and Coalgebra Structure
	3.2.4 The de Rham Differential and Cohomology
	3.2.5 Differential Forms

	3.3 The Schouten Bracket
	3.3.1 Internal Products
	3.3.2 The Schouten Bracket
	3.3.3 The Algebraic Schouten Bracket
	3.3.4 The (Generalized) Lie Derivative

	3.4 Exercises
	3.5 Notes

	4 Poisson (Co)Homology
	4.1 Lie Algebra and Poisson Cohomology
	4.1.1 Lie Algebra Cohomology
	4.1.2 Poisson Cohomology

	4.2 Lie Algebra and Poisson Homology
	4.2.1 Lie Algebra Homology
	4.2.2 Poisson Homology

	4.3 Operations in Homology and Cohomology
	4.4 The Modular Class of a Poisson Manifold
	4.4.1 The Modular Vector Field
	4.4.2 The Modular Class
	4.4.3 The Divergence of the Poisson Bracket
	4.4.4 Unimodular Poisson Manifolds

	4.5 Exercises
	4.6 Notes

	5 Reduction
	5.1 Lie Groups and (Their) Lie Algebras
	5.1.1 Lie Groups and Lie Algebras
	5.1.2 Lie Group Actions
	5.1.3 Adjoint and Coadjoint Action
	5.1.4 Invariant Bilinear Forms and Invariant Functions

	5.2 Poisson Reduction
	5.2.1 Algebraic Poisson Reduction
	5.2.2 Poisson Reduction for Poisson Manifolds

	5.3 Poisson–Dirac Reduction
	5.3.1 Algebraic Poisson–Dirac Reduction
	5.3.2 Poisson–Dirac Reduction for Poisson Manifolds
	5.3.3 The Transverse Poisson Structure

	5.4 Poisson Structures and Group Actions
	5.4.1 Poisson Actions
	5.4.2 Poisson Actions and Quotient Spaces
	5.4.3 Fixed Point Sets as Poisson–Dirac Submanifolds
	5.4.4 Reduction with Respect to a Momentum Map

	5.5 Exercises
	5.6 Notes

	Part II Examples
	6 Constant Poisson Structures, Regular and Symplectic Manifolds
	6.1 Constant Poisson Structures
	6.2 Regular Poisson Manifolds
	6.3 Symplectic Manifolds
	6.3.1 Symplectic Vector Spaces
	6.3.2 Symplectic Manifolds
	6.3.3 Symplectic Reduction
	6.3.4 Quotients by Finite Groups of Symplectomorphisms
	6.3.5 Example 1: Cotangent Bundles
	6.3.6 Example 2: Kähler Manifolds

	6.4 Notes

	7 Linear Poisson Structures and Lie Algebras
	7.1 The Lie–Poisson Structure on g*
	7.2 The Lie–Poisson Structure on g
	7.3 Properties of the Lie–Poisson Structure
	7.3.1 The Symplectic Foliation: Coadjoint Orbits
	7.3.2 The Cohomology of Lie–Poisson Structures
	7.3.3 The Modular Class of a Lie–Poisson Structure

	7.4 Affine Poisson Structures
	7.5 The Linearization of Poisson Structures
	7.6 Notes

	8 Higher Degree Poisson Structures
	8.1 Polynomial and (Weight) Homogeneous Poisson Structures
	8.1.1 Polynomial Poisson Structures
	8.1.2 Homogeneous Poisson Structures
	8.1.3 Weight Homogeneous Poisson Structures

	8.2 Quadratic Poisson Structures
	8.2.1 Multiplicative Poisson Structures
	8.2.2 The Modular Vector Field of a Quadratic Poisson Structure

	8.3 Nambu–Poisson Structures
	8.4 Transverse Poisson Structures to Adjoint Orbits
	8.4.1 S-triples in Semi-Simple Lie Algebras
	8.4.2 Weights Associated to an S-Triple
	8.4.3 Transverse Poisson Structures to Nilpotent Orbits

	8.5 Notes

	9 Poisson Structures in Dimensions Two and Three
	9.1 Poisson Structures in Dimension Two
	9.1.1 Global Point of View
	9.1.2 Local Point of View
	9.1.3 Classification in Dimension Two
	9.1.3.1 A – Formal Power Series and Simple Singularities
	9.1.3.2 B – Formal Poisson Structures on C2
	9.1.3.3 C – Proof of Proposition 9.3
	9.1.3.4 D – Proof of the Classification Theorem


	9.2 Poisson Structures in Dimension Three
	9.2.1 Poisson Structures on F3
	9.2.2 Poisson Manifolds of Dimension Three
	9.2.2.1 A – Poisson Structures of Rank Two
	9.2.2.2 B – Poisson Manifolds of Dimension Three and One-Forms

	9.2.3 Quadratic Poisson Structures on F3
	9.2.4 Poisson Surfaces in C3 and Du Val Singularities

	9.3 Notes

	10 R-Brackets and r-Brackets
	10.1 Linear R-Brackets
	10.1.1 R-Matrices and the Yang–Baxter Equation
	10.1.2 R-Matrices and Lie Algebra Splittings
	10.1.3 Linear R-Brackets on g* and on g

	10.2 Linear r-Brackets
	10.2.1 Coboundary Lie Bialgebras and r-Matrices
	10.2.2 Linear r-Brackets on g
	10.2.3 From r-Matrices to R-Matrices

	10.3 R-Brackets and r-Brackets of Higher Degree
	10.4 Notes

	11 Poisson–Lie Groups
	11.1 Multiplicative Poisson Structures and Poisson–Lie Groups
	11.1.1 The Condition of Multiplicativity
	11.1.2 Basic Properties of Poisson–Lie Groups
	11.1.3 Poisson–Lie Subgroups
	11.1.4 Linear Multiplicative Poisson Structures
	11.1.5 Coboundary Poisson–Lie Groups
	11.1.6 Multiplicative Poisson Structures on Vector Spaces

	11.2 Lie Bialgebras
	11.2.1 Lie Bialgebras
	11.2.2 Lie Sub-bialgebras
	11.2.3 Duality for Lie Bialgebras
	11.2.4 Coboundary Lie Bialgebras and r-Matrices
	11.2.5 Manin Triples
	11.2.6 Lie Bialgebras and Poisson Structures

	11.3 Poisson–Lie Groups and Lie Bialgebras
	11.3.1 The Lie Bialgebra of a Poisson–Lie Group
	11.3.2 Coboundary Poisson–Lie Groups and Lie Bialgebras
	11.3.3 The Integration of Lie Bialgebras

	11.4 Dressing Actions and Symplectic Leaves
	11.5 Notes

	Part III Applications
	12 Liouville Integrable Systems
	12.1 Functions in Involution
	12.2 Constructions of Functions in Involution
	12.2.1 Poisson's Theorem
	12.2.2 Noether's Theorem
	12.2.3 Bi-Hamiltonian Vector Fields
	12.2.4 Poisson Maps and Thimm's Method
	12.2.5 Lax Equations
	12.2.6 The Adler–Kostant–Symes Theorem

	12.3 The Liouville Theorem and the Action-Angle Theorem
	12.3.1 Liouville Integrable Systems and Liouville's Theorem
	12.3.2 Foliation by Standard Liouville Tori
	12.3.3 Period Normalization
	12.3.4 The Existence of Action-Angle Coordinates

	12.4 Notes

	13 Deformation Quantization
	13.1 Deformations of Associative Products
	13.1.1 Formal and k-th Order Deformations
	13.1.2 Hochschild Cohomology
	13.1.3 Deformations and Cohomology
	13.1.4 The Maurer–Cartan Equation
	13.1.5 Star Products
	13.1.6 A Star Product for Constant Poisson Structures
	13.1.7 A Star Product for Symplectic Manifolds

	13.2 Deformations of Poisson Structures
	13.2.1 Formal and k-th Order Deformations
	13.2.2 Deformations and Cohomology
	13.2.3 The Maurer–Cartan Equation

	13.3 Differential Graded Lie Algebras
	13.3.1 The Symmetric Algebra of a Graded Vector Space
	13.3.2 Differential Graded Lie Algebras
	13.3.3 The Maurer–Cartan Equation
	13.3.4 Gauge Equivalence
	13.3.5 Path Equivalence
	13.3.6 Applications to Deformation Theory

	13.4 L infty-Morphisms of Differential Graded Lie Algebras
	13.4.1 Omega Phi is Well-Defined
	13.4.2 Surjectivity of Omega Phi
	13.4.3 Injectivity of Omega Phi

	13.5 Kontsevich's Formality Theorem and Its Consequences
	13.5.1 Kontsevich's Formality Theorem
	13.5.2 Kontsevich's Formality Theorem for Rd
	13.5.2.1 A – Kontsevich's Graphs
	13.5.2.2 B – The Weight of a Kontsevich Graph
	13.5.2.3 C – The Differential Operator Associated to a Kontsevich Graph
	13.5.2.4 D – Kontsevich's Formula for the L infty-Quasi-Isomorphism

	13.5.3 A Few Consequences of Kontsevich's Formality Theorem

	13.6 Notes

	References
	Index
	List of Notations
	A Multilinear Algebra
	A.1 Tensor Algebra
	A.2 Exterior and Symmetric Algebra
	A.3 Algebras and Graded Algebras
	A.4 Coalgebras and Graded Coalgebras
	A.5 Graded Derivations and Coderivations

	B Real and Complex Differential Geometry
	B.1 Real and Complex Manifolds
	B.2 The Tangent Space
	B.3 Vector Fields
	B.4 The Flow of a Vector Field
	B.5 The Frobenius Theorem


